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Observer-based adaptive neural tracking control for a class of 

stochastic nonlinear systems 

In this paper, an observer-based adaptive neural tracking control approach is 

proposed for a class of stochastic nonlinear systems with immeasurable states. 

The radial basis function neural networks (RBFNNs) are used to approximate 

the unknown nonlinear functions, and a linear reduced-order state observer is 

http://crossmark.crossref.org/dialog/?doi=10.1080/00207179.2019.1648876&domain=pdf


 

designed for estimating the unmeasured states. Based on the designed the state 

observer, an adaptive neural output feedback control approach is developed via 

backstepping control design. It is shown that the proposed controller ensures 

that all signals of the closed-loop system remain bounded in probability, and 

the tracking error converges to an arbitrarily small neighborhood around the 

origin in the sense of mean quartic value. Finally, two examples are given to 

illustrate the effectiveness of the proposed design approach. 

Keywords: stochastic nonlinear systems; neural networks; reduced-order state 

observer; adaptive tracking control; output feedback 

1 Introduction 

Over recent years, intensive research activities have been reported for the controller 

design and stability analysis of stochastic nonlinear systems (Guo, Zuo, Liu, & Liang, 

2014; Ji & Xi, 2006; Liu & Zhang, 2008). Many results obtained for deterministic 

systems have been successfully extended to the stochastic setting, such as Lyapunov 

stability theory (Florchinger, 1995), LaSalle invariance principle (Mao, 1999), 

backstepping technique (Deng & Krstic, 1997; Pan & Basar, 1999; Sun et al., 2016) 

etc. Among them, backstepping approach has become an important control approach 

to control various systems and processes. Pan and Basar (1998) first generalized 

backstepping approach to the stochastic nonlinear systems in order to deal with the 

problem of asymptotically tracking for a class of stochastic systems under a 

risk-sensitive cost. Since then, a series of extensions have been made for different 

stochastic nonlinear systems, for example, Liu (2014) proposed an observer-based 

control approach for a class of stochastic nonlinear systems with strict-feedback form. 

Li, Jing, and Zhang (2011) dealt with the stabilization problem for a class of 



 

high-order stochastic nonlinear systems. Based on the simultaneous domination 

approach, Wu, Chen, Li, and Ren (2013) investigated the stabilization problem for a 

class of switched stochastic nonlinear systems. Gao, Sun, and Wang (2017) applied 

decentralized state observers and backstepping technique dealt with the problem of 

decentralized adaptive tracking control of a class of large-scale stochastic nonlinear 

systems. Xie and Xie (2000) designed a robust decentralized controller for a class of 

large-scale interconnected bilinear stochastic systems with time delays. Song and Zhai 

(2018) proposed an observer-based output-feedback control strategy for a class of 

switched stochastic nonlinear systems with time-delay and uncertain output function. 

Correspondingly, the analysis and synthesis problems of stochastic nonlinear systems, 

especially tracking and stability analysis, have been widely investigated (Ji & Xi, 

2006; Psillakis & Alexandridis, 2006) and the references therein. Compared with the 

general nonlinear systems, the investigation on stability analysis and controller design 

for stochastic nonlinear systems is a rather challenging problem. What's the worse, 

many stochastic nonlinear systems fail to preserve tracking performance and stability 

due to the fact that the nonlinear systems are disturbed by stochastic disturbance. 

Therefore, it is of important theoretical and practical significance to study the 

stochastic nonlinear systems. 

In recent years, approximation-based technique has become a popular design 

approach for the control of nonlinear systems, such as multidimensional Taylor 

network (MTN) (Han, 2018a; Han & Yan, 2018a, 2018b; Yan, Han, & Sun, 2018), 

neural network (NN) (Gao, Liu, Liu, & Li, 2018; Wang, Chen, & Lin, 2012, 2014), 



 

biological NNs in (Wang, Liu, Zhang, & Zhao, 2016), etc. Among them, NN-based 

adaptive control schemes have become the significant design approaches in the 

control community, and many interesting results have been reported, for example, 

Miao and Li (2015) proposed a robust adaptive tracking control approach for a class 

of single-input single-output (SISO) nonlinear systems with strict-feedback. Li and Li 

(2017) presented an adaptive neural tracking control strategy for a class of uncertain 

SISO nonlinear systems with the full state constraints and time-delays. Han (2018b) 

proposed an adaptive neural tracking control approach for a class of SISO nonlinear 

systems with dynamic uncertainties. Liu and Tang (2018) proposed a barrier 

Lyapunov function (BLF)-based controller to solve the partial state constraint 

problems for a class of SISO nonlinear systems with backlash-like hysteresis. Liu, Liu, 

and Tong (2019) studied the finite time fault tolerant control problem for a class of 

switched nonlinear systems. Chen, Ge, and How (2010), Chen, Li, and Chen (2017) 

and Tong, Li, and Zhang (2011) addressed the control problems for several classes of 

multi-input and multi-output (MIMO) nonlinear systems under different assumptions. 

Khoo, Yin, Man, and Yu (2013) and Yin, Khoo, Man, and Yu (2011) discussed the 

finite-time stability and instability problems for stochastic nonlinear systems. Wang et 

al. (2014) proposed a NN-based control approach for a class of stochastic nonlinear 

systems with backlash-like hysteresis nonlinearities. Li, Li, and Feng (2016) 

investigated the adaptive control problem for SISO stochastic nonlinear time-delay 

systems with unknown dead-zone. Xia and Zhang ( 2019) and Si, Dong, and Yang 

(2017) developed NN-based adaptive control strategies for two classes of full state 



 

constrained stochastic nonlinear systems. Li et al. (2018) developed a novel NN-based 

adaptive control approach for a class of stochastic nonlinear systems with multiple 

time-varying delays and input dead-zone. Besides, many NN-based adaptive control 

approaches have been developed to MIMO stochastic nonlinear systems (Li, Chen, & 

Li, 2011; Ning, Yu, Xing, & Wang, 2016; Zhou, Shi, Liu, & Xu, 2012). Among them, 

the problem of adaptive output feedback control for stochastic nonlinear systems has 

attracted increasing attention in recent years. Chen et al. (2010) addressed the problem 

of adaptive output-feedback control for a class of stochastic nonlinear systems with 

time-varying delays. Tong, Wang, Li, and Zhang (2014) discussed the problem of 

adaptive neural network output feedback control for a class of stochastic nonlinear 

strict-feedback systems with both unmodeled dynamics and unknown dead zone. Yu 

and Li (2014) discussed the problem of output-feedback adaptive stabilization for a 

class of stochastic nonlinear time-delay systems with unknown control directions. 

Wang et al. (2015) considered the problem of observer-based adaptive neural 

output-feedback control for a class of stochastic nonlinear systems with 

nonstrict-feedback structure. For a class of stochastic nonlinear systems with 

time-varying delay and unknown control directions, Li, Li, Wang, and Chen (2015), 

presents an NN-based adaptive output-feedback control scheme. Li and Liu (2015) 

considered the global stabilization via time-varying output-feedback for a class of 

stochastic nonlinear systems possessing uncertain control coefficients and 

unmeasured states dependent with unknown growth rate.Based BLF method, Xu, 

Liang, Li, and Ma (2019) proposed an adaptive output-feedback controller for 



 

nonlinear strict-feedback stochastic systems with input saturation and output 

constraint. Yu, Li, Yu, and Li (2018) investigated the problem of output feedback 

adaptive stabilization for a class of nonstrict-feedback stochastic nonlinear systems 

with unknown backlash-like hysteresis and unknown control directions. Therefore, 

the investigation on stability analysis and control design of stochastic nonlinear 

systems is crucial for control theory, as well as the synthesis of practical control 

systems. In fact, it is still a meaningful and challenging task to further study on the 

adaptive output feedback controller design problem of stochastic nonlinear systems is 

of great significance, which motivates our present research. 

Motivated by the above observation, this paper focuses on the problem of adaptive 

neural tracking control for stochastic nonlinear systems with immeasurable states. 

First, a linear reduced-order observer is first introduced to estimate the unmeasured 

states. Second, combining the backstepping technique and adaptive control design, a 

novel observer-based adaptive neural backstepping control approach is developed. It 

is proved that all the signals of the closed-loop system are bounded in probability and 

the tracking errors finally converge to a small neighborhood of the origin. The main 

contributions of this paper are listed as follows: 

i) This paper investigated the tracking control problem for a class of stochastic 

nonlinear systems. The proposed control scheme cannot only guarantee the stability of 

the whole stochastic nonlinear, but also can lead to a satisfactory tracking control 

performance. 

ii) A novel backstepping-based adaptive neural output-feedback controller is 



 

proposed for a class of stochastic nonlinear systems. Moreover, by designing a linear 

reduced-order observer, the proposed adaptive control method does not require that all 

the states of the system are measured directly.  

iii) We lump all unknown functions into a suitable unknown function that is 

estimated by only an RBFNN in each step of the backstepping, and therefore, the 

computation burden is greatly reduced. 

This paper is organized as follows. Section 2 provides some preliminaries and 

problem formulation. Section 3 presents the design of reduced-order observer. A novel 

NN-based adaptive output-feedback control scheme is presented in Section 4. Section 

5 gives two simulation examples to illustrate the effectiveness of our results. In 

Section 6, we conclude the work of this paper. 

2 Preliminaries and problem formulation  

The following notations are used throughout this paper.   denotes the set of all 

non-negative real numbers, n  indicates the real n -dimensional space, 

n r denotes the set of all n r  real matrices. For a given vector or matrix X , TX  

stands for its transpose and  Tr X  denotes its trace when X  is square and X  

denotes the Euclidean norm of a vector X , i  denotes the set of all functions with 

continuous i -th partial derivative. iI  is i i  identity matrix.  P  represents 

the probability of event . 

2.1 Problem descriptions 

Consider the following stochastic nonlinear system 



 

    

    

1

1

1 1

T
i i i i

T
n n n

dx x f y dt g y d

i n

dx u f y dt g y d

y x






   


  


  




 (1) 

where  1, , T n
nx x x  , u  and y  are the system state vector, the 

control input and the system output, respectively.   denotes an r -dimensional 

standard Brownian motion defined on the complete probability space  , ,W F P  

with W  being a sample space, F  being a  -field, and P  being a probability 

measure.   :if    and    : 1, ,r
ig i n    are unknown smooth 

functions with  0 0if  ,  0 0ig  . 

Remark 2.1:  0 0if  ,  0 0ig    imply that the origin is the equilibrium of the 

system (2.1). According to the well-known Mean Value Theorem, the following 

equalities hold 

   i if y y y  (2) 

   i ig y y y  (3) 

where  i y  and  i y  are completely unknown nonlinear functions. 

The control objective is to design an adaptive neural controller such that all the 

signals in the closed-loop system remain bounded, and the system output y  follows 

the given reference signal dy . 

Assumption 2.1: The reference signal dy  and its time derivatives up to the n -th 

order are continuous and bounded. 

Assumption 2.2: It is assumed that only output y  is available for measurement. 



 

2.2 Stochastic stability 

Consider the following stochastic nonlinear system 

   d dt d x f x g x  (4) 

where nx  is the system state vector,   is a r -dimensional independent 

standard Wiener process, : , :n n n n r f g  are nonlinear continuous 

functions and satisfy   0 0f ,   0 0g . 

Definition 2.1 (Liu & Zhang, 2004): Consider the system (4), the equilibrium  0x  

is said to be globally asymptotically stable in probability if for any 0 0t   and 0  , 

 
0 0

( )
lim sup 0
t t t

P t 
 

 
  

 0x
x  (5) 

and for any initial condition  0tx , 

  lim 0 1
t

P t


 x  (6) 

Definition 2.2 (Has'Minskii, 1980): The solution process   , 0t t x  of stochastic 

system (1) is said to be bounded in probability, if 

 
0 0

limsup ( ) 0
t

P t



  

 x  (7) 

Definition 2.3: For any given 2V  , associated with the stochastic differential 

equation (4), define the differential operator  as follows 

2

2

1 Tr
2

TV VV
  

   
  

f g g
x x

 (8) 

Lemma 2.1 (Wang, Chen, & Lin, 2014): Consider the stochastic system (4). If there 

exists a positive definite, radially unbounded, twice continuously differentiable 

Lyapunov function   : nV x , and constants 0 0a   and 0 0b  , such that 

   0 0V a V b  x x  (9) 



 

then (i) the system has a unique solution almost surely, and (ii) the system is bounded 

in probability. 

2.3 RBF neural network 

In this paper, RBFNN will be used to approximate the unknown smooth nonlinear 

functions. Then, we have the following lemma. 

Lemma 2.2: Assume that  f Z  is a continuous function over a compact set 

q 
Z

, then for 0  , there exists a RBFNN  *T S Z , such that 

       * ,Tf S     Z Z Z Z  (10) 

where * is the ideal constant weight vector and defined by 

   * arg min sup
l

Tf Z S
 

 
  

 ZZ

Z   (11) 

where   Z  denotes the approximation error.  1, , T l
l    is the weight 

vector,      1 , ,
T

lS s s   Z Z Z  is the basis function vector with l   being 

the number if the NN nodes and  is Z  is chosen as the commonly used Gaussian 

function with the form as 

      2
1 exp , 1, ,T

i i is i l     
 

Z Z Z   (12) 

with ,1 ,, ,
T

i i i q      is the center of the receptive field, and i  is the width of 

the Gaussian function. 

3 Design of reduced-order observer 

Since the states 2 , , nx x  are not measured, first, we introduce the following linear 

reduced-order observer to estimate the unmeasured states (Liu, Zhang, & Jiang, 

2007): 



 

 

 

1 1 1 1

1 1 1 1

ˆ ˆ ˆ

1 2

ˆ ˆ

i i i i

n n

x x k y k x k y
i n

x u k x k y

 

 

    


  


  

 (13) 

where ik  are real numbers such that the following matrix is stable: 

 

   

1

2 2 2

1 1 1
0 0

n n

n n n

k
k I

A

k

  

   

 
 


 
 
 
  

 

therefore, there exists a positive definite matrix P  such that TA P PA I   . 

Define  2 , , T
nx xx  with the components ix  be given as 

1 1ˆ , 2, ,i i i ix x x k y i n      (14) 

Let  

2 1 1

3 2 1

1 1n n

f k f
f k f

F

f k f

 
 


 
 
 

 

 and 

2 1 1

3 2 2

1

T T

T T

T T
n n n

g k g
g k g

G

g k g

 
 

 
 
   

 

Then we get the following error dynamics: 

 d A F dt Gd  x x  (15) 

Consider the quartic Lyapunov function candidate 

 
2

0
1
2

TV P x x   (16) 

Then, by observer error dynamics system (15) and Definition 3, we have 

    

  
 

  

0 2

2 2

2

2 2

T T T T

T T T

T T T T

T T T

V P A P PA PF

Tr G P P P P G

P P PF

Tr G P P P P G

  

 

  

 

x x x x x

xx x x

x x x x x xx

xx x x

 (17) 

According (2) and (3), for each 2, ,j n , we have 



 

 1 1 1 1 1 1j i j i j i jf k f y k y y k y             (18) 

 1 1 1 1 1 1
T T T T T T T
j j j j j j j j j jg k g y k y y k y                (19) 

where 1 1j j ik     and 1 1
T T T
j j j jk     . 

Then, combining Young’s inequality with (18) and (19) gives 

 

 

2 3 2 3
1 1

2

2 3

2

8 4 4 43

2

3 1
4 4

n
T T

j j
j

n

j
j

n

j
j

P PF P F P f k f

P y

P y













  



 
  

 







x xx x x

x

x

 (20) 

   2 2 2

22 2
1 1

2

22 2 2

2

44 4 4

2

2 3

3

3

1 13
2 2

T T T
F

n
T T
j j j

j

n

j
j

n

j
j

Tr G P P P P G P G

P g k g

P y

P y





 







 

 



 
  

 







xx x x x

x

x

x

 (21) 

Substituting (20) and (21) into (17) gives 

4 4
0

2

n

j
j

V y


  x  (22) 

where  
8 4
3

min
2

3 3
2

n

j
P P P



 
    

 
  and 

441 3
2j j j    . 

4 Adaptive NN output-feedback controller design 

Based on stochastic nonlinear system (1) and reduced-order observer (13), one can 

express the entire system as 
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T
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d A F dt Gd
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dx x k y k x k y dt

dx u k x k y dt




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

   


   


   

x x

 (23) 

Then, the control strategy controller for system (23) can be designed by 

Backstepping technique. Introduce a new state transformation 

1

1 1ˆ
d

i i i

z y y
z x  

 

 
 (24) 

where 2, ,i n  and 1i   are the virtual signals to be designed. 

4.1 Adaptive NN-based controller design 

Step 1: Consider a stochastic Lyapunov function candidate as 

4 1
1 0 1 1 1 1

1 1
4 2

TV V z       (25) 

where 1 1 1̂     is the parameter error and 1 1 0T     is any constant matrix.  

By Definition 3, we have 

 3 2 T 1
1 0 1 1 1 2 1 1 1 1 1 1 1

3 ˆˆ
2

T
dV V z x k y x f y z g g            (26) 

Furthermore, according to Young’s inequality, we have 

42 2 4
1 1 1 1 1 12

1

3 3 3
2 4 4

Tz g g z g


   (27) 

4 4
43 4 4 43 3

1 2 1 1 2 1 14 4
1 1

3 1 3 1
4 4 4 4

z x z x z 
 

    x  (28) 

where 1 0   and 1 0  . 

Substituting (22), (27) and (28) into (26) gives 



 

 
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4 4 3
1 1 1 1

2

2 4 4 2 1
1 1 1 1 1 1

ˆ

6 3 ˆ
4 4

n

j
j

T

V y z x f

y z z



 





    
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

 

x

 (29) 

where 4
1

1
4

     and  
4

4 23
1 1 1 1 1 1 1 1 12

1

3 3 6
4 4 4 df f k y z z g z y z y 


       . 

Remark 4.1:     is a smooth nonnegative function to be designed later. In addition, 

because the function     is not used for controller design, its true value is not 

necessary to be known. 

Furthermore, by virtue of Lemma 2, an RBFNN can be employed to estimate 

function 1f , that is to say, for any given 1 0  , there exists a RBFNN  1 1 1
T S z , 

such that 

     1 1 1 1 1 1 1 1 1,Tf S      z z z  (30) 

where  1 1 z  is the approximation error and 1 1[ ]Tzz . 

Taking the intermediate control signal 1  as 

 3
1 1 1 1 1 1

ˆTr z S    z  (31) 

where 1 0r   is a design parameter. 

Considering that 2 1 1ˆz x   , and according to Young’s inequality, we have 

3 3 4 4
1 1 1 1 1 1 1

3 1
4 4

Tz f z S z     (32) 

 3 3 4 4 4 3
1 1 1 2 1 1 2 1 1 1 1 1

3 1 ˆˆ
4 4

Tz x z z z z r z z S        (33) 

Substituting (32) and (33) into (29) gives 

 

 

4 4 4 4 2 4
1 1 1 2 1

2

4 2 3 1
1 1 1 1 1 1 1

1
4

1 3 ˆ
4 4

n

j
j

T

V r z z y y z

z S

 

 





     

   



 

x

 (34) 

Step  2 1i i n   : The design step  2 1i i n    will be elaborated in Appendix 



 

A. 

Step n : Consider a stochastic Lyapunov function candidate as 

4 1
1

1 1
4 2

T
n n n n n nV V z 

      (35) 

where ˆ
n n n     is the parameter error and 0T

n n     is any constant matrix.  

By Definition 3, we have 

  1

3 2 T 1
1 1 1 1

3 ˆˆ ˆ
2n

T
n n n n n n n n n n n nV V z x k y k x k y L z g g 



            (36) 

Furthermore, according to Young’s inequality, we have 

42 2 4
2

3 3 3
2 4 4

T
n n n n n n

n

z g g z g


   (37) 

where 0n  . 

  

 

1

3 2 T 1
1 1 1 1

3 4 2 1
1

3 ˆˆ ˆ
2

3 3 ˆˆ
4 4

n

T
n n n n n n n n n n n n

T
n n n n n n n n n

V V z x k y k x k y L z g g

V z x f z









 





        

      

 

 

 (38) 

where  
1

4
1 1 1 2

3 3ˆ
4 4 nn n n n n n

n

f k y k x k y z g z L
        and 

   

 

1

21 1 1 1
11 1 1 1

1
1 0 1 , 1

1ˆ
ˆ 2n

n n n n
j T Tn n n n

j j d j p qj
j j j p qj p qd j

L x f y h h
x x xy

   


   
   



   

   
    

   
   


. 

Similarly, for any given 0n  , there exists a RBFNN  T
n n nS z  such that 

     ,T
n n n n n n n n nf S      z z z  (39) 

where  n n z  is the approximation error and 1[ , , ]T
n nz zz . 

On the other hand, taking the control signal u  as 

 3 ˆT
n n n n nu r z S   z  (40) 

where 0nr   is a design parameter. 

Considering that 1 ˆn nz x u     



 

3 3 4 43 1
4 4

T
n n n n n n nz f z S z     (41) 

3 3 4 3 ˆˆ T
n n i n n n n nz x z u r z z S      (42) 

Substituting (41) and (42) into (38) gives 

 

 

 

3 4 2 1
1

1
4 4 4 4 2 4

1 1
1 1 2

4 2 3 1

1 1 1

3 3 ˆˆ
4 4

1
4

1 3 ˆ
4 4

T
n n n n n n n n n n

n n n

j j j j
j j j

n n n
T

j j j j j j j
j j j

V V z x f z

r z z y y z

z S



 

 









  



  

      

     

   

  

  

 

 

x  (43) 

Remark 4.2: Comparing with the results in (Liu, Zhang, & Jiang, 2007), the 

controller designed in this paper is characterized by simple structure. In addition, in 

the work of (Wang, Chen, & Lin, 2014; Wang et al., 2015; Wang et al., 2014; Zhou, 

Shi, Xu, & Li, 2013), only one adaptive parameter is required to be estimated. 

However, this simplification is only relative to the controller design process and may 

also lose some approximation precision. Unlike the previous results, in this paper, 

only a RBFNN is used to estimate unknown nonlinearities in each step of the 

backstepping. In spite of a large number of neural networks is used in this paper, it 

will also increase the approximation precision. 

 

4.2 Stability analysis 

The main results of this paper can be summarized by the following theorem. 

Theorem 4.1: Consider the stochastic nonlinear system (1) with the observer (13), the 

intermediate control signals  1, , 1i i n    described as 

 3 ˆT
i i i i i ir z S    z  (44) 

the control law described as (40) and the adaptive laws defined as 



 

3ˆ ˆ
i i i i i i iz S     (45) 

where 0ir   and 0i   are designed parameters and matrices 0T
i i    . Then, 

for bounded initial conditions, all the signals in the closed-loop system remain 

bounded in probability and the tracking error finally converges to a small domain 

around the origin in the sense of mean quartic value. 

Proof: Consider the stochastic Lyapunov function as 

 
2 4 1

1 1

1 1 1
2 4 2

n n
T T

j j j j
j j

V P z 

 

     x x  (46) 

It follows from (43) that 

 

 

1
4 4 4 4 2 4

1 1
1 1 2

4 2 3 1

1 1 1

1
4

1 3 ˆ
4 4

n n n

j j j j
j j j

n n n
T

j j j j j j j
j j j

V r z z y y z

z S

 

 





  



  

     

   

  

   

x

 (47) 

For the term  3 1

1

ˆ
n

T
j j j j j

j
z S 



  , we have 

 

 

3 1

1 1

2

1 1

21
1

1 1max

ˆ ˆ

ˆ
2 2

ˆ
22

n n
T T
j j j j j j j j

j j

n n
j jT

j j j
j j

n n
j jT

j j j j
j jj

z S 

 

 





 

 




 

 

  

   


 

 

 

   

  

  

 (48) 

Choose a smooth nonnegative function candidate  2y  such that 

 4 2 4
1

2

0
n

j
j

y y z 


   (49) 

Subsequently, combining (47) with (48) and (49) results in 



 

 
4 4 1

1
1 1 max

24 2

1 1 1

1
4 2

1 3 ˆ
4 4 2

n n
j T

j j j j j
j j j

n n n
j

j j j
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




 




 

  

 
      

 

  

 

  

 



x

 (50) 

Let 

   0 2 11
max max

2 1min ,4 ,
4

j
jj n

j

a r
P



   

   
   
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24 2
0

1 1 1

1 3 ˆ
4 4 2

n n n
j

j j j
j j j

b


 
  

       

yields 

0 0V a V b    (51) 

Based on Lemma 1, inequality (51) further implies that 

 
 0 0

dE V t
a E V t b

dt
         (52) 

Based on (52) and Lemma 1, it follows that all the signals of the closed-loop 

system bounded in probability. Moreover, by adjusting the design parameter, the 

tracking error can be made arbitrarily small in the sense of mean quartic value. 

Remark 4.3: In theory, according to Theorem 4.1, for stochastic nonlinear system (1), 

a good tracking control performance can be obtained by choosing appropriate design 

parameter for (31), (40), (44) and (45). However, in practical applications, in order to 

achieve a desired tracking performance and transient performance, the above 

parameters should be adjusted carefully. 

5 Simulation examples 

In this section, two numerical simulation examples are given to illustrate the 

effectiveness of the proposed control approach. 



 

Example 1. Consider the following third-order stochastic nonlinear system 

 

 

 
2

2
1 2

2
2 3 2

3

1

0.1sin

cos
1

sin 0.1cosy

dx x y y dt yd

ydx x y y dt d
y

dx u ye dt yd

y x







    



   


  




 (53) 

where 1x , 2x  and 3x  are the state variables, u  is the control input and y  is the 

system output. The control objective is to design an adaptive neural controller such 

that the system output y  follows the given reference signal 

    0.5 sin sin 0.5dy t t  . 

According to Theorem 4.1, the intermediate control signals 1 , 2  and the 

control law u  are designed as 

 3 ˆ 1,2T
i i i i i ir z S i    z  (54) 

 3
3 3 3 3 3

ˆTu r z S   z  (55) 

where 1 1 dz x y  , 2 1 1z x   , 3 2 2z x    and  1 1zz ,  2 1 2, Tz zz , 

 3 1 2 3, , Tz z zz . The adaptive laws are designed as 

3ˆ ˆ , 1,2,3i i i i i i iz S i      (56) 

In the simulation,  1 1 1
ˆT S z  contains 7 nodes with centres spaced evenly in the 

interval  3, 3  and widths being equal to 10;  2 2 2
ˆT S z  contains 9 nodes with 

centres spaced evenly in the interval    8, 8 8, 8    and widths being equal to 10; 

 3 3 3
ˆT S z  contains 9 nodes with centres spaced evenly in the interval 

     8, 8 8, 8 8, 8      and widths being equal to 10. The design parameters are 

chosen as: 1 15r  , 2 10r  , 3 20r  , 1 1.5  , 2 2  , 3 5   and 1 730I  , 

2 9I  , 3 940I  . 



 

The simulation is run with the initial conditions        1 2 30 , 0 , 0 0,0,0
T Tx x x     

and the simulation results are illustrated in Figures 1-5, respectively. Figure 1 shows 

the system output y  and the reference signal dy , it can be seen that the good 

tracking performance has been achieved. Figure 2 displays the control input signal u . 

Figure 3 shows that the state variables 1x , 2x  and 3x  are bounded. Figure 4 shows 

that the observer state variables 1x̂  and 2x̂  are bounded. Figure 5 depicts that the 

tracking error finally converges to a small domain around the origin. 

 (The position of Figures 1-5) 

From Figures 2-5, it is obvious that all the signals of the closed-loop system are 

bounded in probability. The simulation results illustrate the effectiveness of the 

observer-NN-based adaptive tracking control approach proposed in this paper. 

Remark 5.1: It is important to note that the tracking error can be made arbitrarily 

small by choosing appropriately the design parameters ir , i  and i . In addition, 

simulation results shown that the design parameters ir  influence the tracking 

performance for the closed-loop system, therefore, we should appropriately select the 

value of the parameters ir  in practical application. 

Example 2. Consider the following third-order stochastic nonlinear system 



 

 

 

 
2

2
1 2

3
2 3 2

2
3

1

0.5sin cos

sin
1

0.5sin cosy

dx x y dt y yd

ydx x y y dt d
y

dx u y e dt y yd

y x







   



    


  




 (57) 

where 1x , 2x  and 3x  are the state variables, u  is the control input and y  is the 

system output. The control objective is to design an adaptive neural controller such 

that the system output y  follows the given reference signal 

    0.5 sin 0.5 sin 0.25dy t t  . 

Similarly, Theorem 4.1 is used to design adaptive neural controller for this 

stochastic nonlinear system (57). Now, we further apply (54), (55) and (56) to system 

(57), and all the control parameters are kept as that in Example 1. The simulation is 

run with the initial conditions        1 2 30 , 0 , 0 0,0,0
T Tx x x     and the simulation 

results are illustrated in Figures 6-10, respectively. It can be seen that the control 

performance is still fairly satisfactory, which further verify illustrate the effectiveness 

of the adaptive output feedback control approach proposed in this paper. 

(The position of Figures 6-10) 

Remark 5.2: By the Examples 1 and 2, one can conclude that the proposed 

observer-based adaptive neural tracking control approach can achieve the good 

control performance for different third-order stochastic nonlinear system under the 

same control parameters. Thus, we can conclude that the control method proposed in 

this paper has a better tracking control performance and generalized ability. 



 

Remark 5.3: Compared with the results in (Wang et al., 2015), Examples 1 and 2 

indicate that the main advantages of this paper are that the proposed method requires 

fewer nodes and can get precise tracking results with low computational cost. 

6 Conclusions 

In this paper, an adaptive neural output feedback control approach is developed for 

a class of stochastic nonlinear systems with immeasurable states. NNs are utilized to 

approximate the unknown nonlinear functions, a linear reduced-order observer is 

introduced to estimate the immeasurable states, and then a new adaptive neural output 

feedback control scheme is developed via backstepping technique. The proposed 

control approach can guarantee that all the signals of the closed-loop system are 

bounded in probability, and also that the tracking errors converge to a small 

neighborhood of the origin in the sense of mean quartic value. Finally, two numerical 

examples are used to demonstrate the effectiveness of the proposed approach.  

Our future research will be directed at further extending the proposed methodology 

to a broader class of stochastic nonlinear systems. For example, the functions  if   

in system (1) rely on state 1x , which limits the range of application. Therefore, it is a 

meaningful work to extend proposed approach to general stochastic nonlinear system. 

Other issues under current investigation include the robust problem and adaptive 

output-feedback control for large-scale stochastic nonlinear systems. 

Appendix A 

The  2, , 1i n  step of Backstepping in Section 4.1 



 

Step 2: Consider a stochastic Lyapunov function candidate as 

4 1
2 1 2 2 2 2

1 1
4 2

TV V z       (A.1) 

where 2 2 2̂     is the parameter error and 2 2 0T     is any constant matrix.  

By Definition 3, we have 

  1

3 2 T 1
2 1 2 2 2 1 1 1 2 2 2 2 2 2

3 ˆˆ ˆ
2

TV V z x k y k x k y L z g g

           (A.2) 

Furthermore, according to Young’s inequality, we have 

42 2 4
2 2 2 2 2 22

2

3 3 3
2 4 4
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   (A.3) 

where 1,2 0  . 
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 (A.4) 

where  
1

4
2 2 1 1 1 2 2 22

2

3 6ˆ
4 4

f k y k x k y z g z L


       and 

   

 

1

21
111 1 1

2 1 1 1 1
01 1 11

1ˆ
ˆ 2

j T Ti
dj

j d

L x f y h h
x x xy
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

  
    
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 


. 

Similarly, for any given 2 0  , there exists a RBFNN  2 2 2
T S z  such that 

     2 2 2 2 2 2 2 2 2,Tf S      z z z  (A.5) 

where  2 2 z  is the approximation error and 2 1 2[ , ]Tz zz . 

On the other hand, taking the intermediate control signal 2  as 

 3
2 2 2 2 2 2

ˆTr z S    z  (A.6) 

where 2 0r   is a design parameter. 

Considering that 3 2 2ˆz x    and according to Young’s inequality, we have 



 

3 3 4 4
2 2 2 2 2 2 2

3 1
4 4

Tz f z S z     (A.7) 

 3 3 4 4 4 3
2 2 2 3 2 2 3 2 2 2 2 2

3 1 ˆˆ
4 4

Tz x z z z z r z z S        (A.8) 

Substituting (34), (A.7) and (A.8) into (A.4) gives 
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x

 (A.9) 

Step  2 1i i n   : Consider a stochastic Lyapunov function candidate as 

4 1
1

1 1
4 2

T
i i i i i iV V z 

      (A.10) 

where ˆ
i i i     is the parameter error and 0T

i i     is any constant matrix. 

By Definition 3, we have 

  1

3 2 T 1
1 1 1 1

3 ˆˆ ˆ
2i

T
i i i i i i i i i i i iV V z x k y k x k y L z g g 



            (A.11) 

Furthermore, according to Young’s inequality, we have 

42 2 4
2

3 3 3
2 4 4

T
i i i i i i

i

z g g z g


   (A.12) 

where 0i  . 

  

 

1

3 2 T 1
1 1 1 1

3 4 2 1
1

3 ˆˆ ˆ
2

6 3 ˆˆ
4 4

i

T
i i i i i i i i i i i i

T
i i i i i i i i i

V V z x k y k x k y L z g g

V z x f z









 





        

      

 

 

 (A.13) 

where  
1

4
1 1 1 2

3 6ˆ
4 4 ii i i i i i

i

f k y k x k y z g z L
        and 

   

 

1

21 1 1 1
11 1 1 1

1
1 0 1 , 1

1ˆ
ˆ 2i

i i i i
j T Ti i i i

j j d j p qj
j j j p qj p qd j

L x f y h h
x x xy

   


   
   



   

   
    

   
   


. 

Similarly, for any given 0i  , there exists a RBFNN  T
i i iS z  such that 

     ,T
i i i i i i i i if S      z z z  (A.14) 

where  i i z  is the approximation error and 1[ , , ]T
i iz zz . 



 

On the other hand, taking the intermediate control signal i  as 

 3 ˆT
i i i i i ir z S    z  (A.15) 

where 0ir   is a design parameter. 

Considering that 1 ˆi i iz x     and according to Young’s inequality, we have 

3 3 4 43 1
4 4

T
i i i i i i iz f z S z     (A.16) 

 3 3 4 4 4 3
1 1

3 1 ˆˆ
4 4

T
i i i i i i i i i i i iz x z z z z r z z S         (A.17) 

Substituting (A.16) and (A.17) into (A.13) gives 
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T
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j j j

V r z z y y z

z S
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 

 

  



  

     

   

  

   

x

 (A.18) 

 

 

References 

Chen, M., Ge, S.S., & How, B.V. (2010). Robust adaptive neural network control for a class of 
uncertain MIMO nonlinear systems with input nonlinearities. IEEE Transactions on Neural 
Networks, 21(5), 796-812. 

Chen, W.S., Jiao, L.C., Li, J., & Li, R.H. (2010). Adaptive NN backstepping output-feedback control 
for stochastic nonlinear strict-feedback systems with time-varying delays. IEEE Transactions on 
Systems, Man, and Cybernetics. Part B, Cybernetics, 40(3), 939-950. 

Chen, Z.T., Li, Z.J., & Chen, C.L.P. (2017). Adaptive neural control of uncertain MIMO nonlinear 
systems with state and input constraints. IEEE Transactions on Neural Networks and Learning 
Systems, 28(6), 1318-1330. 

Deng, H., & Krstic, M. (1997). Stochastic nonlinear stabilization-I: a backstepping design. Systems & 
Control Letters, 32(3), 143-150. 

Florchinger, P. (1995). Lyapunov-like techniques for stochastic stability. SIAM Journal on Control and 
Optimization, 33(4), 1151-1169. 

Gao, T.T., Liu, Y.J., Liu, L., & Li, D.P. (2018). Adaptive neural network-based control for a class of 
nonlinear pure-feedback systems with time-varying full state constraints. IEEE/CAA Journal of 
Automatica Sinica, 5(5), 923-933. 

Gao, Y.F., Sun, X.M., & Wang, W. (2017). Decentralized backstepping adaptive output tracking of 
large-scale stochastic nonlinear systems. Science China Information Sciences, 60(12), 
120201-120207. 



 

Guo, L.C., Zuo, X., Liu, J.W., & Liang, H.Q. (2014). Output-feedback control of a class of stochastic 
nonlinear systems with power growth conditions. International Journal of Control, Automation and 
Systems, 12(2), 274-282. 

Han, Y.Q. (2018a). Output-feedback adaptive tracking control of stochastic nonlinear systems using 
multi-dimensional Taylor network. International Journal of Adaptive Control and Signal 
Processing, 32(3), 494-510. 

Han, Y.Q. (2018b). Adaptive tracking control of nonlinear systems with dynamic uncertainties using 
neural network. International Journal of Systems Science, 49(7), 1391-1402. 

Han, Y.Q., & Yan, H.S. (2018a). Observer-based multi-dimensional Taylor network decentralised 
adaptive tracking control of large-scale stochastic nonlinear systems. International Journal of 
Control, DOI: 10.1080/00207179.2018.1521994. 

Han, Y.Q., & Yan, H.S. (2018b). Adaptive multi-dimensional Taylor network tracking control for 
SISO uncertain stochastic non-linear systems. IET Control Theory & Applications, 12(8), 
1107-1115. 

Has'Minskii, R.Z. (1980). Stochastic stability of differential equations. Norwell: MA: Kluwer 
Academic Publishers. 

Ji, H.B., & Xi, H.S. (2006). Adaptive output-feedback tracking of stochastic nonlinear systems. IEEE 
Transactions on Automatic Control, 51(2), 355-360. 

Khoo, S.Y., Yin, J.L., Man, Z.H., & Yu, X.H. (2013). Finite-time stabilization of stochastic nonlinear 
systems in strict-feedback form. Automatica, 49(5), 1403-1410. 

Li, D.P., & Li, D.J. (2017). Adaptive neural tracking control for nonlinear time-delay systems with full 
state constraints. IEEE Transactions on Systems, Man, and Cybernetics: Systems, 47(7), 
1590-1601. 

Li, F.Z., & Liu, Y.G. (2015). Global stabilization via time-varying output-feedback for stochastic 
nonlinear systems with unknown growth rate. Systems & Control Letters, 77, 69-79. 

Li, J., Chen, W.S., & Li, J.M. (2011). Adaptive NN output-feedback decentralized stabilization for a 
class of large-scale stochastic nonlinear strict-feedback systems. International Journal of Robust 
and Nonlinear Control, 21(4), 452-472. 

Li, T.S., Li, Z.F., Wang, D., & Chen, C.L.P. (2015). Output-feedback adaptive neural control for 
stochastic nonlinear time-varying delay systems with unknown control directions. IEEE 
Transactions on Neural Networks and Learning Systems, 26(6), 1188-1201. 

Li, W.Q., Jing, Y.W., & Zhang, S.Y. (2011). Adaptive state-feedback stabilization for a large class of 
high-order stochastic nonlinear systems. Automatica, 47(4), 819-828. 

Li, Z.F., Li, T.S., Feng, G., Zhao, R., & Shan, Q.H. (2018). Neural network-based adaptive control for 
pure-feedback stochastic nonlinear systems with time-varying delays and dead-zone input. IEEE 
Transactions on Systems, Man, and Cybernetics: Systems, DOI: 10.1109/TSMC.2018.2872421. 

Li, Z.F., Li, T.S., & Feng, G. (2016). Adaptive neural control for a class of stochastic nonlinear 
time-delay systems with unknown dead zone using dynamic surface technique. International 
Journal of Robust and Nonlinear Control, 26(4), 759-781. 

Liu, J.Y. (2014). Observer-based backstepping dynamic surface control for stochastic nonlinear 
strict-feedback systems. Neural Computing and Applications, 24(5), 1067-1077. 

Liu, L., Liu, Y.J., & Tong, S.C. (2019). Neural networks-based adaptive finite-time fault-tolerant 
control for a class of strict-feedback switched nonlinear systems. IEEE Transactions on 
Cybernetics, 49(7), 2536-2545. 



 

Liu, L., & Tang, L. (2018). Partial state constraints-based control for nonlinear systems with 
backlash-like hysteresis. IEEE Transactions on Systems, Man, and Cybernetics: Systems, DOI: 
10.1109/TSMC.2018.2841063. 

Liu, S.J., Zhang, J.F., & Jiang, Z.P. (2007). Decentralized adaptive output-feedback stabilization for 
large-scale stochastic nonlinear systems. Automatica, 43(2), 238-251. 

Liu, S.J., & Zhang, J.F. (2008). Output-feedback control of a class of stochastic nonlinear systems with 
linearly bounded unmeasurable states. International Journal of Robust and Nonlinear Control, 
18(6), 665-687. 

Liu, Y.G., & Zhang, J.F. (2004). Reduced-order observer-based control design for nonlinear stochastic 
systems. Systems & Control Letters, 52(2), 123-135. 

Mao, X.R. (1999). LaSalle-type theorems for stochastic differential delay equations. Journal of 
Mathematical Analysis and Applications, 236, 350-369. 

Miao, B.B., & Li, T.S. (2015). A novel neural network-based adaptive control for a class of uncertain 
nonlinear systems in strict-feedback form. Nonlinear Dynamics, 79(2), 1005-1013. 

Ning, Z.K., Yu, J.Y., Xing, X., & Wang, H.Q. (2016). Robust adaptive decentralized control for a class 
of noaffine stochastic nonlinear interconnected systems. Neurocomputing, 171, 532-539. 

Pan, Z.G., & Basar, T. (1998). Adaptive controller design for tracking and disturbance attenuation in 
parametric strict-feedback nonlinear systems. IEEE Transactions on Automatic Control, 43(8), 
1066-1083. 

Pan, Z.G., & Basar, T. (1999). Backstepping controller design for nonlinear stochastic systems under a 
risk-sensitive cost. SIAM Journal on Control and Optimization, 37(3), 957-995. 

Psillakis, H.E., & Alexandridis, A.T. (2006). Adaptive tracking control for stochastic uncertain 
non-linear systems satisfying short- and long-term cost criteria. International Journal of Control, 
79(2), 107-118. 

Si, W.J., Dong, X.D., & Yang, F.F. (2017). Adaptive neural tracking control for nonstrict- feedback 
stochastic nonlinear time-delay systems with full-state constraints. International Journal of Systems 
Science, 48(14), 3018-3031. 

Song, Z.B., & Zhai, J.Y. (2018). Adaptive output-feedback control for switched stochastic uncertain 
nonlinear systems with time-varying delay. ISA Transactions, 75, 15-24. 

Sun, Y.M., Chen, B., Lin, C., Wang, H.H., & Zhou, S.W. (2016). Adaptive neural control for a class of 
stochastic nonlinear systems by backstepping approach. Information Sciences, 369, 748-764. 

Tong, S.C., Li, Y.M., & Zhang, H.G. (2011). Adaptive neural network decentralized backstepping 
output-feedback control for nonlinear large-scale systems with time delays. IEEE Transactions on 
Neural Networks, 22(7), 1073-1086. 

Tong, S.C., Wang, T., Li, Y.M., & Zhang, H.G. (2014). Adaptive neural network output feedback 
control for stochastic nonlinear systems with unknown dead-zone and unmodeled dynamics. IEEE 
Transactions on Cybernetics, 44(6), 910-921. 

Wang, D., Liu, D.R., Zhang, Q.C., & Zhao, D.B. (2016). Data-based adaptive critic designs for 
nonlinear robust optimal control with uncertain dynamics. IEEE Transactions on Systems, Man, 
and Cybernetics: Systems, 46(11), 1544-1555. 

Wang, H.Q., Chen, B., & Lin, C. (2012). Direct adaptive neural control for strict-feedback stochastic 
nonlinear systems. Nonlinear Dynamics, 67(4), 2703-2718. 

Wang, H.Q., Chen, B., & Lin, C. (2014). Adaptive neural tracking control for a class of stochastic 
nonlinear systems. International Journal of Robust and Nonlinear Control, 24(7), 1262-1280. 



 

Wang, H.Q., Liu, K.F., Liu, X.P., Chen, B., & Lin, C. (2015). Neural-based adaptive output-feedback 
control for a class of nonstrict-feedback stochastic nonlinear systems. IEEE Transactions on 
Cybernetics, 45(9), 1977-1987. 

Wang, H.W., Chen, B., Liu, K.F., Liu, X.P., & Lin, C. (2014). Adaptive neural tracking control for a 
class of nonstrict-feedback stochastic nonlinear systems with unknown backlash-like hysteresis. 
IEEE Transactions on Neural Networks and Learning Systems, 25(5), 947-958. 

Wu, J., Chen, W.S., Li, J., & Ren, W.L. (2013). Stabilization for a class of stochastic nonlinear systems 
with arbitrary switching via the common Lyapunov function method. International Journal of 
Control, Automation and Systems, 11(5), 926-937. 

Xia, M.Z., & Zhang, T.P. (2019). Adaptive neural dynamic surface control for full state constrained 
stochastic nonlinear systems with unmodeled dynamics. Journal of the Franklin Institute, 356(1), 
129-146. 

Xie, S.L., & Xie, L.H. (2000). Stabilization of a class of uncertain large-scale stochastic systems with 
time delays. Automatica, 36(1), 161-167. 

Xu, Y.Y., Liang, H.J., Li, T.S., & Ma, H. (2019). Observer‐based adaptive control for nonlinear strict
‐feedback stochastic systems with output constraints. International Journal of Robust and 
Nonlinear Control, 29(5), 1515-1536. 

Yan, H.S., Han, Y.Q., & Sun, Q.M. (2018). Optimal output-feedback tracking of SISO stochastic 
nonlinear systems using multi-dimensional Taylor network. Transactions of the Institute of 
Measurement and Control, 40(10), 3049-3058. 

Yin, J.L., Khoo, S.Y., Man, Z.H., & Yu, X.H. (2011). Finite-time stability and instability of stochastic 
nonlinear systems. Automatica, 47(12), 2671-2677. 

Yu, Z.X., Li, S.G., Yu, Z.S., & Li, F.F. (2018). Adaptive neural output feedback control for 
nonstrict-feedback stochastic nonlinear systems with unknown backlash-like hysteresis and 
unknown control directions. IEEE Transactions on Neural Networks and Learning Systems, 29(4), 
1147-1160. 

Yu, Z.X., & Li, S.G. (2014). Neural-network-based output-feedback adaptive dynamic surface control 
for a class of stochastic nonlinear time-delay systems with unknown control directions. 
Neurocomputing, 129, 540-547. 

Zhou, Q., Shi, P., Liu, H., & Xu, S. (2012). Neural-network-based decentralized adaptive 
output-feedback control for large-scale stochastic nonlinear systems. IEEE Transactions on 
Systems, Man, and Cybernetics. Part B, Cybernetics, 42(6), 1608-1619. 

Zhou, Q., Shi, P., Xu, S.Y., & Li, H.Y. (2013). Observer-based adaptive neural network control for 
nonlinear stochastic systems with time delay. IEEE Transactions on Neural Networks and 
Learning Systems, 24(1), 71-80. 

 



 

 

0 5 10 15 20 25 30 35 40 45 50
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

time (sec)

 

 

yd

y

 

Figure 1. System output y  and reference signal dy  of Example 1. 
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Figure 2. Control input u  of Example 1. 

 



 

0 5 10 15 20 25 30 35 40 45 50
-1

0

1

Time (sec)

 

 

x1

0 5 10 15 20 25 30 35 40 45 50
-5

0

5

Time (sec)

 

 

x2

0 5 10 15 20 25 30 35 40 45 50
-10

0

10

Time (sec)

 

 

x3

 

Figure 3. System state variables 1x , 2x  and 3x  of Example 1. 

0 5 10 15 20 25 30 35 40 45 50
-2

-1

0

1

2

Time (sec)

 

 

x̂1

0 5 10 15 20 25 30 35 40 45 50
-10

-5

0

5

10

Time (sec)

 

 

x̂2

 

Figure 4. Observer state variables 1x̂  and 2x̂  of Example 1. 
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Figure 5. Tracking error dy y  of Example 1. 
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Figure 6. System output y  and reference signal dy  of Example 2. 
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Figure 7. Control input u  of Example 2. 
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Figure 8. State variables 1x , 2x  and 3x  of Example 2. 
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Figure 9. State variables 1x̂  and 2x̂  of Example 2. 
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Figure 10. Tracking error dy y  of Example 2. 




