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ABSTRACT
For switched nonlinear systems with output hysteresis, by working on multi-dimensional Taylor network
(MTN), an adaptive control strategy is put forward, which can effectively solve the tracking control prob-
lem. Firstly, the modified Bouc–Wen hysteresis model is employed to cope with the nonlinear problem
caused by output hysteresis. Secondly, the Nussbaum function is introduced into the control design pro-
cess, and MTN is used to approach nonlinear structures. Thirdly, a novel network adaptive control strategy
is constructed with the help of a common Lyapunov function, which can realize the tracking control and
stability of the system simultaneously. It is worth noting that as a new type of neural network, MTN is first
used for control of switched systems with output hysteresis. Finally, two simulation examples show that
the proposed control strategy is effective.
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1. Introduction

Over the past few decades, for the purpose of solving the issue
caused by the nonlinear structures in the control systems, fuzzy
logic systems (FLSs) and neural networks (NNs) were exten-
sively used in various systems as two kinds of general-purpose
approximate methods (Han et al., 2021; Li et al., 2019a, 2021;
Niu et al., 2020; Yue & Li, 2019). It is worth noting that multi-
dimensional Taylor network (MTN), as one ofNNwith a special
structure, has attracted quite a lot of attention due to its excel-
lent approximation ability, dynamic performance and simple
structure (Yan & Duan, 2021). Many research results of MTN
in plenty of systems were published, such as large-scale non-
linear systems (Chu et al., 2021), nonlinear systems (Han, Li
et al., 2021), discrete-time nonlinear systems (Duan et al., 2020)
and stochastic nonlinear systems (Han, 2018). Nevertheless,
there are few research results on MTN for switched nonlinear
systems.

In the wake of the rapid developments of automatic con-
trol theory, it is not easy to solve the problem faced by con-
trol science with a single control model. Consequently, as a
kind of unified dynamic mathematical model, the research
of hybrid systems has caught extensive attention (Cassandras
et al., 2001; Henzinger et al., 1998; Juloski et al., 2005; Zhao
et al., 2005). Among them, switched systems, as one of the
important hybrid systems, has a wide range of industrial appli-
cation background (Gong et al., 2011; Min et al., 2021; Zhang
et al., 2015). Therefore, the study of switched nonlinear sys-
tems has become a research highlight in the field of automation
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and control, and a host of research achievements have been
obtained (Li et al., 2021, 2019b;Mao et al., 2022;Niu et al., 2018).
For the control problem of switched nonlinear systems, many
control approaches have been proposed, such as decentralized
control (Li et al., 2021; Zhang et al., 2021), adaptive control
(Wu et al., 2020), robust control (Niu & Zhao, 2012; Xiang
et al., 2012), fault-tolerant control (Zou et al., 2021), backstep-
ping design method (Ma & Zhao, 2010; Yin et al., 2020) and so
on. Among them, the backstepping design method has received
widespread attention since this method can obtain a globally
stable controller for the nonlinear systems that do not meet the
matching conditions. Subsequently, many adaptive backstep-
ping control strategies have been proposed for quite a lot of
important switched nonlinear systems, for instance, uncertain
switched systems (Chiang & Fu, 2014; Lai et al., 2018), switched
systems with input delay (Niu & Li, 2018) and switched sys-
tems without strict feedback (Liu et al., 2017). However, the
problem of output hysteresis is not considered in the research
achievements mentioned above.

In a multitude of practical systems, the hysteretic phe-
nomenon often occurs, and it seriously degrades the system
performance. In view of hysteresis not only depends on the
output but also depends on the input, so it is difficult to cope
with the hysteresis. In the past period of time, a lot of stud-
ies on the hysteresis problem were reported (Chen et al., 2008;
Han et al., 2015; Su et al., 2000; Tao & Kokotovic, 1995;
Zhou et al., 2012). For systems with hysteresis, authors in
Tao and Kokotovic (1995) achieved hysteresis linearisation by
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constructing hysteresis inverse, which can improve system per-
formance. With the help of the PI model, authors in Chen
et al. (2008) proposed an adaptive control strategy for dynamic
systems. Authors in Zhou et al. (2012) first proposed a modified
Bouc–Wen hysteresis model, which can deal with the control
problem of systems subject to more general hysteresis. Since
then, the modified Bouc–Wen hysteresis model has become a
popular design method to cope with hysteretic problem (Liu
et al., 2015; Ma et al., 2019). However, the above methods
were mostly focused on general nonlinear systems rather than
switched systems, let alone switched nonlinear systems with
output hysteresis. Therefore, it is very meaningful to apply the
modified Bouc–Wen hysteresis model to switched nonlinear
systems with output hysteresis.

On the basis of the above investigations, this article
endeavours to develop an adaptive control strategy for a
class of switched nonlinear systems with unknown out-
put hysteresis. Firstly, the difficulty caused by the out-
put hysteresis is overcome by introducing the modified
Bouc–Wen hysteresis model. Then, in each step of back-
stepping, the nonlinear structures are approximated by an
MTN, and a novel type of network-based adaptive con-
troller is obtained. Finally, the results display that the pro-
posed control strategy is practicable for switched nonlinear
systems. The central contributions of this article are as fol-
lows:

(1) Although the adaptive MTN backstepping control has
achieved some research results for switched nonlinear sys-
tems (He et al., 2022; Zhu et al., 2020), the problem of sys-
tem instability caused by output hysteresis remains unre-
solved. In addition, although authors in Han (2021) dis-
cussed the tracking control issue for systems with output
nonlinearity, only the output dead-zone is considered, and
the output hysteresis is not considered. Moreover, the pro-
posed MTN-based control strategies in Chu et al. (2021),
Han (2021), and Yan and Duan (2021) are not suitable for
switched nonlinear systems.

(2) The modified Bouc–Wen hysteresis model proposed in
Zhou et al. (2012) is generalised to switched systems for
the first time. Unlike the traditional problem of hystere-
sis for uncertain nonlinear systems (Zhou et al., 2012), this
article addresses the issue of output hysteresis for switched
nonlinear systems, which is also an important cause of sys-
tem instability. Although the similar work was studied by
Lyu et al. (2019), a novel network controller is structured
in this article, which has a simpler structure than that of
Lyu et al. (2019).

(3) The control method combining MTN and modified
Bouc–Wen hysteresis model is adopted for the first time
to settle complex nonlinear problems for switched nonlin-
ear systems subject to output hysteresis, and the amount of
calculation can be greatly reduced.

The following notations will be applied in this article. Rn

denotes the n-dimensional real space. For a given matrix or
vector x, xT means its transpose, ‖x‖ represents its 2-norm.
- -λTPmi(x) is defined as MTN with i inputs and intermediate
layer polynomials of the highest powermi.

2. Problem formulation and preliminaries

2.1 System description

The following switched nonlinear systems with unknown out-
put hysteresis are considered.

⎧⎪⎪⎨
⎪⎪⎩

φ̇i = φi+1 + hi,σ(t)

(
φ̄i

)
+ �i,σ(t)

(
t, φ̄i

)
, 1 ≤ i ≤ n − 1

φ̇n = u + hn,σ(t)

(
φ̄n

)
+ �n,σ(t)

(
t, φ̄n

)
y = � (φ1)

(1)

where φ = [φ1,φ2, . . . ,φn]T ∈ Rn denotes the state vector, and
φ̄i = [φ1,φ2, . . . ,φi]T ∈ Ri with i = 1, 2, . . . , n. σ(t) : R+ →
M = {1, 2, . . . ,m} denotes the switching signal and m denotes
the number of subsystem. For i = 1, 2, . . . , n and ∀k ∈ M,
hi,k(φ̄i) represent unknown smooth nonlinear functions and
�i,k(t,φ̄i) represent the unknown time-varying disturbance.
y = �(φ1) represents the output of systems and the hysteresis
mechanism. u(t) is the control input.

For reference signal yd, the main task of this article is to
design an adaptive control strategy for system (1) and achieve
the following objectives.

(1) For the closed-loop system, all signals in it are bounded;
(2) Tracking error, i.e. y − yd, can converge to an adjustable

region of the origin.

Assumption 2.1 (Li et al., 2014): For ∀t ≥ 0 and Y0, Ȳ0,Y1,
. . . ,Yn > 0 are constants, the yd and its time derivative
y(j)
d , 1 ≤ j ≤ n satisfy the inequalities as follows −Y0 ≤ yd(t) ≤
Ȳ0, |ẏd(t)| < Y1, . . . , |y(n)

d (t)| < Yn.

Assumption 2.2: For every i = 1, 2, . . . , n and ∀k ∈ M, the
time-varying disturbance �i,k(t, φ̄i) satisfy the following con-
dition.

�i,k

(
t, φ̄i

)
≤ ϕi,k

(
t, φ̄i

)
+ ϕ̃i,k (2)

where ϕi,k(t, φ̄i) are unknown functions and ϕ̃i,k are unknown
constants.

Remark 2.1: Themain idea of (2) comes from Liu et al. (2015).
Amore general form of expansion and contraction for the time-
varying disturbance is taken into account in this article.

2.2 Processing of output item

The output hysteresis problem is solved by the modified
Bouc–Wen hysteresis model, which was reported in Zhou
et al. (2012). Its mathematical model is as follows

y = � (φ1) = ρ1φ1 + ρ2� (3)

where ρ1, ρ2 are unknown constants and satisfy sign(ρ1) =
sign(ρ2). � is an auxiliary variable, which can be solved by the



INTERNATIONAL JOURNAL OF CONTROL 3

following differential equation.
{

�̇ = φ̇1 − ι
∣∣φ̇1
∣∣ |�|K−1

� − 
φ̇1 |�|K = φ̇1h
(
�, φ̇1

)
�0 = 0

(4)

where ι,
 ,K are hysteretic parameters and satisfy conditions
ι > |
 |,K > 1.

h
(
�, φ̇1

)= 1 − sign
(
φ̇1
)
ι |�|K−1

� − 
 |�|K (5)

Then, the inverse of model (3) can be expressed as

φ1 = �−1 (y) = 1
ρ1

y − ρ2

ρ1
�1 (6)

where �̇1 = 1
ρ2h(�1,

ẏ
ρ1

)+ρ1
ẏh(�1,

ẏ
ρ1

) andh(�1,
ẏ
ρ1

) can be defined

by (5).
The variable κ(t) is defined as follows

κ (t) = ρ1 + ρ2h
(
�, φ̇1

)
(7)

So it can be concluded that ẏ = κ(t)φ̇1.

Assumption 2.3 (Liu et al., 2015): The value range κ(t) is
[−κ̄ ,−κ] ∪ [κ , κ̄]. Among them, positive constants κ , κ̄ are
defined as

κ = |ρ1|
κ̄ = |ρ1| + |ρ2|

(
1 + ι

ι + 

+ |
 |

ι + 


)
(8)

2.3 Nussbaum-Type function

Definition 2.1 (Liu et al., 2015): For variable ε, if the follow-
ing conditions are satisfied, the function N(ς) is said to be a
Nussbaum function.

lim
ε→±∞ sup

1
ε

∫ ε

0
N (ς) dς = ∞

lim
ε→±∞ inf

1
ε

∫ ε

0
N (ς) dς = −∞ (9)

It should be pointed out that many functions satisfy the con-
dition of (9), such as ς2 cos ς , ς2 sin ς , exp(ς2). For the Nuss-
baum function, the following Lemma holds.

Lemma 2.1 (Zhang & Ge, 2007): Supposing �(t) and ς(t)
are smooth functions defined in [0, tf ]. Then �(t), ς(t),∫ tf
0 (�(t)N(ς) + 1)ς̇e−�2(t−τ)dτ are all bounded for t ∈ [0, tf ]
and tf < +∞, if the following inequality holds

0 ≤ � (t) ≤ �1 +
∫ tf

0
(� (t)N (ς) + 1) ς̇e−�2(t−τ) dτ (10)

where �(t) is the time-varying coefficient with value on E :=
[ϒ−,ϒ+] and 0 /∈ E. N(ς) is a smooth Nussbaum-type function.
�1,�2 are positive scalars. τ is a variable.

Figure 1. MTN’s structure.

2.4 Multi-dimensional Taylor network

MTN is an especially three layer NN, and its structure is shown
in Figure 1. In this article, an MTN is introduced into the con-
troller design process to handle with unknown nonlinearity. For
MTN, the following Lemma holds

Lemma 2.2 (Han, 2021): On a compact set �, for a continu-
ous function h(�) : Rn → R, and ∀β > 0, there exists an MTN
- -λTPmn(�) as follows

h (�) = - -λ∗TPmn (�) + δ (�) (11)

with Pmn (�)
�= [

�1, · · · ,�n,�2
1, · · · ,�2

n, · · · ,�m
1 , · · · ,�m

n
]T

∈ Rl is the middle layer vector of MTN. � �= [�1,�2, · · · ,�n]T
∈ Rn is the input vector of MTN. δ (�) is the approximate error
between h (�) and - -λTPmn (�), and |δ (�)| < β . - -λ is the weight
vector of MTN, and

- -λ∗ := arg min
- -
λ∈Rl

{
sup
�∈�

∣∣∣h (�) − - -λTPmn (�)

∣∣∣} ∈ Rl.

3. Adaptive MTN tracking controller design

First of all, unknown constants - -λi = max{‖ - -λi,k‖2 : k ∈ M, i =
1, 2, . . . , n}} are defined. - -λi,k are weight vectors of MTN, and its
value will be given later. -̂ -λi are estimated value of - -λi and satisfy
-̃ -λi = - -λi − -̂ -λi.

Secondly, the coordinate transformation is defined as follows{
q1 = y − yd
qi = φi − ξi−1, i = 2, . . . , n

(12)



4 WEN-JING HE ET AL.

where yd is the reference signal. ξi(i = 1, . . . , n − 1) are virtual
control signals, which value will be given in later design.

Step 1 : The candidate Lyapunov function is considered as
follows

�1 = 1
2
q21 + 1

2
-̃ -λ
2
1 (13)

The time differentiation of �1 can be expressed as

�̇1 = q1κ (t)
(
q2 + ξ1 + h1,k

(
φ̄1

)
+ �1,k

(
t, φ̄1

))
− q1ẏd − -̃ -λ1

˙̂- -λ1 (14)

With the help of Young’s inequality and Assumption 2.2, the
following inequalities can be obtained.

κ (t) q1q2 ≤ 1
2
q21 + 1

2
κ̄2q22 (15)

κ (t) q1
(
h1,k

(
φ̄1

)
+ �1,k

(
t, φ̄1

))
≤ 1

2
a21 + κ̄2

2a21
q21γ

2
1,k (16)

with γ1,k = h1,k(φ̄1) + ϕ1,k(t, φ̄1) + ϕ̃1,k, and a1 > 0 is a
constant.

Substituting (15) and (16) into (14), the following inequality
holds

�̇1 ≤ 1
2
q21 + κ̄2

2
q22 + κ (t) q1ξ1 + 1

2
a21 + q1H1,k

− (2w1 + 1) q21 − -̃ -λ1
˙̂- -λ1 (17)

where H1,k = κ̄2

2a21
q1γ 2

1,k − ẏd + (2w1 + 1)q1 is an unknown
function, and w1 > 0 is a constant. According to Lemma 2.2,
for ∀β1,k > 0, exist an MTN that can be used to approximate
H1,k, such as

H1,k = - -λT
1,kPm1

(
q1
)+ δ1,k

(
q1
)
,
∣∣δ1,k (q1)∣∣ ≤ β1,k (18)

with q1 = [q1]T. δ1,k(q1) is the error between H1,k and
- -λT1,kPm1(q1).

With the help of (18) and Young’s inequality, the following
inequality is true.

q1H1,k = q1 - -λT
1,kPm1 + q1δ1,k

≤ 1
2
�21 + 1

2�21
q21
∥∥ - -λ1,k

∥∥2 PTm1
Pm1 + 1

2
q21 + 1

2
β2
1,k

≤ 1
2
�21 + 1

2�21
q21 - -λ1PTm1

Pm1 + 1
2
q21 + 1

2
β2
1,k (19)

where �1 > 0 denotes a constant.
Then, the intermediate control signal ξ1 is designed as

follows

ξ1 = N (ς)

[
−
(
w1 + 1

2

)
q1 + 1

2�21
q1 -̂ -λ1PTm1

Pm1

]
(20)

Combining (17), (19) and (20), one has

�̇1 ≤ −
(
w1 − 1

2

)
q21 + κ̄2

2
q22 + [κ (t)N (ς) + 1] ς̇

+ -̃ -λ1

(
1
2�21

q21P
T
m1
Pm1 − ˙̂- -λ1

)
+ 1

2
a21 + 1

2
�21 + 1

2
β2
1,k

(21)

where adaptive law ς̇ = −(w1 + 1
2 )q

2
1 + 1

2�21
q21

-̂ -λ1PTm1
Pm1 .

Remark 3.1: Term κ̄2

2 q
2
2 will be solved in the Step 2.

Step 2: The candidate Lyapunov function is considered as
follows

�2 = �1 + 1
2
q22 + 1

2
-̃ -λ
2
2 (22)

The expression for the time derivative of �2 is shown below

�̇2 = q2
(
q3 + ξ2 + h2,k

(
φ̄2

)
+ �2,k

(
t, φ̄2

))
− q2ξ̇1 − -̃ -λ2

˙̂- -λ2 + �̇1 (23)

where

ξ̇1 = ∂ξ1

∂y
ẏ +

1∑
j=0

∂ξ1

∂y(j)
d

y(j+1)
d + ∂ξ1

∂φ1
φ̇1 + ∂ξ1

∂ς
ς̇ + ∂ξ1

∂ -̂ -λ1

˙̂- -λ1.

With the help of Young’s inequality, the following inequalities
can be obtained.

− q2ξ̇1 ≤ 1
4
a21 + 1

a21
q22

(
∂ξ1

∂y

)2
κ̄2 (φ2 + γ1,k

)2

− q2
1∑

j=0

∂ξ1

∂y(j)d

y(j+1)
d − q2

∂ξ1

∂ς
ς̇ − q2

∂ξ1

∂ -̂ -λ1

˙̂- -λ1 + 1
4
a21

+ 1
a21

q22

(
∂ξ1

∂φ1

)2 (
φ2 + γ1,k

)2 (24)

q2q3 ≤ 1
2
q22 + 1

2
q23 (25)

q2
(
h2,k

(
φ̄2

)
+ �2,k

(
t, φ̄2

))
≤ a22 + 1

4a22
q22γ

2
2,k (26)

with γ2,k = h2,k(φ̄2) + ϕ2,k(t, φ̄2) + ϕ̃2,k, and a2 > 0 is a con-
stant.

Substituting (24), (25) and (26) into (23), the following
inequality holds

�̇2 ≤ �̇1 + 1
2
q22 + 1

2
q23 + q2ξ2 + a22 + 1

2
a21

+ q2H2,k − κ̄2

2
q22 − -̃ -λ2

˙̂- -λ2 (27)

where

H2,k = 1
4a22

q2γ 2
2,k + 1

a21
q2
(

∂ξ1

∂y

)2
κ̄2(φ2 + γ1,k)

2

−
1∑

j=0

∂ξ1

∂y(j)
d

y(j+1)
d − ∂ξ1

∂ς
ς̇ − ∂ξ1

∂ -̂ -λ1

˙̂- -λ1

+ κ̄2

2
q2 + 1

a21
q2(

∂ξ1

∂φ1
)2(φ2 + γ1,k)

2.

According to Lemma 2.2, for ∀β2,k > 0, exist an MTN that can
be used to approximate H2,k, such as

H2,k = - -λT
2,kPm2 + δ2,k

(
q2
)
,
∣∣δ2,k (q2)∣∣ ≤ β2,k (28)
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with q2 = [q1, q2]T. δ2,k(q2) is the error between H2,k and
- -λT2,kPm2 .

From (28) and Young’s inequality, one has

q2H2,k = q2 - -λT
2,kPm2 + q2δ2,k

≤ 1
2
�22 + 1

2�22
q22
∥∥ - -λ2,k

∥∥2 PTm2
Pm2 + 1

2
q22 + 1

2
β2
2,k

≤ 1
2
�22 + 1

2�22
q22 - -λ2PTm2

Pm2 + 1
2
q22 + 1

2
β2
2,k (29)

where �2 > 0 is a constant.
Then, the intermediate control signal ξ2 is designed as fol-

lows

ξ2 = −
(
w2 + 1

2

)
q2 − 1

2�22
q2 -̂ -λ2PTm2Pm2 (30)

where w2 > 0 is a constant.
Combining (21), (27), (29) and (30), one has

�̇2 ≤ −
2∑

j=1
cjq2j + 1

2
q23 + [κ (t)N (ς) + 1] ς̇

+
2∑

j=1

-̃ -λj

(
1
2�2j

q2j P
T
mjPmj − ˙̂- -λj

)

+
2∑

j=1
a2j + 1

2

2∑
j=1

�2j + 1
2

2∑
j=1

β2
j,k (31)

where for i = 1, 2, . . . , n, ci = wi − 1
2 are constants.

Step 3: The candidate Lyapunov function is considered as
follows

�3 = �2 + 1
2
q23 + 1

2
-̃ -λ
2
3 (32)

The time derivative of �3 has the form displayed below

�̇3 = q3
(
q4 + ξ3 + h3,k

(
φ̄3

)
+ �3,k

(
t, φ̄3

))
− q3ξ̇2 − -̃ -λ3

˙̂- -λ3 + �̇2 (33)

where ξ̇2 = ∂ξ2
∂y ẏ +∑2

j=0
∂ξ2

∂y(j)d
y(j+1)
d +∑2

j=1
∂ξ2
∂φj

φ̇j + ∂ξ2
∂ς

ς̇

+∑2
j=1

∂ξ2
∂
-̂ -
λj

˙̂- -λj.
With the help of Young’s inequality, the following inequali-

ties can be obtained.

− q3ξ̇2 ≤ 1
4
a22 − q3

2∑
j=0

∂ξ2

∂y(j)d

y(j+1)
d − q3

2∑
j=1

∂ξ2

∂ -̂ -λj

˙̂- -λj

+ 1
4
a22 − q3

∂ξ2

∂ς
ς̇ + 1

a22
q23

2∑
j=1

(
∂ξ2

∂φj

)2 (
φj+1 + γj,k

)2

+ 1
a22

q23

(
∂ξ2

∂y

)2
κ̄2 (φ2 + γ1,k

)2 (34)

q3q4 ≤ 1
2
q23 + 1

2
q24 (35)

q3
(
h3,k

(
φ̄3

)
+ �3,k

(
t, φ̄3

))
≤ a23 + 1

4a23
q23γ

2
3,k (36)

where γ3,k = h3,k(φ̄3) + ϕ3,k(t, φ̄3) + ϕ̃3,k, and a3 > 0 is a
constant.

Substituting (34), (35) and (36) into (33), the following
inequality holds

�̇3 ≤ �̇2 + 1
2
q23 + 1

2
q24 + q3ξ3 + a23 + 1

2
a22

+ q3H3,k − 1
2
q23 − -̃ -λ3

˙̂- -λ3 (37)

where

H3,k = 1
4a23

q3γ 2
3,k + 1

a22
q3
(

∂ξ2

∂y

)2
κ̄2(φ2 + γ1,k)

2

−
2∑

j=0

∂ξ2

∂y(j)
d

y(j+1)
d − ∂ξ2

∂ς
ς̇ −

2∑
j=1

∂ξ2

∂ -̂ -λj

˙̂- -λj

+ 1
2
q3 + 1

a22
q3

2∑
j=1

(
∂ξ2

∂φj

)2
(φj+1 + γj,k)

2.

According to Lemma 2.2, for ∀β3,k > 0, exist an MTN that can
be used to approximate H3,k, such as

H3,k = - -λT
3,kPm3 + δ3,k

(
q3
)
,
∣∣δ3,k (q3)∣∣ ≤ β3,k (38)

with q3 = [q1, q2, q3]T. δ3,k(q3) is the error between H3,k and
- -λT3,kPm3 .

From (38) and Young’s inequality, the following inequality
holds

q3H3,k = q3 - -λT3,kPm3 + q3δ3,k

≤ 1
2
�23 + 1

2�23
q23
∥∥ - -λ3,k

∥∥2 PTm3
Pm3 + 1

2
q23 + 1

2
β2
3,k

≤ 1
2
�23 + 1

2�23
q23 - -λ3PTm3

Pm3 + 1
2
q23 + 1

2
β2
3,k (39)

where �3 > 0 is a constant.
Then, the intermediate control signal ξ3 is designed as

follows

ξ3 = −
(
w3 + 1

2

)
q3 − 1

2�23
q3 -̂ -λ3PTm3Pm3 (40)

where w3 > 0 is a constant.
Combining (31), (37), (39) and (40), one has

�̇3 ≤ −
3∑

j=1
cjq2j + 1

2
q24 + [κ (t)N (ς) + 1] ς̇

+ 1
2

3∑
j=1

�2j + 1
2

3∑
j=1

β2
j,k +

3∑
j=1

a2j

+ 1
2
a22 +

3∑
j=1

-̃ -λj

(
1
2�2j

q2j P
T
mjPmj − ˙̂- -λj

)
(41)

Step i (4 ≤ i ≤ n − 1) : The candidate Lyapunov functions are
considered as follows

�i = �i−1 + 1
2
q2i + 1

2
-̃ -λ
2
i (42)
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The time derivative of the above Lyapunov functions �i can be
represented as

�̇i = qi
(
qi+1 + ξi + hi,k

(
φ̄i

)
+ �i,k

(
t, φ̄i

))
− qiξ̇i−1 − -̃ -λi

˙̂- -λi + �̇i−1 (43)

where

ξ̇i−1 = ∂ξi−1

∂y
ẏ +

i−1∑
j=0

∂ξi−1

∂y(j)
d

y(j+1)
d +

i−1∑
j=1

∂ξi−1

∂φj
φ̇j

+ ∂ξi−1

∂ς
ς̇ +

i−1∑
j=1

∂ξi−1

∂ -̂ -λj

˙̂- -λj.

According to Young’s inequality, the following inequalities can
be obtained.

−qiξ̇i−1 ≤ 1
a2i−1

q2i

(
∂ξi−1

∂y

)2
κ̄2 (φ2 + γ1,k

)2

− qi
i−1∑
j=0

∂ξi−1

∂y(j)d

y(j+1)
d − qi

i−1∑
j=1

∂ξi−1

∂ -̂ -λj

˙̂- -λj

+ 1
a2i−1

q2i
i−1∑
j=1

(
∂ξi−1

∂φj

)2 (
φj+1 + γj,k

)2

+ 1
2
a2i−1 − qi

∂ξi−1

∂ς
ς̇ (44)

qiqi+1 ≤ 1
2
q2i + 1

2
q2i+1 (45)

qi
(
hi,k

(
φ̄i

)
+ �i,k

(
t, φ̄i

))
≤ a2i + 1

4a2i
q2i γ

2
i,k (46)

with γi,k = hi,k(φ̄i) + ϕi,k(t, φ̄i) + ϕ̃i,k, and ai > 0 are con-
stants.

Substituting (44), (45) and (46) into (43), the following
inequality holds

�̇i ≤ �̇i−1 + 1
2
q2i + 1

2
q2i+1 + qiξi + a2i

+ 1
2
a2i−1 + qiHi,k − 1

2
q2i − -̃ -λi

˙̂- -λi (47)

where

Hi,k = 1
4a2i

qiγ 2
i,k + 1

a2i−1
qi
(

∂ξi−1

∂y

)2
κ̄2(φ2 + γ1,k)

2

−
i−1∑
j=0

∂ξi−1

∂y(j)
d

y(j+1)
d − ∂ξi−1

∂ς
ς̇ + 1

2
qi

−
i−1∑
j=1

∂ξi−1

∂ -̂ -λj

˙̂- -λj + 1
a2i−1

qi
i−1∑
j=1

(
∂ξi−1

∂φj

)2
(φj+1 + γj,k)

2.

According to Lemma 2.2, for ∀βi,k > 0, exist an MTN that can
be used to approximate Hi,k, such as

Hi,k = - -λT
i,kPmi + δi,k

(
qi
)
,
∣∣δi,k (qi)∣∣ ≤ βi,k (48)

with qi = [q1, q2, . . . , qi]T. δi,k(qi) are the error between Hi,k
and - -λTi,kPmi .

With the help of Young’s inequality and taking (48) into
account, the following inequality holds

qiHi,k = qi - -λTi,kPmi + qiδi,k

≤ 1
2
�2i + 1

2�2i
q2i
∥∥ - -λi,k

∥∥2 PTmiPmi +
1
2
q2i + 1

2
β2
i,k

≤ 1
2
�2i + 1

2�2i
q2i - -λiPTmiPmi +

1
2
q2i + 1

2
β2
i,k (49)

where �i > 0 are constants.
Then, the intermediate control signals ξi are designed as

follows

ξi = −
(
wi + 1

2

)
qi − 1

2�2i
qi -̂ -λiPTmiPmi (50)

where wi > 0 are constants.
Repeating Step 3 and combining (47), (49), (50), one has

�̇i ≤ −
i∑

j=1
cjq2j + 1

2
q2i+1 + [κ (t)N (ς) + 1] ς̇

+
i∑

j=1

-̃ -λj

(
1
2�2j

q2j P
T
mjPmj − ˙̂- -λj

)

+ 1
2

i∑
j=1

�2j + 1
2

i∑
j=1

β2
j,k +

i∑
j=1

a2j + 1
2

i−1∑
j=2

a2j (51)

Remark 3.2: Term 1
2q

2
i , i = 3, 4, . . . , n will be solved in the

Step i.

Step n : The candidate Lyapunov function is considered as
follows

�n = �n−1 + 1
2
q2n + 1

2
-̃ -λ
2
n (52)

The time derivative of �n can be described as

�̇n =qn
(
u + hn,k

(
φ̄n

)
+ �n,k

(
t, φ̄n

))
− qnξ̇n−1 − -̃ -λn

˙̂- -λn + �̇n−1 (53)

where

ξ̇n−1 = ∂ξn−1

∂y
ẏ +

n−1∑
j=0

∂ξn−1

∂y(j)
d

y(j+1)
d +

n−1∑
j=1

∂ξn−1

∂φj
φ̇j

+ ∂ξn−1

∂ς
ς̇ +

n−1∑
j=1

∂ξn−1

∂ -̂ -λj

˙̂- -λj.
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According to Young’s inequality, the following inequalities can
be obtained.

− qnξ̇n−1 ≤ 1
a2n−1

q2n

(
∂ξn−1

∂y

)2
κ̄2 (φ2 + γ1,k

)2

+ 1
2
a2n−1 + 1

a2n−1
q2n

n−1∑
j=1

(
∂ξn−1

∂φj

)2 (
φj+1 + γj,k

)2

− qn

⎛
⎝n−1∑

j=0

∂ξn−1

∂y(j)d

y(j+1)
d + ∂ξn−1

∂ς
ς̇ +

n−1∑
j=1

∂ξn−1

∂ -̂ -λj

˙̂- -λj
⎞
⎠ (54)

qn
(
hn,k

(
φ̄n

)
+ �n,k

(
t, φ̄n

))
≤ a2n + 1

4a2n
q2nγ

2
n,k (55)

with γn,k = hn,k(φ̄n) + ϕn,k(t, φ̄n) + ϕ̃n,k, and an > 0 is a con-
stant.

Substituting (54) and (55) into (53), the following inequality
holds

�̇n ≤ �̇n−1 + qnu + a2n + 1
2
a2n−1 + qnHn,k − -̃ -λn

˙̂- -λn (56)

where

Hn,k = 1
4a2n

qnγ 2
n,k + 1

a2n−1
qn
(

∂ξn−1

∂y

)2
κ̄2(φ2 + γ1,k)

2

−
n−1∑
j=0

∂ξn−1

∂y(j)
d

y(j+1)
d − ∂ξn−1

∂ς
ς̇ −

n−1∑
j=1

∂ξn−1

∂ -̂ -λj

˙̂- -λj

+ 1
a2n−1

qn
n−1∑
j=1

(
∂ξn−1

∂φj

)2
(φj+1 + γj,k)

2.

According to Lemma 2.2, for ∀βn,k > 0, exist an MTN that can
be used to approximate Hn,k, such as

Hn,k = - -λT
n,kPmn + δn,k

(
qn
)
,
∣∣δn,k (qn)∣∣ ≤ βn,k (57)

with qn = [q1, q2, . . . , qn]T. δn,k(qn) is the error between Hn,k
and - -λTn,kPmn .

From (57) and Young’s inequality, the following inequality
holds

qnHn,k = qn - -λT
n,kPmn + qnδn,k

≤ 1
2
�2n + 1

2�2n
q2n
∥∥ - -λn,k

∥∥2 PTmnPmn + 1
2
q2n + 1

2
β2
n,k

≤ 1
2
�2n + 1

2�2n
q2n - -λnPTmnPmn + 1

2
q2n + 1

2
β2
n,k (58)

where �n > 0 is a constant.
Then, the control signal u is designed as follows

u = −
(
wn + 1

2

)
qn − 1

2�2n
qn -̂ -λnPTmnPmn (59)

where wn > 0 is a constant.

Combining (51), (56), (58) and (59), one has

�̇n ≤ −
n∑
j=1

cjq2j + [κ (t)N (ς) + 1] ς̇ + 1
2

n∑
j=1

�2j + 1
2

n∑
j=1

β2
j,k

+
n∑
j=1

a2j + 1
2

n−1∑
j=2

a2j +
n∑
j=1

-̃ -λj

(
1
2�2j

q2j P
T
mjPmj − ˙̂- -λj

)

(60)

4. Stability analysis

Theorem 4.1: Switched nonlinear systems subject to unknown
output hysteresis (1) is considered, if the virtual control signals
and actual input control signal are devised as (20), (30), (40), (50)
and (59), adaptive control laws are designed as

˙̂- -λj = −ηj
-̂ -λj + 1

2�2j
q2j P

T
mjPmj (61)

where j = 1, 2, . . . , n, ηj > 0 are constants. For any bounded
initial conditions, one has

(1) For the closed-loop system, all signals in it are bounded.
(2) Tracking error, i.e. y − yd, can converge to an adjustable

region of the origin.

Proof: The Lyapunov function is considered as follows

� = �n = 1
2

n∑
j=1

q2j + 1
2

n∑
j=1

-̃ -λ
2
j (62)

According to (60), one has

�̇ ≤ −
n∑
j=1

cjq2j + [κ (t)N (ς) + 1] ς̇ + 1
2

n∑
j=1

�2j + 1
2

n∑
j=1

β2
j,k

+
n∑
j=1

a2j + 1
2

n−1∑
j=2

a2j +
n∑
j=1

-̃ -λj

(
1
2�2j

q2j P
T
mjPmj − ˙̂- -λj

)

(63)

Combining (61), -̃ -λj(
1
2�2j

q2j P
T
mjPmj − ˙̂- -λj) can be rewritten as

-̃ -λj

(
1
2�2j

q2j P
T
mjPmj − ˙̂- -λj

)
≤ −1

2
η̄j

-̃ -λ
2
j + 1

2
ηj

- -λ2j (64)

where η̄j = min{ηj | j = 1, 2, . . . , n}.
Substituting (64) into (63), the following inequality holds

�̇ ≤ a� + b + [κ (t)N (ς) + 1] ς̇ (65)

where a=min{2cj, η̄j | j=1, 2, . . . , n}, β2
j,max=max{β2

j,k | k∈M},
b = 1

2
∑n

j=1 ηj
- -λ2j + 1

2
∑n

j=1 �2j + 1
2
∑n

j=1 β2
j,max + 3

2
∑n

j=1 a
2
j .
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Integrating (65), for ∀t ≥ 0, the following inequality holds

0 ≤ � ≤
[
� (0) − b

a

]
e−at + b

a

+ e−at
∫ T

0
[κ (t)N (ς) + 1] ς̇eaτ dτ (66)

Based on inequality (66), using themethod inMa et al. (2019), it
can be concluded that all signals in it are bounded, and the track-
ing error converges to a small region of the origin by designing
appropriate parameters.

That completes the proof of Theorem 4.1. �

5. Simulation study

To verify the effectiveness of the proposed controller, two exam-
ples are given in this section.

Example 5.1: The following switched nonlinear systems with
the output hysteresis is discussed.⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

φ̇1 = φ2 + h1,σ(t)

(
φ̄1

)
+ �1,σ(t)

(
t, φ̄1

)
φ̇2 = φ3 + h2,σ(t)

(
φ̄2

)
+ �2,σ(t)

(
t, φ̄2

)
φ̇3 = u + h3,σ(t)

(
φ̄3

)
+ �3,σ(t)

(
t, φ̄3

)
y = ρ1φ1 + ρ2�

(67)

with initial statesφ1(0) = 0,φ2(0) = 0,φ3(0) = 0.σ(t) : [0,∞)

→ M = {1, 2} is the switching signal. When σ(t) = 1, the
nonlinear functions in the system are set as h1,1 = −φ2

1 sinφ1
1+φ2

1
,

h2,1 = −φ2
1 sin(1+φ2

1 )+1+φ2
2

1+2φ2
1+3φ2

2
, h3,1 = − sinφ3+2φ2

2+3φ2
3

1+2φ2
1+3φ2

2+4φ2
3
. The time-

varying disturbance are set as�1,1 = −0.2x21 sin( 1
1+φ2

1
),�2,1 =

−0.3φ2
2 sinπ t, �3,1 = 0.4φ2

3 sinπ t. When σ(t) = 2, the non-

linear functions in the system are set as h1,2 = −φ2
1 cosφ1
1+φ2

1
,

h2,2 = −φ2
1 cos(1+φ2

1 )+1+φ2
2

1+2φ2
1+3φ2

2
, h3,2 = − cosφ2+2φ2

2+3φ2
3

1+2φ2
1+3φ2

2+4φ2
3
. The time-

varying disturbance are set as �1,2 = −0.2φ2
1 cos(

1
1+φ2

1
), �2,2

= −0.3φ2
2 cosπ t, �3,2 = 0.4φ2

3 sinπ t.
The parameters of output hysteresis are set as follows: ρ1 =

ρ2 = 1, ι = 5,K = 2,
 = 3.5. Therefore, the output hysteresis
can be expressed as y = φ1 + �, with{

�̇ = φ̇1 − 5|φ̇1||�|� − 3.5φ̇1|�|2
�0 = 0

.

According to Theorem 4.1, the control structure of sys-
tems (67) can be designed as follows

ξ1 = N (ς)

[(
w1 + 1

2

)
q1 + 1

2�21
q1 -̂ -λ1PTm1

Pm1

]

ξ2 = −
(
w2 + 1

2

)
q2 − 1

2�22
q2 -̂ -λ2PTm2

Pm2

u = −
(
w3 + 1

2

)
q3 − 1

2�23
q3 -̂ -λ3PTm3

Pm3

˙̂- -λj = −ηj
-̂ -λj + 1

2�2j
q2j P

T
mjPmj , j = 1, 2, 3 (68)

Figure 2. System output y(t) and reference signal yd(t) of Example 5.1.

Figure 3. System control input of Example 5.1.

with N(ς) = ς2 cos ς , ς̇ = (w1 + 1
2 )q

2
1 + 1

2�21
q21

-̂ -λ1PTm1
Pm1 ,

q1 = φ1 − yd, q2 = φ2 − ξ1, q3 = φ3 − ξ2, q1 = [q1]T, q2 =
[q1, q2]T, q3 = [q1, q2, q3]T. The parameters of the design con-
troller are as follows: w1 = 29.5,w2 = 19.5,w3 = 79.5, η1 =
2, η2 = 1, η3 = 0.2, �1 = �2 = �3 = 1. The simulation results
are shown in Figures 2–6.

The output hysteresis y(t) of systems and its reference signal
yd(t) are given in Figure 2. Figures 3–5 reveal the trajectory of
control input u, two state variables φ2(t),φ3(t) and the switch-
ing signal σ(t) of systems (67). In the light of the system output
and its reference signal, the tracking error of systems is corre-
lated in Figure 6. The tracking error converges in a small range
of the origin. It can be seen from Figures 2–6 that satisfactory
tracking effect can be attained by the controller proposed in this
article.

Example 5.2: The electromechanical systems are used to verify
the effectiveness of the proposed control strategy, which can be
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Figure 4. State variables φ2,φ3 of Example 5.1.

Figure 5. Switching signal of Example 5.1.

Figure 6. The tracking error of Example 5.1.

Figure 7. System output y(t) and reference signal yd(t) of Example 5.2.

transformed as switched nonlinear systems (Lyu et al., 2019).
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

φ̇1 = φ2 + h1,σ(t)

(
φ̄1

)
+ �1,σ(t)

(
t, φ̄1

)
φ̇2 = φ3 + h2,σ(t)

(
φ̄2

)
+ �2,σ(t)

(
t, φ̄2

)
φ̇3 = u + h3,σ(t)

(
φ̄3

)
+ �3,σ(t)

(
t, φ̄3

)
y = ρ1φ1 + ρ2�

(69)

with the initial state, switching signal, the parameter settings
of output hysteresis and the control structure of systems are
the same as those in example 1. Among them, h1,1 = h1,2 =
0, h2,1 = h2,2 = − N

M sinφ1 − B
Mφ2, h3,1 = − KB

MLφ2 − R2+R3
ML φ3,

h3,2 = − KB
MLφ2 − R1+R3

ML φ3 are the nonlinear functions. �1,1 =
−0.1φ1 sin t,�1,2 = −0.3φ1 cos t,�2,1 = −0.2φ2+sint,�2,2 =
−0.2φ2+cost, �3,1 = 0.3φ2 sinπ t, �3,2 = 0.1φ2 sinπ t are the
time-varying disturbances. The parameters design of elec-
tromechanical systems are R0 = 0.023, R1 = 5, R2 = 10,R3 =
5, L0 = 0.305, L = 15, m = 0.506, M0 = 0.434, G = 9.8, B0 =
1.625 × 10−2, J = 0.1625,Kr = KB = 0.9,B = B0

Kr
,N = mL0G

2Kr
+

M0L0G
Kr

,M = J
Kr

+ mL20
3Kr

+ M0L20
Kr

+ 2M0R20
5Kr

.
Figures 7–11 show that the control strategy proposed in this

article can still achieve good results for practical application
systems. The above results further prove effectiveness of the
proposed controller.

Remark 5.1: It can be seen from the Examples 5.1–5.2 that
the superior tracking performance are acquired by choosing
the optimal parameters. In theory, for switched nonlinear sys-
tems (1), based on Theorem 4.1, it can be concluded that the
tracking performance can be achieved when ηi,wi, �i are posi-
tive constants. However, in practice, in order to obtain the spe-
cific control objective, it is necessary to obtain optimal tracking
performance by continuously adjusting design parameters.

Remark 5.2: For the system (67) with the initial states φ(0) =
[0.3, 0, 0]T, the tracking control performance and control input
are displayed in Figure 12. It can be clearly seen that the control
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Figure 8. System control input of Example 5.2.

Figure 9. State variables φ2,φ3 of Example 5.2.

Figure 10. Switching signal of Example 5.2.

Figure 11. The tracking error of Example 5.2.

Figure 12. The tracking control performance of system (67) with the initial states
φ(0) = [0.3, 0, 0]T.

effect is still satisfactory in the case of large error initialisation,
and a large control input is required at the initial stage of control
for the purpose of quickly acquiring superior tracking perfor-
mance. It is concluded that the control strategy proposed in this
article is able to achieve real-time tracking in a short period of
time, and satisfactory results can still be acquired in the case of
large error initialisation.

6. Conclusion

The tracking control problem of a class of switched nonlin-
ear systems subject to output hysteresis is studied in this arti-
cle. First, the nonlinearity of output hysteresis is transformed
into the combination of a disturbance term and a linear term
by using the modified Bouc–Wen hysteresis model. Then, an
adaptive MTN control method is proposed based on back-
stepping technique. It should be pointed out that the adaptive
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MTN method is extended to switched nonlinear systems sub-
ject to output hysteresis for the first time. The proposed control
method simplifies the backstepping design process from two
aspects. On the one hand, only oneMTN is adopted to estimate
the nonlinear functions that appear in each step of backstepping.
On the other hand, the modified Bouc–Wen hysteresis model is
introduced to solve the nonlinearity caused by output hystere-
sis. At the end, two simulation examples show that the proposed
control strategy is effective.

The next research topic is to further consider the case of
unmeasured state based on the research in this article and
acquire a novelMTN-based adaptive control strategy. For track-
ing control of switched nonlinear systems subject to output
hysteresis, it is a major challenge to construct a reasonable state
observer and obtain a simple controller.
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