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ABSTRACT
In this paper, the control issue of adaptive fault-tolerant is studied for a class of stochastic nonlinear sys-
tems with multiple faults and full state constraints, with multiple faults including the actuator faults and
the external system fault. The problem with full state constraints are solved by constructing a logarithmic
barrier Lyapunov functions (BLFs). By integratingmulti-dimensional Taylor network (MTN) technology into
the backstepping process, a new adaptive MTN-based fault-tolerant controller is designed. On the basis
of considering multiple faults, the proposed control strategy can ensure that all signals in the closed-loop
system are semi-global ultimately uniformly bounded (SGUUB) in probability, and all states of the system
are constrained within the given boundary. Finally, three simulation examples are given to illustrate the
effectiveness and practicability of the proposed control strategy.
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1. Introduction

With the development of nonlinear systems control, various
control design methods have been proposed, such as adaptive
backstepping control (Zong, Sun et al., 2021), fault-tolerant con-
trol (Xu et al., 2014), sliding mode control (Tang et al., 2008)
and optimal estimation (Ren et al., 2020, 2022). Among them,
adaptive backstepping control has been received a lot of atten-
tion because of its advantages in dealing with the uncertainty
of the systems (Zhou et al., 2019). However, when the com-
plex nonlinearity occurs in the systems, it is difficult to achieve
the desired control effect by using a single control method.
Therefore, many methods of combining adaptive control with
intelligent control has been proposed, such as adaptive neural
networks (NNs) control (Chen et al., 2010; Meng et al., 2015),
adaptive fuzzy logic systems (FLSs) control (Li et al., 2011; Tong
et al., 2004, 2010) and adaptive multi-dimensional Taylor net-
work (MTN) control (Han, Li et al., 2021; Han et al., 2021;
Yan & Duan, 2021; Yan & Kang, 2017). On the other hand,
the stochastic disturbances are always inevitable appear in the
actual systems and lead to system instability. Therefore, the
control research on stochastic nonlinear systems has attracted
considerable attention (Ji &Xi, 2006;Wu et al., 2007).Moreover,
the above control methods have been successfully applied to
stochastic nonlinear systems (Han&Yan, 2018; Hua et al., 2018;
Wang et al., 2022). It is noteworthy that as a new kind of
approximation method, MTN has been widely studied for their
simple structure and good approximation ability, and a large
number of research results have been obtained for different sys-
tems, such as stochastic nonlinear systems (Han, 2020; Zhu
et al., 2022), switched stochastic systems (He et al., 2022) and
large-scale stochastic systems (Yan & Han, 2019). However, the
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above results only focussed on the controller design and stabil-
ity analysis of stochastic systems, without taking into account
for the full state constraints of the systems. In fact, the full
state constraints problem is also an important factor that affects
the performance of the systems. Therefore, it is very necessary
to solve the full state constraints problem in the research of
stochastic nonlinear systems control.

Actually, violating state constraints will reduce the system
control performance and even cause the system instability.
To solve this problem, many methods have been proposed to
realise the full state constraints, such as model predictive con-
trol (MPC) (Mayne et al., 2000) and barrier Lyapunov functions
(BLFs)methods (Tee et al., 2009). Among them, the BLFs-based
method is more widely used because it can realise state con-
straints without solving the exact solution of the systems. At
present, various BLFs have been proposed, such as logarithmic
BLFs (Wang, Zong et al., 2021), integral BLFs (Li et al., 2016)
and tangent BLFs (Gao et al., 2021). Many interesting results
based on BLFs have been reported for various systems, for
example, general nonlinear systems (Wang, Zong et al., 2021),
stochastic nonlinear systems (Liu et al., 2018), stochastic non-
linear systems with input delay (Li et al., 2022), stochastic non-
linear systems with input saturation (Han, 2022; Li et al., 2021).
Nevertheless, there are few research results focus on adaptive
fault-tolerant control for stochastic nonlinear systems with full
state constraints and multiple faults. In the actual industrial
processes, the degradation of system performance or the loss
of control of the system caused by multiple faults, including
actuator faults and external system faults, is unavoidable. As
a hot research topic, it is meaningful to study fault-tolerant
control.

© 2023 Informa UK Limited, trading as Taylor & Francis Group
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In fact, modern industrial systems have the characteristics
of high integration and complex structure, which lead to an
increase in the probability of system component failure. The
failure of different system components might cause the loss
of the system performance or stability. Considering the actua-
tor faults in the systems, many effective fault-tolerant control
schemes have been designed for different systems, for exam-
ple, nonlinear systems (Ji et al., 2021; Tong et al., 2014; Wu
& Yang, 2016; Yu et al., 2021), switched nonlinear systems
(Zhang, Li et al., 2020; Zhang, Shi et al., 2020), stochastic non-
linear systems (Ma et al., 2019; Wang et al., 2019, 2019) and
practical systems (Yu et al., 2018; Zong, Yang et al., 2021). It
is worth noting that the existence of external faults is also an
important factor in destroying the stability of the systems, and
some research results have been proposed (Wang et al., 2019).
However, research on external faults is still an open issue. For
stochastic nonlinear systems with multiple faults, the effective-
ness of the above control scheme may be greatly reduced or
even ineffective. Therefore, the fault-tolerant control of stochas-
tic nonlinear systems with multiple faults has not been fully
studied, which plays an important role in promoting our current
research work.

Inspired by the above discussion, for stochastic nonlinear
systems with full state constraints, actuator faults and external
faults, a new type of adaptive tracking control strategy based
on MTN is designed. In this paper, actuator faults composed of
lock in place and loss of effectiveness faults are considered.MTN
is used to estimate the unknown nonlinearity. BLFs are con-
structed to avoid violating the full state constraints of the sys-
tems. Under the condition of multiple faults, the designed con-
trol strategy can still ensure that all signals in the systems remain
semi-global ultimately uniformly bounded (SGUUB) in prob-
ability, and satisfactory control performance can be obtained.
The main innovations of this work are as follows:

(1) It is the first time that the adaptive fault-tolerant control for
a class of stochastic nonlinear systems subject to full state
constraints and multiple faults is addressed. As a new type
of network, MTN is used to approximate unknown non-
linearities, which only includes addition andmultiplication
operations. Therefore, the designed adaptive fault-tolerant
controller has the advantages of simple structure and low
computational complexity.

(2) Although the issues of full state constraints and actuator
faults were studied in Ma et al. (2019) andWu et al. (2020),
the external fault is ignored. Different from the research
results in stochastic nonlinear systems (Su & Zhang, 2020;
Wang et al., 2019; Wang, Wang et al., 2021), the control
scheme proposed in this paper not only overcomes the
influence of actuator faults, but also considers the external
fault and full state constraints. Especially, in spite of the full
state constraints considered in stochastic nonlinear systems
(Han, 2022; Li et al., 2022; Liu et al., 2018), the existence
of system faults were ignored. Therefore, the above control
scheme cannot be directly utilised to dispose of the control
problem of the systems considered in this paper.

(3) It is worth mentioning that there are few studies of mul-
tiple faults in the existing results. Although the multiple
faults were studied in Wang et al. (2019), only a general

class of nonlinear systems was considered, while stochastic
disturbances and full state constraints were not mentioned.
Therefore, the systems in Wang et al. (2019) is a special
case of the system considered in this paper. In compari-
son, for a class of stochastic nonlinear systems, full state
constraints, actuator faults and external faults are studied
in the same framework in this paper. The issues considered
are more comprehensive and the results are applicable to
more general systems.

2. Problem preparations

2.1 Theoretical preparation

For the convenience of theoretical introduction, considering the
following a stochastic nonlinear system

dχ = ς (χ) dt + φ (χ) dω (1)

where χ ∈ �n represents the state vector of the system, ω is a r-
dimensional standardWiener process. The local Lipschitz func-
tions ς(χ) : �n → �n and φ(χ) : �n → �n×r satisfy ς(0) =
0 and φ(0) = 0.

Definition 2.1 (Wang et al., 2014): For any functionV(χ) ∈ C2

associatedwith the system (1), define the differential operator of
V(χ) as follows

LV (χ) = ∂V (χ)
∂χ

ς (χ)+ 1
2
Tr
{
φT
∂2V (χ)
∂χ2 φ

}
(2)

where Tr{·} denotes the trace of ·.

Definition 2.2 (Han, 2020): The state {χ(t), t ≥ 0} of the sys-
tem (1) is SGUUB in bth moment, if there are two constants
� > 0 and T(� ,χ0), such that E(|χ(t)|b) < � for t > T + t0
and any initial state χ0 = χ(t0).

Lemma 2.1 (Wang et al., 2014): For the Lyapunov function
V(χ):�n → � given in Definition 1, there are ξ1(·), ξ2(·) ∈ κ∞
and the positive constants κ0 and ν0, if the following inequalities
are established

ξ1 (|χ |) ≤ V (χ) ≤ ξ2 (|χ |) (3)

LV (χ) ≤ −κ0V (χ)+ ν0 (4)

then, the system almost certainly has a unique solution, and the
trajectory of the solution is almost bounded, where κ∞ represents
an unbounded set of functions of class κ .

Lemma 2.2 (Hua et al., 2018): (Yang’s Inequality) For any real
numbers x ≥ 0, y ≥ 0, the following inequality holds

xy ≤ βb

b
|x|b + 1

cβc
∣∣y∣∣c (5)

where β > 0, (b − 1)(c − 1) = 1, b> 1 and c> 1.
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2.2 Problem description

In this paper, the following stochastic nonlinear system with
unknown control direction is considered⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

dχi = (
hi
(
χ̄ i
)
χi+1 + gi

(
χ̄ i
))
dt + f Ti

(
χ̄ i
)
dω

1 ≤ i ≤ n − 1

dχn =
(
hTnu + gn

(
χ̄n
)+R (t) � (χ)

)
dt + f Tn

(
χ̄n
)
dω

y = χ1

(6)

where u = [u1, u2, . . . , uc]T ∈ �c is the input vector of the sys-
tem, ui is the output of the ith actuator of the system and y ∈ �
is the output of the system. χ = [χ1,χ2, . . . ,χn]T ∈ �n repre-
sents the state of the systemwith χ̄ i = [χ1,χ2, . . . ,χi]T ∈ �i, all
states are restricted to the set
 = {χi ∈ �||χi| < ki}with ki is a
positive constant. hi(χ̄ i) is an unknown nonlinear function, and
hn is a known constant vector with hn = [hn1, hn2, . . . , hnl]T ∈
�l. gi(χ̄i) and fi(χ̄i) are nonlinear smooth functions and satisfy
gi(0) = 0, fi(0) = 0. In addition,�(χ) is the external fault func-
tion of the system, and the diagonal matrix R(t) is defined as
R(t) = { 0, t<T1, t�T with T is the time when an external fault occurs.

Remark 2.1: In the existing results, there are few studies on
the control of external faults. Although the multiple faults were
studied inWang et al. (2019), the consideration of external fault
was limited to the theoretical level. In fact, the external faults
that exist in actual engineered systems are mainly caused by
the physical environment or by actual improper operation. For
example, the large three-phase induction motors in power sys-
tems (Sharma et al., 2015) may have external faults including
undervoltage, phase failure, unbalanced voltage, over-voltage
and mechanical overload.

For the desired reference signal yd, the control objectives of
this work is to design a suitable controller so that: (a) all signals
in the system (6) are SGUUB in probability; (b) the output y
tracks the desired reference signal yd, and the tracking error can
be arbitrarily smaller; (c) all states cannot violate their constraint
boundaries.

In order to facilitate the further realisation of control objec-
tives, the following preparations are made:

Assumption 2.1 (Gao et al., 2021): The desired reference signal
yd and its i-th derivative y

(i)
d are continuous and bounded for i =

1, 2, . . . , n.

Assumption 2.2 (Su & Zhang, 2020): For every i = 1, . . . , n,
the sign of functions hi(χ̄ i) and hnj is constant. Furthermore, we
assume that hi(χ̄ i) > 0 and hnj > 0, and hi(χ̄ i) satisfies

0 < υm � hi
(
χ̄ i
)

� υM (7)

where υm > 0 and υM > 0 are constants.

Assumption 2.3 (Liu et al., 2020): For every i = 1, 2, . . . , n, the
desired reference signal yd satisfy |yd| ≤ ρ0 ≤ ki and y(i)d ≤ �i,
where ρ0 > 0 and�i > 0 are constants.

To achieve the full state constraints, the following Lemma is
necessary:

Lemma 2.3 (Liu et al., 2018): For any positive constant sa and
any z ∈ �, if |z| < sa, the following inequality is holds

log
s2pa

s2pa − z2p
<

z2p

s2pa − z2p
(8)

where log(·) is a logarithm of (·) and p is a positive constant.

2.3 Fault description and processing

In this paper, two kinds of actuator faults are considered, includ-
ing lock in place (LiP) and loss of effective (LoE). According to
Su and Zhang (2020), we have

(i) The mathematical expression of LiP:

ui (t) = ui, t ≥ ti, i ∈ {i1, i2, . . . , ie} ⊂ {1, 2, . . . , c} (9)

where ui is an unknown constant indicating the location where
lock in place fault occurs, and ti is themoment when it happens.

(ii) The mathematical expression of LoE:

uj (t) = λjμj, t ≥ tj, j ∈ {i1, i2, . . . , ie} ∩ {1, 2, . . . , c}
(10)

and λj ∈ [λj, 1], 0 < λj ≤ 1, where μj is the applied control
input, λj is the lower bound of λj and λj is the proportion of an
actuator that remains effectivewhen losing someof its efficiency.
That is to say, if λj = 1, then the ith actuator is without faults. In
addition, tj indicates the moment when the loss of effectiveness
fault occurs.

As stated in the work of Su and Zhang (2020), u can be
expressed as follows

u (t) = λμ (t)+ ζ
(
u − λμ (t)

)
(11)

where μ(t) = [μ1,μ2, . . . ,μl]T denotes the applied control
and u = [u1, u2, . . . , ul]

T with ui(i = 1, 2, . . . , l) is an unknown
constant, and there are λ = diag{λ1, λ2, . . . , λl} and ζ =
diag{ζ1, ζ2, . . . , ζl} with ζi = { 1, if ui=ui

0, otherwise .
Furthermore, based on the work of Tong et al. (2014) and Su

and Zhang (2020), the structure of ui can be defined as μi =
σi(χ̄n)u0, where u0 is an adaptive controller that needs to be
designed later, 0 ≤ σ i ≤ σi(χ̄n) ≤ σ̄i, i = 1, 2, . . . , l, σ i and σ̄i
are the lower and upper bounds of σi(χ̄n).

2.4 Multi-dimensional Taylor network

The topological structure of MTN is a special NN com-
posed of input layer, intermediate layer and output layer. The
related concepts of MTN have been introduced in detail in Yan
and Kang (2017), Han et al. (2021), and Han, He et al. (2021),
and the following Lemma is introduced.

Lemma 2.4 (Han & Yan, 2018): Supposing F(S) : �n → � is a
continuous function defined in compact set�, then for any ε > 0,
there must exist a MTN expressed as θTPmn(S) such that

F (S) = θTPmn (S)+ δ (S) (12)
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where S = [s1, . . . , sn]T ∈ �n denotes input layer vector of
MTN, Pmn(S) = [s1, . . . , sn, s21, . . . , s

2
n, . . . , s

m
1 , . . . , s

m
n ]T ∈ �l is

the middle input layer of MTN, θ = [θ1, . . . , θl]T ∈ �l is weight
vector. δ(S) is the approximation error, which satisfies |δ(S)| ≤ ε.

Remark 2.2: The structure of MTN, as stated in Yan and
Kang (2017), Han et al. (2021), and Han, He et al. (2021), is
similar to the structure of radial basis function neural network
(RBFNN). The difference between the two lies in the way of
information processing, namely, the structure of the middle
layer is different. Compared with RBFNN, MTN has the fol-
lowing advantages: (i) the computation of the middle layer of
MTN contains only addition and multiplication, and the out-
put layer is a linear weighted combination. There is no doubt
that the structure of MTN is simpler than RBFNN; (ii) Due to
the simple structure ofMTN, the complexity of the intermediate
layer nonlinearmapping function is reduced, which shortens its
training time and improves the convergence speed, and reduces
the computational burden.

3. Controller design and stability analysis

3.1 MTN-based control design

In order to design the adaptive control scheme of the system (6),
the following coordinate transformation is introduced{

z1 = χ1 − yd
zi = χi − αi−1, i = 2, . . . , n

(13)

where αi−1 is a virtual control signal, which will be designed
later.

Step 1: Defining the first BLF as follows

V1 = 1
4
log

s4a1
s4a1 − z41

+ 1
2
θ̃
T
1 θ̃1 (14)

where θ̃1 = θ1 − θ̂1 is parameter error, θ̂1 is the estimated value
of θ1, and sa1 = k1 − ρ0 with ρ0 is a positive constant.

According to z1 = x1 − yd, the derivative of z1 with respect
to time is calculated as follows

dz1 = (
h1χ2 + g1 − ẏd

)
dt + f T1 dω (15)

Then, based on Definition 2.1, the following formula is estab-
lished

LV1 = �3
1,1
(
h1χ2 + g1 − ẏd

)
+ 1

2
�2

1,2
(
3s4a1 + z41

) ∥∥f1∥∥2 − θ̃
T
1
˙̂
θ1 (16)

Remark 3.1: To facilitate the subsequent calculation, �γi,ϒ =
zγi

(s4ai−z4i )ϒ
, i = 1, 2, . . . , n is defined,where γ andϒ are constants.

For example, in (16),�3
1,1 = z31

s4a1−z41
,�2

1,2 = z21
(s4a1−z41)2

.

The following inequalities can be obtained by using Young’s
Inequality

1
2
�2

1,2
(
3s4a1 + z41

) ∥∥f1∥∥2 ≤ τ 21
4

+ 1
4τ 21

�4
1,4
(
3s4a1 + z41

)2 ∥∥f1∥∥4
(17)

h1z2�3
1,1 ≤ 1

4ψ4
1
h1z42 + 3

4
h1ψ

4
3
1 �

4
1, 43

(18)

where τ1 and ψ1 are positive constants.
By substituting (17) and (18) into (16), (16) can be trans-

formed into the following form

LV1 ≤ �3
1,1 (h1α1 + N1)+ 1

4ψ4
1
h1z42

− 3
4
�4

1, 43
ϕ

4
3
1 + τ 21

4
− θ̃

T
1
˙̂
θ1 (19)

where N1 = g1 − ẏd + 1
4τ 21
�1

1,3(3s
4
a1 + z41)

2‖f1‖4 + 3
4�

1
1, 13
(h1

ψ
4
3
1 + ϕ

4
3
1 ) and ϕ1 is a positive constant.

It is easy to see that itemN1 in (19) is an unknown nonlinear
function. From Lemma 2.4, we can approximate it with a MTN,
that is

N1 = θT1Pm1 (z1)+ δ1 (z1) (20)

where z1 = [z1]T is the input vector of MTN, and |δ1(z1)| ≤ ε1
is the approximation error.

Then, the following inequality is obtained by using Young’s
Inequality

�3
1,1N1 ≤ �3

1,1θ
T
1Pm1 + 3

4
�4

1, 43
ϕ

4
3
1 + 1

4ϕ41
ε41 (21)

Substituting (21) into (19), and the derivative ofV1 with respect
to time is simplified as follows

LV1 ≤ �3
1,1

(
h1α1 + θT1Pm1

)
+ 1

4ψ4
1
h1z42 + τ 21

4

+ 1
4ϕ41

ε41 − θ̃
T
1
˙̂
θ1 (22)

Then, defining the first virtual control signal as follows

α1 = − 1
υm

(
r1z1 + θ̂

T
1Pm1

)
(23)

where υm > 0 and r1 > 0 are constants.
The term υm in (23) is the lower bound of h1, that is, h1

υm
≥ 1

can be obtained. Then substituting (23) into (22), the following
inequality can be easily obtained

LV1 ≤ −r1�4
1,1 + 1

4ψ4
1
h1z42 + τ 21

4
+ 1

4ϕ41
ε41

+ θ̃
T
1

(
�3

1,1Pm1 − ˙̂
θ1

)
(24)

Step i (2 ≤ i ≤ n − 1): Defining the ith BLF as follows

Vi = 1
4
log

s4ai
s4ai − z4i

+ 1
2
θ̃
T
i θ̃ i + Vi−1 (25)

where θ̃ i = θ i − θ̂ i is parameter error, θ̂ i is the estimated value
of θ i, sai = ki − ρi−1, and ρi−1 is a positive constant.
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The time derivative with respect to zi is as follows

dzi = (
hiχi+1 + gi − ∇αi−1

)
dt + MT

i dω (26)

where for i = 2, . . . , n, αi−1 ≤ ρi−1, Mi = fi −
∑i−1

j=1
∂αi−1
∂χj

fj,

and there is ∇αi−1 = ∑i−1
j=1

∂αi−1
∂χj

(hjχj+1 + gj)+∑i−1
j=0

∂αi−1

∂y(j)d

y(j+1)
d +∑i−1

j=1
∂αi−1
∂ θ̂ j

˙̂
θ j + 1

2
∑i−1

p,q=1
∂2αi−1
∂χpχq

f Tp fq.

Then, according to (26), LVi can be calculated as follows

LVi ≤ LVi−1 +�3
i,1
(
hiχi+1 + gi − ∇αi−1

)
+ 1

2
�2

i,2
(
3s4ai + z4i

) ‖Mi‖2 − θ̃
T
i
˙̂
θ i (27)

Employing Yang’s Inequality, the following inequalities holds

1
2
�2

i,2
(
3s4ai + z4i

)2 ‖Mi‖2

≤ τ 2i
4

+ 1
4τ 2i

�4
i,4
(
3s4ai + z4i

)2 ‖Mi‖4 (28)

hizi+1�
3
i,1 ≤ 1

4ψ4
i
hiz4i+1 + 3

4
hiψ

4
3
i �

4
i, 43

(29)

where τi and ψi are positive constants.
According toMathematical Induction, the following inequa-

lity can be obtained

LVi−1 ≤ −
i−1∑
j=1

(
rj�4

j,1 +
τ 2j

4
+
ϕ4j ε

4
j

4
+ θ̃

T
j

(
�3

j,1Pmj − ˙̂
θ j

))

+ 1
4ψ4

i−1
hi−1z4i (30)

Substituting (28), (29) and (30) into (27), it is easy to conclude
that the following inequality holds

LVi ≤ �3
i,1 (hiαi + Ni)+ 1

4ψ4
i
hiz4i+1 +

i∑
j=1

τ 2i
4

− 3
4
ϕ

4
3
i �

4
i, 43

− θ̃
T
i
˙̂
θ i

+
i−1∑
j=1

(
−rj�4

j,1 + 1
4
ϕ4j ε

4
j + θ̃

T
j

(
�3

j,1Pmj − ˙̂
θ j

))
(31)

where Ni = gi − ∇αi−1 + hi−1zi
4ψ4

i−1�
3
i,1

+ 3
4�

1
i, 13
(hiψ

4
3
i +ϕ

4
3
i )+ 1

4τ 2i
�1

i,3(3s
4
ai + z4i )

2‖Mi‖4 and ϕi is a positive constant.
It is easy to see that item Ni in (31) is an unknown nonlinear

function. From Lemma 2.4, we can approximate it with a MTN,
that is

Ni = θTi Pmi (zi)+ δi (zi) (32)

where zi = [z1, z2, . . . , zi]T is the input vector of MTN, and
|δi(zi)| ≤ εi is the approximation error.

Then, the following inequality is obtained by using Young’s
Inequality

�3
i,1Ni ≤ �3

i,1θ
T
i Pmi +

3
4
ϕ

4
3
i �

4
i, 43

+ ε4i
4ϕ4i

(33)

Plugging (33) into (31), and the ith virtual a control signal is
designed as follows

αi = − 1
υm

(
rizi + θ̂

T
i Pmi

)
(34)

where ri > 0 is a constant.
Then, the inequality (31) can be converted into the form as

follows

LVi ≤
i∑

j=1

(
−rj�4

j,1 +
τ 2j

4
+

ε4j

4ϕ4j
+ θ̃

T
j

(
�3

j,1Pmj − ˙̂
θ j

))

+ 1
4ψ4

i
hiz4i+1 (35)

Step n: Defining the nth BLF as follows

Vn = 1
4
log

s4an
s4an − z4n

+ 1
2
θ̃
T
n θ̃n + 1

2
ϑ̃
T
ϑ̃ + Vn−1 (36)

where θ̃n = θn − θ̂n and ϑ̃ = ϑ − ϑ̂ are parameter errors, θ̂n
is the estimated value of θn, and ϑ̂ is the estimated value of ϑ ,
san = kn − ρn−1 and ρn−1 is a positive constant.

The time derivative with respect to zn from zn = χn − αn−1
is as follows

dzn =
⎛
⎝hTnB + hTn

∑
j=j1...jη

uj + gn − ∇αn−1+R�

⎞
⎠ dt + MT

ndω

(37)

whereη ≤ n is a positive integer, the set {j1, j2, . . . , jη} represents
the set of actuator indexes with LiP fault, and other indicators,
namely {j1, j2, . . . , jη} ∩ {1, 2, . . . , n}, represent that the actuator
has an LoE fault. B = λμ + ζ(u − λμ) = ∑

j�=j1...jη λjσju0 and

Mn = fn −∑n−1
j=1

∂αn−1
∂χj

fj.
Then, the derivative of Vn with respect to time can be calcu-

lated as follows

LVn = �3
n,1

⎛
⎝hTnB + hTn

∑
j=j1...jη

uj + gn − ∇αn−1+R�

⎞
⎠

− θ̃
T
n
˙̂
θn − ϑ̃

T ˙̂
ϑ + 1

2
�2

n,2
(
3s4an + z4n

) ‖Mn‖2 + LVn−1

(38)

Similar to Step i, (38) is further simplified as follows

LVn ≤ �3
n,1

⎛
⎝u0�′ +

∑
j=j1...jη

hnjuj + Nn + R�

⎞
⎠

− θ̃
T
n
˙̂
θn − ϑ̃

T ˙̂
ϑ − 1

2
�6

n,2

+
n−1∑
j=1

(
−rj�4

j,1 + 1
4ϕ4j

ε4j + θ̃
T
j

(
�3

j,1Pmj − ˙̂
θ j

))

+
n∑
j=1

τ 2j

4
+ ε4n

4ϕ4n
(39)
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where �
′ = ∑

j�=j1...jη hnjλjσj, Nn = gn − ∇αn−1 + 3
4ϕ

4
3
n�

1
n, 13

+
1
2�

3
n,1 + 1

4τ 2n
�1

n,3(3s
4
an + z4n)2‖Mn‖4 + 1

4ψ4
n−1�

3
n,1
hn−1zn, τn,ψn

and ϕn are positive constants.
Since Nn is an unknown nonlinear function and cannot be

directly used to construct the controller. Therefore, according
to Lemma 2.4, Nn can be approximated by a MTN, that is

Nn = θTnPmn (zn)+ δn (zn) (40)

where zn = [z1, z2, . . . , zn]T is the input vector of MTN, and
|δn(zn)| ≤ εn is the approximation error.

Similarly, �(χ) is also an unknown function and cannot
be used directly to build the controller, therefore, for ∀ε, a
polynomial ϑTPmn(χ) can be found such that

� (χ) = ϑTPmn (χ)+ δ (χ) (41)

where χ = [χ1,χ2, . . . ,χn]T is the input vector of MTN, and
δ(χ) ≤ ε is the approximation error.

Using Young’s Inequality, the following inequalities are easily
established

�3
n,1Nn ≤ �3

n,1θ
T
nPmn + 3

4
ϕ

4
3
n�

4
n, 43

+ ε4n
4ϕ4n

(42)

�3
n,1R� ≤ �3

n,1ϑ
TPmn + 1

2
�6

n,2 + 1
2
ε2 (43)

Substituting (42) and (43) into (39), the following inequality
holds

LVn ≤ �3
n,1

⎛
⎝u0�′ +

∑
j=j1...jη

hnjuj + θTnPmn + ϑTPm

⎞
⎠

− θ̃
T
n
˙̂
θn − ϑ̃

T ˙̂
ϑ + 1

2
ε2

+
n−1∑
j=1

(
−rj�4

j,1 + 1
4ϕ4j

ε4j + θ̃
T
j

(
�3

j,1Pmj − ˙̂
θ j

))

+
n∑
j=1

τ 2j

4
+ ε4n

4ϕ4n
(44)

The nth actual control signal u0 can be designed by (44) as
follows

u0 = − 1
�′

⎛
⎝rnzn +

∑
j=j1...jη

hnjuj + θ̂
T
nPmn + ϑ̂

T
Pm + 1

2
�3

n,1

⎞
⎠

(45)

By substituting u0 into (44), it is easy to know that the following
inequality holds

LVn ≤
n∑
j=1

(
−rj�4

j,1 + 1
4ϕ4j

ε4j + θ̃
T
j

(
�3

j,1Pmj − ˙̂
θ j

)
+
τ 2j

4

)

+ ϑ̃
T (
�3

n,1Pm − ˙̂
ϑ
)

+ 1
2
ε2 (46)

Figure 1. The block diagram of the controled system.

According to (46), the adaptive laws ˙̂
θ j and

˙̂
ϑ are designed as

follows

˙̂
θ j = −ηjθ̂ j +�3

j,1Pmj (47)

˙̂
ϑ = −ηϑ̂ +�3

n,1Pm (48)

where ηj, j = 1, . . . , n and η are positive design parameters.
Substituting (47) and (48) into (46), the following inequality

is true according to Lemma 2.3

LVn ≤ −
n∑
j=1

rj log
s4aj

s4aj − z4j
+

n∑
j=1

(
τ 2j

4
+ 1

4ϕ4j
ε4j + ηjθ̃

T
j θ̂ j

)

+ ηϑ̃
T
ϑ̂ + 1

2
ε2 (49)

So far, the design process of the control strategy is complete,
which is also shown in Figure 1.

Remark 3.2: From the controller design process, we can con-
clude that the designed adaptive fault-tolerant controller via
MTN is significantly decreased in the following two ways: (i)
Thanks to the simple structure ofMTN, the structure of the con-
trollers (23), (34) and (45) has the advantages of simple structure
and small calculations, which only addition and multiplication
are involved. (ii) By using the backstepping technique, a recur-
rent adaptive control strategy based onMTN is proposed, which
has traits of clear thinking, and easy operation, so the merits of
the proposed approach are that the tuning of the parameter is
convenient as well as the design procedure is simple.
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3.2 Stability analysis

Theorem 3.1: Under the condition of Assumptions 2.1–2.3, con-
sidering the closed-loop system consisting of the controlled non-
linear system (6), the actual controller (45), the virtual control
signals (23), (34) and the adaptive laws (47), (48). For any ini-
tial condition and there exist positive design parameters υm > 0,
η, ri > 0 and ηi, for i = 1, . . . , n, then the following properties
hold

(i) The signals in closed-loop system (6) are all SGUUB in
probability.

(ii) The tracking error can converge to a small neighbourhood
of the origin.

(iii) All states of the system never violate the given constraints.

Proof: Selecting the Lyapunov function as follows

V = 1
4

n∑
i=1

log
s4ai

s4ai − z4i
+ 1

2

n∑
i=1

θ̃
T
i θ̃ i + 1

2
ϑ̃
T
ϑ̃ (50)

According to (49), the derivative of V with respect to time t can
be directly calculated as follows

LV ≤
n∑

i=1

(
−ri log

s4ai
s4ai − z4i

+ τ 2i
4

+ ε4i
4ϕ4i

+ ηiθ̃
T
i θ̂ i

)

+ ηϑ̃
T
ϑ̂ + 1

2
ε2 (51)

According to Young’s Inequality, the items ηiθ̃
T
i θ̂ i and ηϑ̃

T
ϑ̂

in (51) can be transformed into the following inequalities

ηiθ̃
T
i θ̂ i ≤ −1

2
ηiθ̃

T
i θ̃ i + 1

2
ηiθ

T
i θ i (52)

ηϑ̃
T
ϑ̂ ≤ −1

2
ηϑ̃

T
ϑ̃ + 1

2
ηϑTϑ (53)

By substituting (52) and (53) into (51), the following inequality
can be established

LV ≤ −
n∑
i=1

(
ri log

s4ai
s4ai − z4i

+ 1
2
ηiθ̃

T
i θ̃ i

)
− 1

2
ηϑ̃

T
ϑ̃

+
n∑

i=1

(
τ 2i
4

+ 1
4ϕ4i

ε4i + 1
2
ηiθ

T
i θ i

)
+ 1

2
ηϑTϑ + 1

2
ε2

(54)

Then, denoting κ0 and ν0 are defined as κ0 = min{4ri, 2ηi, 2η :
i = 1, 2, . . . , n} and ν0 = ∑n

i=1 (
τ 2i
4 + 1

4ϕ4i
ε4i + 1

2ηiθ
T
i θ i)+ 1

2η

ϑTϑ + 1
2ε

2, (54) can be rewritten as follows

LV ≤ −κ0V + ν0 (55)

Based on Lemma 2.1, (55) further implies that

0 ≤ E [V (t)] ≤ V (0) e−κ0t + ν0

κ0
(56)

Based on the above work, it is easy to conclude that the bound
of E[V(0)] is ν0

κ0
, which also shows that all signals of the closed-

loop system (6) are SGUUB in probability.

According to Assumption 2.3 and the definitions are given
in the backstepping process, there are χ1 = z1 + yd and |yd| ≤
ρ0, it can be seen from this that |χ1| ≤ |z1| + |yd| ≤ sa1 + ρ0.
Define sa1 = k1 − ρ0, then it has |χ1| ≤ k1. Since χi = zi +
αi−1 and αi−1 ≤ ρi−1, one has that |χi| ≤ |zi| + |αi−1| = sai +
ρi−1. Based on sai = ki − ρi−1, |χi| ≤ ki can be easily obtained.
That is to say, all the states in the closed-loop system are con-
strained within the given constraints.

Further, |zi| � sai
4
√
1 − e−4V(0)−4 ν0

κ0 can be obtained, this
shows that the tracking error z1 is bounded and can be arbi-
trarily reduced by selecting appropriate design parameters. �

4. Simulation experiment

In this section, three examples are presented to verify the effec-
tiveness and applicability of the proposed control strategy.

Example 4.1: The following second-order stochastic nonlin-
ear system with multiple faults and full-state constraints are
considered

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

dχ1 = (χ2 + 0.1χ1) dt + 0.1χ1dω

dχ2 = (0.8u1 + 0.8u2 + 0.8χ1χ2

+ 8Rχ2 sinχ1) dt + 0.2χ2
2 dω

y = χ1

(57)

The initial condition is given as χ1(0) = χ2(0) = 0, the states
χ1 and χ2 are restricted to |χ1| ≤ 1 and |χ2| ≤ 1, respec-
tively. The desired reference signal is selected as yd = 0.5(sin t +
sin(0.5t)).

According to Theorem 3.1, the virtual control signals,
the actual control input and the adaptive laws are selected
as (23), (34), (45), (47) and (48), respectively. The external fault
occurs at t = 15s, and the actuator faults are expressed by u1 =
u1 = 1 and u2 = 0.8u0 for t ≥ 10s. In simulation, the design
parameters are selected as follows: η = 0.5, η1 = 1, η2 = 1, r1 =
3, r2 = 10, υm = 0.1, h21 = h22 = 0.8, λ1 = λ2 = 0.8 and σ1 =
σ2 = 1. The simulation results are shown in Figures 2–5.

As can be seen from Figure 2, the system output y tracks the
desired reference signal yd, and a satisfactory tracking effect is
obtained. It can be clearly seen from Figure 3 that the tracking
error is constrained in a small neighbourhood of the origin. Fig-
ures 2 and 4 illustrate that the states χ1 and χ2 are constrained
within a given boundary range. The trajectory of the control
input u in Figure 3 and the fault function � in Figure 5 indi-
cate that the actuator faults occur at t = 10 and the external
fault occurs at t = 15. According to the simulation results, we
can draw the conclusion that all signals in the system can main-
tain SGUUB in probability after the faults of the system, and the
tracking effect is still satisfactory. Therefore, Figures 2–5 verifies
the effectiveness of the proposed control strategy.

Example 4.2: To further illustrate the applicability of the pro-
posed scheme, a single link manipulator subject to external dis-
turbances and multiple faults are considered. Similarly to Wang
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Figure 2. The trajectories of the output y and the desired signal yd .

Figure 3. The trajectories of the tracking error and control inputs u1, u2.

Figure 4. The trajectory of system state χ2.

Figure 5. The trajectory of external fault.

et al. (2020), its dynamic system can be expressed as follows{
Dq̈ + Eq̇ + H sin(q) = υ + υd
Mυ̇ + Qυ = bTu − Kmq̇

(58)

where q, q̇, q̈ denote the angular position, the velocity, and
the acceleration of the link, respectively. u represents control
input, b denotes the vector of unknown constants, υ and υd =
q2 cos(q̇υ) denote torque and the external disturbances, respec-
tively. The parameters of system (58), including D, E, H, M, Q
and Km, are the same as Wang et al. (2020).

Define χ1 = q, χ2 = q̇, χ3 = τ , and let b = [10, 10]T, the
system (58) can be rewritten as
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

dχ1 = χ2dt

dχ2 = (
χ3 + χ2

1 cos (χ2χ3)− 10 sin (χ1)− χ2
)
dt + χ2dω

dχ3 = (10u1 + 10u2 − 2χ2 − 10χ3
+ Rχ3 sin (χ1χ2χ3)) dt + 0.1χ3dω

y = χ1
(59)

with the initial condition is given as χ1(0) = χ2(0) = χ3(0) =
0 and the desired reference signal is selected as yd = 0.5(sin t +
sin(0.5t)).

In simulation, the external fault occurs at t = 15s, and the
actuator faults are expressed by u1 = u1 = 5 and u2 = 0.8u0
for t ≥ 10s. The states χ1, χ2 and χ3 are restricted to |χ1| ≤ 1,
|χ2| ≤ 1.5 and |χ3| ≤ 8, respectively. The design parameters are
selected as follows: η = 3, η1 = 0.1, η2 = 3, η3 = 0.1, r1 = 10,
r2 = 13, r3 = 5, υm = 1, h31 = h32 = 10, λ1 = λ2 = 0.8 and
σ1 = σ2 = 2. The simulation results are shown in Figures 6–9.

As shown in Figures 6 and 7, a good tracking performance
is obtained, namely, the system output y can follow the desired
reference signal yd well. It is obvious from Figures 6–9 that all
states in the closed-loop system are constrainedwithin the given
constraint limits, and all states can still be maintained SGUUB
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Figure 6. The trajectories of the output y and the desired signal yd .

Figure 7. The trajectories of the tracking error and control inputs u1, u2.

Figure 8. The trajectories of system state χ2 and χ3.

Figure 9. The trajectory of external fault curve.

Figure 10. Trajectory comparison results of MTN and RBFNN.

in probability after multiple faults of the system. The excellent
simulation results of Example 2 show that the proposed control
strategy is practical. To sum up, the control strategy proposed in
this paper is feasible and effective.

Remark 4.1: In Examples 4.1 and 4.2, a combination of sine
signals oscillating at the origin is selected as the desired ref-
erence signal, which is a common reference signal that can
be found in the tracking control problem of nonlinear sys-
tems (Han, 2020, 2022; Ji & Xi, 2006; Su & Zhang, 2020;
Wang et al., 2019, 2014). It is noteworthy that the signal yd =
0.5(sin t + sin(0.5t)) is selected as the desired reference sig-
nal for simulation experiments, however, it can be displaced by
other signals satisfy Assumption 2.1.

Example 4.3: For the stochastic nonlinear system (57) in
Example 1, RBFNNs are employed to replace MTNs in the con-
trol structure, including the actual control input, the virtual
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control signals and the adaptive laws. The tracking effect under
two kinds of approximators are shown in Figure 10.

From Figure 10, it can be seen that effective tracking can be
achieved by using the above two methods. However, it is worth
noting that the MTN-based control method has a better track-
ing effect, which can be seen from the local subgraph. Therefore,
we can conclude that when the tracking control is implemented,
MTN-based control approach can get a relatively better tracking
performance with low computational.

5. Conclusion

In this work, the adaptive control problem for a class of stochas-
tic nonlinear systems with multiple faults and full state con-
straints is studied, and an adaptive fault-tolerant control strategy
based onMTN is proposed. BLFs are constructed to implement
full-state constraints.MTN is used to approximate the unknown
nonlinearity in the system, and an adaptive fault-tolerant con-
troller is constructed by combining MTN with backstepping
technology. The designed controller has the characteristics of
a simple structure and low calculation complexity. Three simu-
lation examples show that the proposed control strategy can not
only ensure good tracking performance, but also avoid all states
in the closed-loop system from violating the given range. Sim-
ulation results verify the effectiveness and practicability of the
proposed control strategy.
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