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Abstract
For the large-scale nonlinear systems subject to dynamic uncertainties, an adaptive multi-
dimensional Taylor network (MTN)-based decentralized control strategy is proposed, which
can effectively solve output tracking control problem of the systems. Firstly, a dynamic signal
is introduced to cope with the problem of unknown nonlinear dynamic uncertainties. Sec-
ondly, in each step of the backstepping, only oneMTN is used to approximate the combination
of unknown nonlinear functions. Then, in the last step of the backstepping, a new adaptive
control scheme is designed, which realizes the stability and boundedness of the controlled
systems. It is worth noting that the large-scale nonlinear systems, the unknown dynamic
uncertainties and the MTN appear in the same framework for the first time. Finally, three
simulation examples are presented to verify the feasibility of the proposed control strategy.

Keywords Large-scale nonlinear systems · Dynamic uncertainties · Multi-dimensional
Taylor network · Adaptive control

1 Introduction

In recent years, with the development of production and the progress of science and tech-
nology, plenty of practical systems can be modeled as large-scale systems have received
more and more attention, such as the power systems [1], the transportation network systems
[2], the aerospace systems [3] and the manufacturing systems [4]. Therefore, the research on
large-scale nonlinear systems turns into a hotspot of society [5–7].However, due to the charac-
teristics of the large-scale nonlinear systems, such as numerous influencing factors, complex
structures, strong randomness and scattered controlled objects, it is very difficult to adopt
centralized control. For this reason, the application of decentralized control in large-scale
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nonlinear systems is more and more extensive owing to its advantages of strong pertinence
and system adaptability [8, 9]. At the same time, adaptive control has been proved to be
an effective method to deal with the control issue of uncertain systems containing a large
number of stochastic factors [10, 11]. Especially, the design process of control strategy of
nonlinear systems can be greatly simplified by combining adaptive control approach with
backstepping technique. Therefore, adaptive backstepping controlmethod provides a system-
atic methodology of solving the control issues of uncertain nonlinear systems, and received
a lot of attention [12, 13]. From the above discussed, it is of important practical significance
to develop an adaptive backstepping decentralized control strategy for large-scale nonlinear
systems [14, 15]. Sad to say, when the system with complex structures and uncertainties, the
above control methods may fail to maintain a good performance.

With the aim of solving the above problem, two general approximation methods, fuzzy
logic systems (FLSs) and neural networks (NNs) are widely applied in plenty of large-
scale systems, such as large-scale nonlinear systems [16, 17], large-scale switched nonlinear
systems [18, 19], large-scale stochastic nonlinear systems [20, 21]. In the recent period of
time,multi-dimensional Taylor network (MTN), a new type ofNN,was verified as an effective
and simplemethod to copewith the control problemof systemswith unknown structures, such
as nonlinear systems [22], discrete nonlinear systems [23], switched nonlinear systems [24]
and stochastic nonlinear systems [25]. Significantly, for large-scale nonlinear systems, many
adaptive decentralized backstepping control strategies based on MTN were reported, which
demonstrated the practicability of the MTN approximation technique [26, 27]. Unluckily,
neither unmodeled dynamics nor dynamic disturbances were considered in the above studies.

In fact, the unmodeled dynamics and dynamic disturbances are inevitably involved in
practice [28, 29], their existence is a source of instability of the control systems. Therefore,
more and more attention has been devoted to the investigation on systems with dynamic
uncertainties. For example, the authors in [30] introduced a dynamic signal to deal with the
dynamic uncertainties, which was extended to plenty of nonlinear systems, such as switched
nonlinear systems [31], stochastic nonlinear systems [32] and uncertain nonlinear systems
[33]. According to the method of introducing a dynamic signal, many adaptive FLS-based
decentralized control strategies were put forward for large-scale nonlinear systems with
dynamic uncertainties [34, 35]. In spite of these excellent results, it should be pointed out that
the adaptive NN-based decentralized control of large-scale nonlinear systems with dynamic
uncertainties is still an open issue. Therefore, it is a challenging task to propose a simple
and practically feasible adaptive NN-based decentralized control method by introducing a
dynamic signal.

Based on the above analysis, the MTN-based tracking control strategy for a class of large-
scale nonlinear systemswith dynamic uncertainties is developed in this paper. Firstly, the goal
of controlling dynamic uncertainties is achieved by introducing a dynamic signal. Secondly,
as a novel NN with special structures, MTN technique is employed to estimate the systems
parameter and complex unknown nonlinear structures in the design process of backstepping
control. Then, an adaptive MTN-based decentralized control strategy is put forward. The
simulation results indicate that the control strategy proposed in this paper is satisfactory. In
a word, the main contributions of this paper are as follows:

(1) As a new type of NN, MTN opens up a new way for the control issue of large-scale non-
linear systems subject to dynamic uncertainties. Although the author on [36] proposed
an adaptive MTN control strategy for nonlinear systems with unmodeled dynamics, this
strategy is not suitable to control large-scale nonlinear systems. The adaptive MTN-
based decentralized control issues for large-scale nonlinear systems were studied in [26,
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27], but the unmodeled dynamics and the dynamic disturbances were not involved in
the controlled systems.

(2) Different from the studies in [36–40], the control issue considered in this paper is
more general. The result of this paper can be used to deal with large-scale nonlinear
systems with dynamic disturbance, which has a wider application scope. By introducing
a dynamic signal in the control process, a novel NN-based control method is proposed,
which shows the superiority of adaptive MTN-based decentralized control in dynamic
uncertainties and complex structures. In addition, although similar control problems
were discussed in [34, 35], a MTN-based control approach with simple structure and
low computational complexity is developed.

(3) To the authors’ knowledge, this paper is the first fruitful work to investigate the MTN-
based tracking control of large-scale nonlinear systems with unmodeled dynamics and
dynamic disturbances. It is difficult to develop a decentralized control scheme, which
can obtain relatively ideal control effect with smaller cost of calculation. Thanks to the
simple structure ofMTN, the control strategy developed in this paper has the advantages
of simple structure and small calculation.

Notation For the matrix or vector x, xT represents its transpose, |x| defines its absolute value.
�−1 indicates the inverse of the given matrix �. Ri denotes i-dimensional real space.

2 System Statements and Preliminaries

2.1 Problem Formulation

A class of large-scale nonlinear systems subject to dynamic uncertainties with N subsystems
is considered as follows

⎧
⎪⎪⎨

⎪⎪⎩

ξ̇i = qi (ξi , xi )
ẋi, j = gi, j

(
xi, j

)
xi, j+1 + fi, j

(
xi, j

) + hi, j ( y) + �i, j (xi , ξi )
ẋi,ni = gi,ni

(
xi,ni

)
ui + fi,ni

(
xi,ni

) + hi,ni ( y) + �i,ni

(
xni , ξni

)

yi = xi,1

, (1)

where i = 1, . . . , N , j = 1, . . . , ni − 1. xi = [
xi,1, . . . , xi,ni

]T ∈ R
ni , ui ∈ R and

yi ∈ R are the state vector, the control input and the output of the systems, respectively,
xi, j = [

xi,1, . . . , xi, j
]T ∈ R

j , xi,ni = [
xi,1, . . . , xi,ni

]T ∈ R
ni , y = [y1, . . . , yN ]T ∈ R

N .
In addition, the unmeasured portion of the state is denoted as ξi ∈ R

ni,0 . ξi -dynamics in (1)
is unmodeled dynamics. �i, j (xi , ξi ) denotes the dynamic disturbances. fi, j (·), hi, j (·) and
qi (·) are unknown smooth functionswith fi, j (0) = 0. gi, j (·) indicates the control coefficient,
which sign is the control direction of i-th channel.

The control objective of this paper is to design an adaptiveMTN controller for the systems
(1) such that the systems output yi follows the desired reference signal yi,d , and all the signals
in the closed-loop systems are semi-globally bounded.

Assumption 1 [41] The desired reference signal yi,d and its time derivatives up to the ni -th
order y(ni )

i,d are bounded and continuous.

Assumption 2 [25] The sign of the function gi, j
(
xi, j

)
is determinable. There are two known

constants bm and bM , such that 0 < bm <
∣
∣gi, j

(
xi, j

)∣
∣ < bM < ∞ holds.
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Assumption 3 [39] In large-scale nonlinear systems (1), qi (xi , ξi ) and�i, j (xi , ξi ) are uncer-
tain Lipschitz continuous functions.

Assumption 4 [39] For the dynamic disturbance �i, j (xi , ξi ), there are two unknown non-
negative increasing smooth functions ϕi, j (·) and ψi, j (·) with ψi, j (0) = 0, such that

∣
∣�i, j (xi , ξi )

∣
∣ ≤ ϕi, j

(∣
∣xi, j

∣
∣
) + ψi, j (|ξi |). (2)

Assumption 5 [30] For ξ̇i = qi (ξi , xi ), there exist an exponentially input-to-state practically
stable Lyapunov function Vi (ξi ), such that

κi,1(|ξi |) ≤ Vi (ξi ) ≤ κi,2(|ξi |), (3)

∂Vi (ξi )

∂ξi
qi (ξi , xi ) ≤ −ci,0Vi (ξi ) + κi,3(|xi |) + di,0, (4)

where ci,0, di,0 > 0 define known constants and κi,1, κi,2 and κi,3 belong to class κ∞
functions.

Assumption 6 [26] For the unknown smooth function hi, j ( y), there exists the unknown
function hi, j,l(·), such that

∣
∣hi, j ( y)

∣
∣2 ≤

N∑

l=1

h2i, j,l(yl), (5)

where hi, j,l(0) = 0, l = 1, . . . , N .

Remark 1 In the light of Assumption 6, there exists the unknown smooth function h̃i, j,l(yl),
such that

∣
∣hi, j ( y)

∣
∣2 ≤

N∑

l=1

y2l h̃
2
i, j,l(yl). (6)

Next, in order to facilitate the theoretical analysis, several useful lemmas are introduced.

Lemma 1 [30] Based on Assumption 5, for ξ̇i = qi (ξi , xi ), there exists a Lyapunov function
Vi (ξi ), which satisfies (3) and (4). Then, for the initial value ξi,0 = ξi,0(0), there exist a
nonnegative function Di (t) defined for all t ≥ 0 and a finite time Ti,0 = Ti,0

(
ci , ri,0, ξi,0

)
,

one has

Vi (ξi (t)) ≤ ri (t) + Di (t), (7)

where Di (t) = 0, ∀t ≥ Ti,0. ri is a novel signal, and its time derivative can be expressed as

ṙi = −ciri + κ i,3
(
xi,1

) + di,0, ri (0) = ri,0, (8)

where ri,0 is an arbitrary positive constant, and ci ∈ (
0, ci,0

)
. The function κ i,3(·) satisfies

κ i,3
(
xi,1

) ≥ κi,3
(∣
∣xi,1

∣
∣
)
.

Remark 2 If κ i,3(·) satisfies κ i,3(s) = (
s − yi,d

)2
κi

(
s2

)
, Then, (8) can be described as

ṙi = −ciri + (
xi,1 − yi,d

)2
κi

(∣
∣xi,1

∣
∣2

)
+ di,0, ri (0) = ri,0, (9)

where κi (·) is a nonnegative smooth function. κ i,3(·) is a smooth function, which satisfies
κ i,3(0) ≥ 0.
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Remark 3 Different from [40], a novel function κ i,3(·) is introduced. In addition, for the issue
of stabilization of large-scale nonlinear systems, we consider that κ i,3 satisfies κ i,3(s) =
s2κi

(
s2

)
.

Lemma 2 [39] For any nonnegative constant ε and any value x ∈ R, there exists a smooth
function Q(·) : R → R, such that

|x | ≤ xQ(x) + ε, (10)

where Q(0) = 0.

Lemma 3 [39] For a nonnegative constant ε and any continuous function P(·) : R → R,
there exists a nonnegative smooth function P̂(·), such that

|P(x)| ≤ P̂(x) + ε,∀x ∈ R, (11)

where P(·) satisfies P(0) = 0, P̂(·) satisfies P̂(0) = 0 and ∂ P̂
∂x

∣
∣
∣
x=0

= 0.

2.2 Multi-dimensional Taylor Network

In this paper, for ∀ς > 0, an unknown smooth nonlinear function f (Λ) on a compact set �Λ

can be approximated by the following MTN.

f (Λ) = θ∗TSmn (Λ) + σ(Λ), (12)

with the optimal weight vector θ∗ is defines as

θ∗ := arg min
θ∈Rl

{

sup
Λ∈�Λ

∣
∣ f (Λ) − θTSmn (Λ)

∣
∣

}

, (13)

where θ = [θ1, . . . , θl ]T is the weight vector of MTN. Λ = [�1, . . . , �n]T are the input

vector. Smn (Λ) = [
�1, . . . , �n,�

2
1, . . . , �

2
n, . . . , �

m
1 , . . . , �m

n

]T ⊂ R
l is the middle layer

vector. l, n are the number of middle layer and input dimensions of MTN, respectively. σ(Λ)

denotes the MTN inherent approximation error and |σ(Λ)| < ς . MTN is a feedforward
network with n inputs and m highest power, and its structure is shown in Fig. 1.

3 Main Results

3.1 Recursive Design of Adaptive Controller

Step i, 1: For i = 1, . . . , N , j = 1, . . . , ni − 1, a coordinate transformation is defined as
{
zi,1 = xi,1 − yi,d
zi, j+1 = xi, j+1 − αi, j

, (14)

with αi, j is the virtual control signal.
The candidate Lapunov function is selected as

Vi,1 = 1

2
z2i,1 + 1

λi,0
ri + 1

2
θ̃
T
i,1�

−1
i,1 θ̃ i,1, (15)
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Fig. 1 Network structure of MTN

where θ̃ i,1 = θ i,1 − θ̂ i,1 is the parameter error, θ̂ i,1 denotes the estimated value of θ i,1.
�i,1 = �T

i,1 > 0 is an arbitrary constant matrix. λi,0 is a positive design parameter.
The time derivative of Vi,1 can be obtained as follows

V̇i,1 = zi,1 żi,1 + 1

λi,0
ṙi − θ̃

T
i,1�

−1
i,1

˙̂
θ i,1. (16)

According to (1), (9), (14), Assumption 4 and Lemma 1, the following inequality can be
obtained

V̇i,1 ≤ zi,1
(
gi,1xi,2 + fi,1 + hi,1 − ẏi,d

) + ∣
∣zi,1

∣
∣ϕi,1

(∣
∣xi,1

∣
∣
) + ∣

∣zi,1
∣
∣ψi,1(|ξi |)

+ 1

λi,0

(
z2i,1κi

(∣
∣xi,1

∣
∣2

)
+ di,0

)
− 1

λi,0
ciri − θ̃

T
i,1�

−1
i,1

˙̂
θ i,1. (17)

According to Lemmas 2 and 3, the following inequality holds
∣
∣zi,1

∣
∣ϕi,1

(∣
∣xi,1

∣
∣
) ≤ zi,1ϕ̃i,1

(
xi,1

) + εi,1, (18)

with εi,1 > 0 is a constant.
According to [30], there exists a smooth function ψ̂i,1,2(·) with ψ̂i,1,2(0) = 0, such that

∣
∣zi,1

∣
∣ψi,1(|ξi |) ≤ zi,1ψ̃i,1

(
zi,1, ri

) + 2δi,1 + 1

4
z2i,1 + di,1(t), (19)
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where ψ̃i,1
(
zi,1, ri

) = ψ̂i,1,2(ri )ψ̂i,1,3
(
zi,1, ri

) + ψ̂i,1,4
(
zi,1

)
, di,1(t) = (

ψi,1,2◦
κ−1
i,1 (2Di (t))

)
and di,1(t) = 0, ∀t ≥ Ti,0. ψ̂i,1,3, ψ̂i,1,4 are two suitable smooth functions

with ϕ̂i,1,3(0) = 0, ϕ̂i,1,4(0) = 0. δi,1 > 0 is a constant.
According to Young’s inequality and Assumption 6, the following inequality can be

obtained

zi,1hi,1 ≤ 1

2
z2i,1 + 1

2
h2i,1 ≤ 1

2
z2i,1 + 1

2

N∑

l=1

y2l h̃
2
i,1,l(yl). (20)

Substituting (18), (19) and (20) into (17), the following inequality holds

V̇i,1 ≤ zi,1
(
gi,1xi,2 + f̃i,1

)
− υ2

i,1

(
z2i,1

)
z2i,1 − 1

2
z2i,1 + 1

2

N∑

l=1

y2l h̃
2
i,1,l(yl)

+ εi,1 + 2δi,1 + di,1(t) + 1

λi,0
di,0 − 1

λi,0
ciri − θ̃

T
i,1�

−1
i,1

˙̂
θ i,1, (21)

where f̃i,1 = fi,1 − ẏi,d + ϕ̃i,1
(
xi,1

) + ψ̃i,1
(
zi,1, ri

) + 5
4 zi,1 + 1

λi,0
zi,1κi

(∣
∣xi,1

∣
∣2

)
+

υ2
i,1

(
z2i,1

)
zi,1.

f̃i,1 is a combination of unknown nonlinear functions, which cannot be used to construct
the virtual control signal αi,1. According to the approximation performance of MTN, for any
given constant ςi,1 > 0, there exists a MTN θTi,1Smi,1 , such that

f̃i,1 = θTi,1Smi,1 + σi,1,
∣
∣σi,1

∣
∣ ≤ ςi,1, (22)

where σi,1 is the estimate error.
According to (22) and Young’s inequality, the following inequality holds

zi,1 f̃i,1 = zi,1θ
T
i,1Smi,1 + zi,1σi,1 ≤ zi,1θ

T
i,1Smi,1 + 1

2
z2i,1 + 1

2
ς2
i,1. (23)

With the help of (14), (21) and (23), the following inequality can be obtained

V̇i,1 ≤ gi,1zi,1
(
zi,2 + αi,1

) + zi,1θ
T
i,1Smi,1 − υ2

i,1

(
z2i,1

)
z2i,1 + 1

2

N∑

l=1

y2l h̃
2
i,1,l(yl)

+1

2
ς2
i,1 + εi,1 + 2δi,1 + di,1(t) + 1

λi,0
di,0 − 1

λi,0
ciri − θ̃

T
i,1�

−1
i,1

˙̂
θ i,1,

(24)

According to Young’s inequality, one has

gi,1zi,1zi,2 ≤ 1

2
gi,1z

2
i,1 + 1

2
gi,1z

2
i,2. (25)

Choosing the virtual control signal αi,1 as follows

αi,1 = − 1

bm

(
ri,1zi,1+θ̂

T
i,1Smi,1

)
, (26)

where ri,1 > 0 is a constant.
According to Assumption 2, the following inequality can be obtained.

gi,1zi,1αi,1 = − 1

bm
gi,1zi,1

(
ri,1zi,1+θ̂

T
i,1Smi,1

)
≤ −ri,1z

2
i,1 − zi,1θ̂

T
i,1Smi,1 . (27)
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Substituting (25) and (27) into (24), the following inequality holds

V̇i,1 ≤ −
(

ri,1 − 1

2
gi,1

)

z2i,1 + 1

2
gi,1z

2
i,2 − υ2

i,1

(
z2i,1

)
z2i,1 + 1

2

N∑

l=1

y2l h̃
2
i,1,l(yl)

+ 1

2
ς2
i,1 + εi,1 + 2δi,1 + di,1(t) + 1

λi,0
di,0 − 1

λi,0
ciri + θ̃

T
i,1

(
zi,1Smi,1 − �−1

i,1
˙̂
θ i,1

)
.

(28)

Step i, k (2 ≤ k ≤ ni − 1): For the systems (1), after a series of mathematical derivations,
a result similar to (28) can be obtained. It can be summarized as the following lemma.

Lemma 4 For k = 1, 2, . . . , ni − 1, the candidate Lapunov function is selected as Vi,k =
Vi,k−1 + 1

2 z
2
i,k + 1

2 θ̃
T
i,k�

−1
i,k θ̃ i,k , the following inequality can be obtained

V̇i,k ≤ −
k∑

j=1

(

ri, j − 1

2
gi, j

)

z2i, j + 1

2

k∑

j=1

gi, j z
2
i, j+1 − υ2

i,1

(
z2i,1

)
z2i,1 + 1

2

k∑

j=1

N∑

l=1

y2l h̃
2
i, j,l(yl)

+ 1

2

k∑

j=1

ς2
i, j +

k∑

j=1

εi, j + 2
k∑

j=1

jδi, j +
k∑

j=1

di, j (t) + 1

λi,0
di,0 − 1

λi,0
ciri

+
k∑

j=1

θ̃
T
i, j

(
zi, j Smi, j − �−1

i, j
˙̂
θ i, j

)
. (29)

whereri, j ,ςi, j , εi, j , δi, j are positive design constants, θ̃ i, j = θ i, j−θ̂ i, j defines the parameter

error, θ̂ i, j denotes the estimated value of θ i, j , �i, j = �T
i, j > 0 is a constant matrix.

Proof Similar to Step i, 1, according to the recurrence method, Lemma 4 is holds.

Step i, ni : According to (1) and (14), one has

żi,ni = gi,ni ui + fi,ni + hi,ni + �i,ni − α̇i,ni−1, (30)

with

α̇i,ni−1 =
ni−1∑

j=1

∂αi,ni−1

∂xi, j

(
gi, j xi, j+1 + fi, j + hi, j + �i, j

) +
ni−1∑

j=1

∂αi,ni−1

∂ θ̂ i, j

˙̂
θ i, j + ∂αi,ni−1

∂ri
ṙi

+
ni−1∑

j=0

∂αi,ni−1

∂ y( j)
i,d

y( j+1)
i,d .

Choosing the candidate Lyapunov function as follows

Vi,ni = Vi,ni−1 + 1

2
z2i,ni + 1

2
θ̃
T
i,ni �

−1
i,ni

θ̃ i,ni , (31)

where θ̃ i,ni = θ i,ni − θ̂ i,ni is the parameter error, θ̂ i,ni denotes the estimated value of θ i,ni ,
�i,ni = �T

i,ni
> 0 is an arbitrary constant matrix.
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Fig. 2 The design process of the adaptive decentralized MTN-based controller

Then, the time derivative of Vi,ni is as follows

V̇i,ni ≤ V̇i,ni−1 + zi,ni
(
gi,ni ui + fi,ni + hi,ni + �i,ni − α̇i,ni−1

) − θ̃
T
i,ni �

−1
i,ni

˙̂
θ i,ni

= V̇i,ni−1 + zi,ni

⎛

⎝gi,ni ui + fi,ni + hi,ni + �i,ni −
ni−1∑

j=1

∂αi,ni−1

∂xi, j

(
gi, j xi, j+1 + fi, j + hi, j

)

−
ni−1∑

j=1

∂αi,ni−1

∂ θ̂ i, j

˙̂
θ i, j −

ni−1∑

j=0

∂αi,ni−1

∂ y( j)
i,d

y( j+1)
i,d − ∂αi,ni−1

∂ri
ṙi

⎞

⎠ − θ̃
T
i,ni �

−1
i,ni

˙̂
θ i,ni . (32)

where �i,ni = �i,ni − ∑ni−1
j=1

∂αi,ni−1

∂xi, j
�i, j .

According to Assumption 4, Lemmas 2 and 3, the following inequalities hold

∣
∣zi,ni �i,ni

∣
∣ ≤ ∣

∣zi,ni
∣
∣

⎛

⎝ϕi,ni
(∣
∣xi,ni

∣
∣
) +

ni−1∑

j=1

∣
∣
∣
∣
∂αi,ni−1

∂xi, j

∣
∣
∣
∣ϕi, j

(∣
∣xi, j

∣
∣
)

⎞

⎠
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Fig. 3 System output yi and reference signal yi,d of Example 1

+ ∣
∣zi,ni

∣
∣

⎛

⎝ψi,ni (|ξi |) +
ni−1∑

j=1

∣
∣
∣
∣
∂αi,ni−1

∂xi, j

∣
∣
∣
∣ψi, j (|ξi |)

⎞

⎠, (33)

∣
∣zi,ni

∣
∣

⎛

⎝ϕi,ni
(∣
∣xi,ni

∣
∣
) +

ni−1∑

j=1

∣
∣
∣
∣
∂αi,ni−1

∂xi, j

∣
∣
∣
∣ϕi, j

(∣
∣xi, j

∣
∣
)

⎞

⎠ ≤ zi,ni ϕ̃i,ni + εi,ni , (34)

∣
∣zi,ni

∣
∣

⎛

⎝ψi,ni (|ξi |) +
ni−1∑

j=1

∣
∣
∣
∣
∂αi,ni−1

∂xi, j

∣
∣
∣
∣ψi, j (|ξi |)

⎞

⎠

≤ zi,ni ψ̃i,ni + 1

4
z2i,ni

⎛

⎝1 +
ni−1∑

j=1

(
∂αi,ni−1

∂xi, j

)2
⎞

⎠ + 2niδi,ni + di,ni (t), (35)

with di,ni (t) = ∑ni
j=1

(
ψi, j,2 ◦ κ−1

i,1 (2Di (t))
)2

and di,ni (t) = 0, ∀t ≥ Ti,0. εi,ni , δi,ni > 0

are design constants.
According to Assumption 6 and Young’s inequality, the following inequality can be

obtained

zi,ni hi,ni ≤ 1

2
z2i,ni + 1

2
h2i,ni ≤ 1

2
z2i,ni + 1

2

N∑

l=1

y2l h̃
2
i,ni ,l(yl). (36)
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Fig. 4 Control input ui of Example 1

Combining (32), (33), (34), (35) with (36), the following inequality holds

V̇i,ni ≤ V̇i,ni−1 + zi,ni

(
gi,ni ui + f̃i,ni

)
− θ̃

T
i,ni �

−1
i,ni

˙̂
θ i,ni

+ εi,ni + 2niδi,ni + di,ni (t) + 1

2

N∑

l=1

y2l h̃
2
i,ni ,l(yl), (37)

where

f̃i,ni = fi,ni + ϕ̃i,ni + ψ̃i,ni + 1

4
zi,ni

⎛

⎝1 +
ni−1∑

j=1

(
∂αi,ni−1

∂xi, j

)2
⎞

⎠ + 1

2
zi,ni − ∂αi,ni−1

∂ri
ṙi

−
ni−1∑

j=1

∂αi,ni−1

∂xi, j

(
gi, j xi, j+1 + fi, j + hi, j

) −
ni−1∑

j=1

∂αi,ni−1

∂ θ̂ i, j

˙̂
θ i, j −

ni−1∑

j=0

∂αi,ni−1

∂ y( j)
i,d

y( j+1)
i,d .

f̃i,ni is a combination of unknown nonlinear functions, which cannot be used to construct
the actual control input signal ui . According to the approximation performance of MTN, for
any given constant ςi,ni > 0, there exists a MTN θTi,ni Smi,ni

, such that

f̃i,ni = θTi,ni Smi,ni
+ σi,ni ,

∣
∣σi,ni

∣
∣ ≤ ςi,ni , (38)

where σi,ni is the estimate error.
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Fig. 5 State variables xi,2 of Example 1

According to (38) and Young’s inequality, one has

zi,ni f̃i,ni ≤ zi,ni θ
T
i,ni Smi,ni

+ 1

2
z2i,ni + 1

2
ς2
i,ni . (39)

Choosing the actual control input ui as follows

ui = − 1

bm

(
ri,ni zi,ni +θ̂

T
i,ni Smi,ni

)
, (40)

where ri,ni > 0 is a design constant.
By means of combining Assumption 2 and (40), the following inequality holds

gi,ni zi,ni ui = − 1

bm
gi,ni zi,ni

(
ri,ni zi,ni +θ̂

T
i,ni Smi,ni

)

≤ −ri,ni z
2
i,ni − zi,ni θ̂

T
i,ni Smi,ni

. (41)

According to Lemma 4 and substituting (39) and (41) into (37), the following inequality
can be obtained

V̇i,ni ≤ −
ni∑

j=1

(
ri, j − bM

)
z2i, j − υ2

i,1

(
z2i,1

)
z2i,1 + 1

2

ni∑

j=1

N∑

l=1

y2l h̃
2
i, j,l(yl)

+ 1

2

ni∑

j=1

ς2
i, j +

ni∑

j=1

εi, j + 2
ni∑

j=1

jδi, j +
ni∑

j=1

di, j (t) + 1

λi,0
di,0 − 1

λi,0
ciri
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Fig. 6 Immeasurable unmodeled dynamics ξi of Example 1

+
ni∑

j=1

θ̃
T
i, j

(
zi, j Smi, j − �−1

i, j
˙̂
θ i, j

)
. (42)

Remark 4 Significantly, this paper appears to be the first work dedicated to the MTN-based
control of large-scale nonlinear systems with dynamic uncertainties. Compared with [34,
35], the unknown control direction is fully considered, and the controller structure proposed
in this paper is relatively simple. Therefore, the proposed MTN-based control strategy has a
wider application scope.

3.2 Stability Analysis

Theorem 1 Considering the large-scale nonlinear systems with dynamic uncertainties, if
for i = 1, . . . , N , actual control input is selected as (40), and the virtual control signal is
designed as

αi, j = − 1

bm

(
ri, j zi, j+θ̂

T
i, j Smi, j

)
, j = 1, . . . , ni − 1. (43)

The adaptive law is constructed as

˙̂
θ i, j = −ηi, j�i, j θ̂ i, j + �i, j zi, j Smi, j , j = 1, . . . , ni , (44)

with ηi, j > 0 is a design constant.
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Fig. 7 Tracking error yi − yi,d of Example 1

Fig. 8 Schematic of tripled inverted pendulums

Then, for bounded initial conditions, all signals in the closed-loop systems are semi-
globally bounded and the tracking error can converge to an adjustable neighborhood of the
origin.

Proof Choosing the Lyapunov function as follows

V = 1

2

N∑

i=1

ni∑

j=1

z2i, j + 1

2

N∑

i=1

ni∑

j=1

θ̃
T
i, j�

−1
i, j θ̃ i, j +

N∑

i=1

1

λi,0
ri . (45)
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Fig. 9 System output yi and reference signal yi,d of Example 2

It follows from (42), we have

V̇ ≤ −
N∑

i=1

ni∑

j=1

(
ri, j − bM

)
z2i, j −

N∑

i=1

υ2
i,1

(
z2i,1

)
z2i,1 + 1

2

N∑

i=1

ni∑

j=1

N∑

l=1

y2l h̃
2
i, j,l(yl)

+ 1

2

N∑

i=1

ni∑

j=1

ς2
i, j +

N∑

i=1

ni∑

j=1

εi, j + 2
N∑

i=1

ni∑

j=1

jδi, j +
N∑

i=1

ni∑

j=1

di, j (t) +
N∑

i=1

1

λi,0
di,0

−
N∑

i=1

1

λi,0
ciri +

N∑

i=1

ni∑

j=1

θ̃
T
i, j

(
zi, j Smi, j − �−1

i, j
˙̂
θ i, j

)
. (46)

According to (44), term
∑N

i=1
∑ni

j=1 θ̃
T
i, j

(
zi, j Smi, j − �−1

i, j
˙̂
θ i, j

)
can be rewritten as

N∑

i=1

ni∑

j=1

θ̃
T
i, j

(
zi, j Smi, j − �−1

i, j
˙̂
θ i, j

)

≤ 1

2

N∑

i=1

ni∑

j=1

ηi, j

(∥
∥θ i, j

∥
∥2 − θ̃

T
i, j θ̃ i, j

)

123



3524 Z.-D. Shan et al.

Fig. 10 Control inputs ui of Example 2

≤ −
N∑

i=1

ni∑

j=1

1

2λmax

(
�−1
i, j

)ηi, j θ̃
T
i, j�

−1
i, j θ̃ i, j + 1

2

N∑

i=1

ni∑

j=1

ηi, j
∥
∥θ i, j

∥
∥2, (47)

where λmax

(
�−1
i, j

)
represents the maximal eigenvalue of matrix �−1

i, j .

The smooth and nonnegative function υ2
i,1(·) can be selected as

−
N∑

i=1

υ2
i,1

(
z2i,1

)
z2i,1 + 1

2

N∑

i=1

ni∑

j=1

N∑

l=1

y2l h̃
2
i, j,l(yl) ≤ 0. (48)

Combining (46), (47) and (48), the following inequality can be obtained

V̇ ≤ −
N∑

i=1

ni∑

j=1

(
ri, j − bM

)
z2i, j −

N∑

i=1

ni∑

j=1

1

2λmax

(
�−1
i, j

)ηi, j θ̃
T
i, j�

−1
i, j θ̃ i, j

+ 1

2

N∑

i=1

ni∑

j=1

ηi, j
∥
∥θ i, j

∥
∥2 +

N∑

i=1

ni∑

j=1

di, j (t) + 1

2

N∑

i=1

ni∑

j=1

ς2
i, j +

N∑

i=1

ni∑

j=1

εi, j

+ 2
N∑

i=1

ni∑

j=1

jδi, j +
N∑

i=1

1

λi,0
di,0 −

N∑

i=1

1

λi,0
ciri
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Fig. 11 State variables xi,2 of Example 2

≤ −a0V + b0 +
N∑

i=1

ni∑

j=1

di, j (t), (49)

with i = 1, 2, . . . , N , j = 1, 2, . . . , ni , a0 = min

{

2
(
ri, j − bM

)
,

ηi, j

λmax

(
�−1
i, j

) , ci

}

and b0 =
1
2

∑N
i=1

∑n
j=1 ηi, j

∥
∥θ i, j

∥
∥2 + 1

2

∑N
i=1

∑ni
j=1 ς2

i, j +
∑N

i=1
∑ni

j=1 εi, j +2
∑N

i=1
∑ni

j=1 jδi, j +
∑N

i=1
1

λi,0
di,0.

For all t ≥ 0,
∑N

i=1
∑ni

j=1 di, j (t) is nonnegative. For all t ≥ Ti,0,
∑N

i=1
∑ni

j=1 di, j (t) is
equal to zero. Therefore, the following inequality holds

∞∫

0

N∑

i=1

ni∑

j=1

di, j (t)dt < +∞. (50)

According to (50), the following inequality can be obtained

0 ≤ V (t) ≤
(

V (0) − b0
a0

)

e−a0t + b0
a0

+
∞∫

0

N∑

i=1

ni∑

j=1

di, j (t)dt, ∀t ≥ 0. (51)
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Fig. 12 Immeasurable unmodeled dynamics ξi of Example 2

Using the similar discussion in [30], it follows that all signals in the closed-loop systems
are semi-globally bounded and the tracking error can converge to an adjustable neighborhood
of the origin.

Based on the above analysis, it can be concluded thatwith the help of adaptive control laws,
an adaptive MTN-based decentralized controller is designed for each subsystem. Therefore,
the control process in this paper can be described as Fig. 2.

4 Simulation Results

In this section, a numerical example, a practical example and a comparative example are
given to demonstrate the effectiveness of the proposed control strategy.

Example 1 Considering the following large-scale nonlinear systems with dynamic uncer-
tainties

⎧
⎪⎪⎨

⎪⎪⎩

ξ̇i = qi
ẋi,1 = gi,1xi,2 + fi,1 + hi,1 + �i,1

ẋi,2 = gi,2ui + fi,2 + hi,2 + �i,2

yi = xi,1

, (52)

where i = 1, 2, 3, xi,1(0) = xi,2(0) = 0, and [ξ1(0), ξ2(0), ξ3(0)]T = [0, 0, 0]T, q1 = −ξ1+
0.5x21,1 + x1,1, g1,1 = 2+ 0.5 cos x21,1, f1,1 = x21,1, h1,1 = y2 cos y1, �1,1 = ξ1x1,1 sin x1,1,
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Fig. 13 Tracking error yi − yi,d of Example 2

g1,2 = 1 + x21,2
x21,1+x21,2

, f1,2 = x21,2e
−0.5x1,1 , h1,2 = y1y3, �1,2 = ξ1x1,1x1,2. q2 = −2ξ2 +

0.5x22,1+0.5, g2,1 = 2+sin x22,1, f2,1 = x22,1, h2,1 = y3 sin y2,�2,1 = ξ2x2,1 sin x2,1, g2,2 =
1+ x22,2

1+x22,2
, f2,2 = x22,2e

−0.5x2,1 , h2,2 = y1y22 ,�2,2 = ξ2x2,1 sin x2,2,q3 = −3ξ3+0.5x23,1+1,

g3,1 = 3 + 0.5 sin x23,1, f3,1 = x23,1, h3,1 = y1 sin y3, �3,1 = ξ3x3,1 sin x3,1, g3,2 =
1+ x23,2

1+x23,2
, f3,2 = x23,2e

−0.5x3,1 , h3,2 = y1y2y3, �3,2 = ξ3x3,1x3,2. The reference signals are

set to y1,d = 0.5(cos 0.25t − cos 0.5t), y2,d = 0.5(cos 0.75t − cos 0.25t), y3,d = 0.5 sin t .

According to Theorem 1, the control structures are designed as (40), (43) and (44). The
design parameters are set to bm = 1, bM = 3, r1,1 = r1,2 = r2,1 = r2,2 = r3,1 = r3,2 = 10,
η1,1 = η1,2 = η2,1 = η2,2 = η3,1 = η3,2 = 1 and �1,1 = �2,1 = �3,1 = I5, �1,2 = �2,2 =
�3,2 = I9.

The simulation results are shown in Figs. 3, 4, 5, 6 and 7, respectively.
Figure 3 shows the system output yi and the reference signal yi,d . As can be seen from

Fig. 3, good tracking performance can be achieved. Figures 4, 5 and 6 depict the trajectories
of the control input ui , the state variables xi,2 and immeasurable unmodeled dynamics ξi .
Figure 7 shows that the tracking error can converge to an adjustable neighborhood of the
origin.

Example 2 In order to further test the effectiveness of the control strategy proposed in this
paper, the tripled inverted pendulums with unmodeled dynamics is considered, which is
shown in Fig. 8 [33].
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Fig. 14 The tracking performance comparison of MTN and RBFNN

where θi (i = 1, 2, 3) is the angle of the i th pendulum, l is the length of each rod, a is the
distance from the pivot to the center of gravity of the rod, mi is the mass of the i th rod, k1
and k2 are the spring constants and g is the gravitational acceleration.

Let xi,1 = θi and xi,2 = θ̇i , the tripled inverted pendulumcanbe expressed as the following
large-scale nonlinear systems with dynamic uncertainties.

⎧
⎪⎪⎨

⎪⎪⎩

ξ̇i = qi
ẋi,1 = gi,1xi,2 + fi,1 + hi,1 + �i,1

ẋi,2 = gi,2ui + fi,2 + hi,2 + �i,2

yi = xi,1

, (53)

where i = 1, 2, 3, j = 1, 2, xi, j (0) = 0, ξi (0) = 0, q1 = −ξ1 + x21,1, g1,1 = 1, f1,1 =
h1,1 = �1,1 = 0, g1,2 = 1, f1,2 = g

l sin x1,1, h1,2 = k1a2

m1l2
(sin y2 cos y2 − sin y1 cos y1),

�1,2 = ξ21 , q2 = −ξ2 + x22,1, g2,1 = 1, f2,1 = h2,1 = �2,1 = 0, g2,2 = 0.7, f2,2 =
g
l sin x2,1, h2,2 = k1a2

m2l2
(sin y1 cos y1 − sin y2 cos y2) + k2a2

m2l2
(sin y3 cos y3 − sin y2 cos y2),

�2,2 = ξ22 sin t , q3 = −ξ3 + x23,1, g3,1 = 1, f3,1 = h3,1 = �3,1 = 0, g3,2 = 1.2,

f3,2 = g
l sin x3,1, h3,2 = k2a2

m3l2
(sin y2 cos y2 − sin y3 cos y3), �3,2 = ξ23 cos t . The given

reference signals is considered as y1,d = 0.5(sin 0.25t + sin 0.75t), y2,d = 0.5 sin t , y3,d =
0.5(sin t + sin 0.5t). The parameters of systems (53) are designed as g = 9.8 m/s2, l = 1 m,
a = 0.1 m, m1 = m2 = m3 = 0.5 Kg, k1 = 10 N/m, k2 = 20 N/m. The design parameters
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are chosen as: bm = 1, bM = 1.2, η1,1 = η1,2 = η2,1 = η2,2 = η3,1 = η3,2 = 1,
r1,1 = r2,1 = r3,1 = 30, r1,2 = r2,2 = r3,2 = 10, �1,1 = �2,1 = �3,1 = I5, �1,2 = �2,2 =
�3,2 = I9.

The simulation results are illustrated in Figs. 9, 10, 11, 12 and 13, respectively.
The simulation results further show that the control strategy proposed in this paper can

achieve satisfactory results.

Remark 5 According to the definition of virtual control signal αi, j and actual control input
ui , satisfactory tracking performance can be achieved when ri, j , ηi, j are positive constants
and�i, j is a constant matrix. However, in practical applications, with the aim of achieving the
superior tracking performance, it is necessary to select a set of optimal parameters through
continuously adjusting the designed parameters.

Example 3 With the purpose of displaying the effectiveness of the proposed controller, based
on Example 1, a comparative experiment is given. The comparison figure of tracking per-
formance obtained by using MTN-based controller and radial basis function neural network
(RBFNN)-based controller is shown below.

As can be seen from Fig. 14, similar tracking performance is achieved. It is worth noting
that as a kind of NN with special structure, the middle layer of MTN uses polynomial rather
than radial basis function. Therefore, from a structural point of view, the calculation speed
of MTN control strategy is relatively fast.

5 Conclusion

The problem of adaptive tracking control for a class of large-scale nonlinear systems with
unknown dynamic uncertainties is studied in this paper. The control process is designed based
on backstepping and MTN technology. First of all, a dynamic signal is introduced to solve
the unknown dynamic uncertainties problem effectively. Combining adaptive control with
decentralized control, aMTN-basedbackstepping controller is proposed,which approximates
unknown nonlinearity via MTN technology. The controller can ensure that all signals in the
closed-loop systems are semi-global bounded, and the tracking error can converge to a small
adjustable neighborhood of the origin. Finally, three simulation examples are given to verify
the effectiveness of the proposed control strategy.

In the future work, a MTN-based adaptive fully distributed control method will be dis-
cussed for the problem considered in this paper. It is of great significance to provide an
adaptive backstepping control strategy to balance dynamic uncertainties and random noise
for large-scale nonlinear systems.

Funding Funding was provided by Natural Science Foundation of Shandong Province (Grant No.
ZR2020QF055).
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