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Abstract Predefined-time control has experienced
substantial advancements in recent years.Nevertheless,
the current technology has not achieved widespread
adoption in nonlinear multi-agent systems (NMASs),
and significant issues pertaining to the input quanti-
zation and actuator failures remain unaddressed. This
paper investigates the problem of predefined-time con-
sensus control for NMASs with input quantization and
actuator faults. Notably, the study takes into account
scenarios where each actuator may experience an
infinite number of faults. In conjunction with prac-
tical predefined-time stability theory, an innovative
predefined-time adaptive consensus controlmethodhas
been developed within the framework of the backstep-
ping method, incorporating the approximation tech-
nique of themulti-dimensional Taylor network (MTN).
Additionally, by utilizing the characteristics of quan-
tized nonlinear sectors and the structural model of actu-
ator faults, novel adaptive estimation techniques are
devised to handle the effects caused by actuator faults
and quantized inputs. To further alleviate computa-
tional burdens and tackle the issue of computational
explosion, a finite-time differentiator is employed to
estimate the derivative of the virtual control. The pro-
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posed control scheme achieves the desired performance
of predefined-time convergence. Rigorous theoretical
analyses indicate that the proposed control scheme can
drive consensus errors to converge within a small range
within a predefined-time, and users have the flexibility
to choose the settling time. Moreover, all signals in the
closed-loop system remain bounded. Finally, simula-
tion results are provided to validate the effectiveness of
the proposed approach.
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1 Introduction

In recent years, cooperative control of multi-agent sys-
tems (MASs) has garnered significant attention [1–4]
due to its ability to achieve complex objectives at a
lower cost. The leader-follower consensus problem,
one of the most important issues in cooperative con-
trol, has attracted significant interest. The core idea
is to design controllers that utilize information from
neighboring agents to enable all agents to track the tra-
jectory of a leader. Notable progress has been made in
addressing the leader-follower consensus problem in
first-order [5], second-order [6], and high-order [7,8]
MASs. However, the dynamic models in these research
findings only involved simple unknown parameters or
known nonlinear functions. As a result, when deal-
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ing with systems characterized by intricate nonlin-
ear behavior, these methods become ineffective. To
address this challenge, an approximation-based intel-
ligent control approach has been emerged. Notewor-
thy examples include fuzzy control [9–11], neural net-
work control [12–14], and multi-dimensional Taylor
network (MTN) control [15–19]. Although thesemeth-
ods offer rigorous stability proofs, they still possess
some limitations. Firstly, the consensus time, a critical
performance metric for the consensus tracking prob-
lem, has only been addressed in [10,11]. Secondly, the
authors in [10,11] neglected the impact of quantiza-
tion errors in control signals and assumed an infinite
resolution for quantization, which is somewhat unre-
alistic. Additionally, they overlooked the possibility of
actuator faults, which can greatly degrade the system’s
performance when they occur. Lastly, although MTN,
as a novel approximation technique, offers advantages
such as simplicity and low computational complexity,
the previous researches on MTN control [15–19] have
not been extended to NMASs. Therefore, this paper
aims to design anMTN-based adaptive predefined-time
consensus scheme for uncertain NMASs with actuator
faults and input quantization, which is an open and
meaningful problem.

On the one hand, while finite-time control method
[20,21] has been extensively researched over the years
due to its rapid convergence speed and robustness
against complex disturbances, the convergence time
of finite-time control is subject to the initial condi-
tions, which can be challenging to precisely determine
in practical systems [22]. To address this limitation,
fixed-time control was proposed in [22], offering the
advantage of ensuring system convergence within a
finite time while guaranteeing an upper bound on the
convergence time solely determined by design param-
eters, independent of initial conditions. Consequently,
fixed-time control has found application in systems
with convergence time requirements, such as power
system control [23] and teleoperation system control
[24]. However, the intricate relationship between the
design parameters and the settling time bound in fixed-
time control poses challenges in establishing a direct
correlation between them, making it difficult to design
and adjust parameters tomeet desired convergence time
requirements. To further improve the performance of
fixed-time control, the concept of predefined-time con-
trol was introduced in [25]. Unlike fixed-time control,
the convergence time of a predefined time stable system

explicitly appears in parameter tuning. This means that
it is possible to arbitrarily specify the desired conver-
gence time, and the design parameters of the controller
can be determined based on this specified convergence
time. In recent times, predefined-time control has been
extended to various types of nonlinear systems, such as
general nonlinear systems [26,27], stochastic nonlinear
systems [28], and switched nonlinear systems [29]. It is
noteworthy that while predefined-time control aids in
control protocol gains and reducing conservative lim-
its on estimated consensus time in leader-follower con-
sensus, research on predefined-time control in leader-
follower consensus remains relatively limited.

On the other hand, in practical industrial applica-
tions, two challenges arise when the designed control
signal is transmitted from the actuator to the actual
system: signal quantization and actuator faults. Vari-
ous systems, such as discrete nonlinear stochastic sys-
tems [30], hybrid systems [31], and networked sys-
tems [32], inherently involve quantized signals. There-
fore, considering quantizers in control system design
becomes highly relevant as they effectively convert
continuous control signals into feasible quantized sig-
nals, thereby reducing the burden of signal commu-
nication. Significant advancements [33–35] have been
made in the field of quantized control over the past
two decades. The authors in [34] proposed a linear
decomposition based on hysteresis quantizers, but it
imposed significant restrictions on the system due to
the inability of the perturbation terms to guarantee the
constraints of control-independent constants. Subse-
quently, a novel decomposition method based on hys-
teresis quantizers was introduced in [35], effectively
addressing the limitations of the previous approach.
Despite its benefits, this new decomposition introduces
dynamic control coefficients that pose challenges in
controller design, particularlywhen each actuator of the
system may repeatedly encounter failures. The authors
in [36] successfully tackled the potential for infinite
occurrences of failures in each actuator of the systemby
employing a boundary estimation approach to design
the controller. Inspired by theirwork, the authors in [37]
tackled the formidable task of handling the significant
nonlinearity introduced by quantization decomposition
and actuator faults by estimating the bounds of time-
varying effectiveness factors for quantizer parameters
and actuator fault parameters. This approach success-
fully addressed a significant gap in current research.
However, it’s crucial to emphasize that applying this
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approach to NMASs while accommodating predefined
consensus time presents a formidable challenge. This
challenge stems from substantial obstacles in analyzing
the stability of predefined-time, exacerbated by actua-
tor failures and input quantization. As a result, attaining
leader-follower consensus control within predefined
timeframes in NMASs holds significant importance.
However, advancements in extending this method to
NMASs encountering actuator failures and input quan-
tization have been somewhat constrained due to the
complex challenges involved inmathematical analysis.

Inspired by the above discussion, while the issue
of predefined-time adaptive consensus control for
NMASs with input quantization and actuator faults is
crucial, it has not received significant attention in cur-
rent literature. Therefore, addressing this problem con-
stitutes a meaningful research topic. The aim of this
study is to bridge this research gap by employing back-
stepping techniques. The primary contributions can be
summarized as follows

(1) The paper presents, for the first time, an adap-
tive predefined-time consensus control scheme
based onMTNforNMASswith input quantization
and actuator faults. Unlike existing approaches
in adaptive fuzzy control [9–11] and neural net-
work control [12–14] that only tackle either actu-
ator faults, input quantization, or predefined-time
issues individually, the scenarios addressed in
this paper are more comprehensive and have a
wider application scope. Simultaneously, despite
the advantages of MTN such as reduced compu-
tational complexity and fast approximation, pre-
vious research on MTN control [15–19] had not
explored its application inNMASs.This paper rep-
resents the first instance of applying MTN control
to NMASs, signifying a significant and important
extension in this context.

(2) Compared to existing finite-time and fixed-time
control schemes in [20,21,23,24], the most com-
pelling aspect of this proposedmethod is its ability
to predefine the required settling time, which users
can freely select irrespective of the system’s initial
conditions.Despite the capability of the prescribed
time control scheme [38,39] to arbitrarily design a
settling time, it frequently necessitates the defini-
tion of a scalar function. This not only introduces
significant complexity to the controller’s construc-
tion but also poses challenges in parameter selec-

tion. In this paper, the controller is constructed
based on the theory of predefined-time stability.
The consensus gain is intricately connected to the
consensus time, simplifying the determination of
control protocol gains and thereby broadening its
applicability.

(3) Compared to the scenarios discussed in [10,11],
this research extends its scope to include the pres-
ence of quantized inputs and actuator faults, which
are commonly encountered in most practical sys-
tems. In order to address these characteristics
simultaneously, this study proposes a novel esti-
mation method for the upper bounds of quanti-
zation parameters and actuator fault parameters.
Furthermore, the constructed controller is capable
of handling an infinite number of failures occur-
ring in each actuator, making it highly practical for
practise engineering models.

2 Problem formulations and preliminaries

2.1 Graph theory

The communication topology of NMASs can be repre-
sented as a directed graph ζ = (V, C,A), where V =
(1, 2, ..., N ) represents the set of nodes, C ⊆ V × V
represents the set of edges, and A = [ai,k] ∈ RN×N

is the adjacency matrix that captures the communica-
tion relationships between nodes. If node i can receive
messages from node k, it is defined as ai,k = 1; oth-
erwise, ai,k = 0. It is also assumed that ai,i = 0.
In this context, if node i can receive messages from
node k, node k is referred to as a neighbor of node
i . The set of neighboring nodes of agent i is defined
as Ni = {Vk |(Vk,Vi ) ∈ C, i �= k}. The degree of node
i is defined as di = ∑

k∈N i ai,k , and the Laplacian
matrix of the directed graph is given by L = D − A,
where D = diag {di }. If the leader agent 0 is involved,
the enhanced graph ζ̄ = (V̄, C̄) is obtained, where
V̄ = V ∪ {0} and C̄ ⊆ V̄ × V̄ . The connectivity matrix
between followers and the leader can be represented as
B = diag {ri }, where ri = 1 indicates that the agent
i can receive information from the leader, and ri = 0
otherwise.
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2.2 Problem formulation

Consider the followingNMASswith input quantization
and actuator faults

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ẋi, j = φi, j (x̄i, j )xi, j+1 + σi, j
(
x̄i, j
)+ di, j (t)

ẋi,n =
mi∑

l=1

φi,nl(x̄i,n)q f (ui,l)+σi,n
(
x̄i,n
)+di,n(t)

yi = xi,1, i = 1, 2, ..., N , j = 1, 2, ..., n − 1
(1)

where x̄i, j = [xi,1, xi,2, ..., xi, j
]T ∈ R j represents the

state vector of the followers, while yi ∈ R denotes
the output of the i-th follower. φi, j (x̄i, j ) : R j → R
and φi,nl(x̄i,n) : Rn → R represent control gains
with know signs. σi, j

(
x̄i, j
)
are uncertain continuous

functions, and di, j (t) represents time-varying distur-
bances and there exists a positive value d̄i, j that satis-
fies

∣
∣di, j

∣
∣ ≤ d̄i, j . q f (ui,l) denotes the quantized input

signals that are influenced by actuator faults, with ui,l
representing the control input signals.

Remark 1 In practical applications, numerous physi-
cal phenomena adhere to the dynamics described by
system (1), encompassing scenarios like the move-
ment of aircraft wings [40], the operation of robotic
manipulators [41], and the control of ship steering sys-
tems [42]. Furthermore, the specific challenge of imple-
menting adaptive predefined-time consensus control
for NMASs (1) with input quantization and actuator
failures remains unresolved in current knowledge and
research.

In this paper, the input model of the hysteresis quan-
tizer is consistent with the model described in [12],
which can be represented as follows
q(ui,l ) =
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ui,lcsgn(ui,l ),
ui,lc
1+δi,l

≤ ∣∣ui,l
∣
∣ ≤ ui,lc, u̇i,l < 0

or ui,lc <
∣
∣ui,l

∣
∣ ≤ ui,lc

1−δi,l
,

u̇i,l > 0

ui,lc(1 + δi,l )sgn(ui,l ), ui,lc <
∣
∣ui,l

∣
∣ ≤ ui,lc

1−δi,l
, u̇i,l < 0

or
ui,lc
1−δi,l

<
∣
∣ui,l

∣
∣ ≤ ui,l

(
1+δi,l

)

1−δi,l
,

u̇i,l > 0

0, 0 ≤ ∣∣ui,l
∣
∣ <

ui,l min
1+δi,l

, u̇i,l < 0

or
ui,l min
1+δi,l

≤ ∣∣ui,l
∣
∣ < ui,l min,

u̇i,l > 0

q(ui,l (t
−)), ui,l = 0

(2)

where ui,lc = ρ1−c
i,l ui,l min, (c = 1, 2, ...). Before

quantizing the input signal at each sampling time, the

quantizer can compute a unique value of c. ui,l min > 0
represents the quantization dead-zone. When the sig-
nal is smaller than the dead-zone value, the quantized
signal remains zero regardless of whether the input
signal increases or decreases. δi,l = 1−ρi,l

1+ρi,l
, where

0 < ρi,l < 1 represents the step size of quantization
density. In simpler terms, a higher value of δi,l indicates
a coarser quantization of the signal, while a lower value
corresponds to a finer quantization.

Remark 2 To alleviate the communication load within
the network, it is essential to employ coarser quantiz-
ers for quantizing control signals with high rates of
change. The parameter δi,l , which lies within the range
of (0, 1), dictates the quantization level of the hystere-
sis quantizer. As δi,l increases, the quantization level
decreases, resulting in a coarser quantization of the con-
trol signals. Therefore, an intriguing task is to achieve
satisfactory control performance with fewer quantiza-
tion levels. As demonstrated in the subsequent sections,
by constructing a novel adaptive controller, the restric-
tive conditions imposed on the quantizer parameter δi,l
and system uncertainties in [34] are eliminated.

However, in practical engineering scenarios, actua-
tors are prone to failures. Inspired by [37], the failure
of the l-th actuator in the i-th agent can be modeled as

q f (ui,l) = �i,lhq(ui,l) + ūi,lh, t ∈ [tlh,b, tlh,e]
�i,lh ūi,lh = 0, i = 1, 2, ..., N , l = 1, 2, ...,mi

(3)

where h = 1, 2, 3, ... represents the occurrence of fail-
ures, �i,lh ∈ [0, 1] and ūi,lh denote unknown time-
varying fault parameters. tlh,b and tlh,e represent the
onset and end time of the h-th occurrence of a failure,
respectively. It is important to note that the actuator
faultmodel under consideration encompasses three dis-
tinct scenarios, each applicable to different situations

(1) When �i,lh = 1 and ūi,lh = 0, the actuator is
functioning normally without any faults.

(2) When0 < �i,lh < 1 and ūi,lh = 0, the actuator has
encountered partial loss of effectiveness failures.

(3) When �i,lh = 0 and ūi,lh �= 0, the actuator has
encountered total loss of effectiveness failures.

The control objective of this paper is to design a
predefined-time consensus control scheme for NMASs
(1)with input quantization and actuator faults. The con-
troller aims to satisfy two crucial criteria: (1) ensuring
that the output yi of the agents achieves consensus with
the given reference signal yd within a predefined-time;
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(2) guaranteeing the boundedness of all signals in the
closed-loop system.

To accomplish the objectives, the following assump-
tions are necessary.

Assumption 1 The signal of the leader, denoted as yd ,
and its derivatives up to the n-th order with respect to
time are continuously bounded.

Assumption 2 The directed graph ζ has a spanning
tree with the leader as its root node.

Assumption 3 In the case of partial failure, the fault
parameter �i,lh (t) has an unknown constant �

i,lh
such

that 0 < �
i,lh

≤ �i,lh (t) < 1. In the case of stuck
failure, the fault parameter ūi,lh (t) has an unknown
constant ¯̄ui,lh > 0 such that

∣
∣ūi,lh (t)

∣
∣ ≤ ¯̄ui,lh , where

i = 1, 2, . . . , N , l = 1, 2, . . . ,mi .

Assumption 4 At any given time, at mostmi −1 actu-
ators can experience total loss of effectiveness failures.

Assumption 5 The signs of φi, j and φi,nl are positive,
and there exist positive constants φ̄i, j , φ

i, j
, φ̄i,nl , and

φ
i,nl

such that 0 < φ
i, j

≤ φi, j ≤ φ̄i, j and 0 < φ
i,nl

≤
φi,nl ≤ φ̄i,nl .

Remark 3 In practical engineering applications, the
leader’s output yd can be accurately characterized
by both a differential equation and a bounded equa-
tion. Hence, its practicality is highly meaningful, and
Assumption 1 is justified. Assumption 2 posits the
existence of at least one follower agent capable of
directly acquiring information from the leader, while
the remaining agents can indirectly access the leader’s
information through directed pathways. Assumptions
1 and 2 can both be found in [43,44]. Assumptions 3-
5 constitute essential requirements for adaptive back-
stepping control and fault-tolerant control schemes, as
evidenced in numerous studies [9,33,34,36]. Assump-
tion 3 implies that the controller designed to compen-
sate for an infinite number of faults only utilizes the
boundary values of unknown parameters. Therefore, in
the context of control engineering, this is reasonable.
Assumption 4 is a fundamental condition for system
controllability. As long as at least one actuator is not in
a total loss of effectiveness state, simultaneous occur-
rence of partial loss of effectiveness or total loss of
effectiveness state states in the actuators is allowed.

2.3 Preliminaries

This section will introduce some useful definitions and
lemmas for control protocol development and stability
analysis.

Definition 1 [45]: For a system ẋ = f (x) with the
origin as the equilibrium point, the equilibrium is con-
sidered to be practically predefined-time stable if there
exist constants γ̌ > 0 and T > 0 such that ‖x‖ ≤ γ̌

holds for all t > T , where x ∈ Rn represents the
system state and f : Rn → R represents the non-
linear function. The parameter T is referred to as the
predefined-time.

Remark 4 In traditional finite-time control, the settling
time is generally influenced by the initial state. In fixed-
time control, the boundary of settling time is associated
with the controller parameters. It can be challenging
task to adjust the parameters based on the desired set-
tling time in finite/fixed-time control.

Lemma 1 [12]: If Assumption 2 holds, then L+ B >

0, where L and B have already been defined in the
previous graph theory.

Lemma 2 [26]: For the system ẋ = f (x), if there
exists a Lyapunov function V satisfying the following
conditions

V̇ ≤ − π

ςTs

(
V 1+ ς

2 + V 1− ς
2

)
+ � (4)

where 0 < ς < 1, Ts > 0, and � > 0 are constants,
then the system ẋ = f (x) is considered as practically
predefined-time stable, and V can remain within the
range V ≤ ς�Ts

π
for a predefined-time of 2Ts.

Lemma 3 [35]: The hysteresis quantizer q(ui,l) can
be decomposed into the following representation

q(ui,l) = P(ui,l)ui,l + Ri,l (5)

where P(ui,l) and Ri,l fulfill the following conditions

1 − δi,l ≤ P(ui,l) ≤ 1 + δi,l ,
∣
∣Ri,l

∣
∣ ≤ ui,l min (6)

Remark 5 Unlike the traditional linear decomposition
q(u(t)) = u(t) + d(t), where the perturbation term
d(t) needs to satisfy |d(t)| ≤ |δu(t)|, making it chal-
lenging to explicitly define its bounds. This paper
employs a novel nonlinear decomposition method pro-
posed in [35]. This method effectively resolves the
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difficulty in ensuring the boundedness of d(t). Sub-
sequently, conventional analysis tools like MTN con-
trol theory can be utilized to investigate the quantiza-
tion effects. This approach effectively eliminates the
restrictions imposed in [34] regarding the quantization
parameters and uncertain functions. Nevertheless, it’s
important to highlight that, despite the incorporation of
novel nonlinear decomposition techniques in this study,
it presents considerable hurdles for controller design.
These hurdles become particularly conspicuous in the
face of actuator failures and the imperative for consen-
sus on predefined-time, which the paper subsequently
endeavors to tackle.

Lemma 4 [16]: For any continuous function F(X)

defined on a compact set�x , there exists anMTNwith a
form of HT
mn that can be used to approximate F(X).
The expression is as follows

F(X) = HT
mn (X) + ε(X) (7)

where X = [x1, x2, ..., xn]T ∈ �x indicates the input
vector of MTN. H = [

h1, h2, ..., h p
]T ∈ Rp is the

weight vector of MTN, 
mn (X) = [x1, ..., xn, x21 ,
x1x2..., x2n , x

m
1 , xm−1

1 x2..., xmn ]T ∈ Rp means the mid-
dle layer vector of MTN. ε(X) represents the approxi-
mation error. And there exists a positive constant ε̄ such
that |ε(X)| < ε̄.

Lemma 5 [27]: Introduce the finite time differentiator
as
{

χ̇1 = −�1sig (χ1 − α(t)) + χ2

χ̇2 = −�2sign(χ2 − α(t))
(8)

where sig (χ1 − α(t)) = |χ1 − α(t)| 12 sign(χ1−α(t)),
χ1, χ2 represent the states of the differentiator, �1 and
�2 represent the parameters of the differentiator. α(t)
is unknown function. Furthermore, if the initial devia-
tions χ1(0) − α(0) and χ2(0) − α̇(0) are bounded, the
differentiator (8) can provide α̇(t)with arbitrary accu-
racy. Additionally, it holds that α̇(t) = χ2 + ε, where
there exists ε̄ > 0 such that ε satisfies |ε| < ε̄.

Lemma 6 [46]: Consider the following differential
equation

˙̂κ(t) = −čκ̂(t) − b̌κ̂s(t) + ďν(t) (9)

where č, b̌, ď > 0, s > 1 are constants, and ν(t)
represents a positive function. If κ̂(0) ≥ 0, then κ̂(t) ≥
0 for ∀t ≥ 0.

Lemma 7 [36]: For any positive bounded and uniform
continuous function �(t) and any variable x, one has

0 ≤ |x | − x2
√
x2 + �(t)2

< �(t) (10)

Lemma 8 [47]: For x ∈ R, y ∈ R and positive con-
stants a f > 0, b f > 0, δ f > 0, one has

|x |a f |y|b f ≤ a f

a f + b f
δ f |x |a f +b f

+ b f

a f + b f
δ
− a f

b f |y|a f +b f (11)

Lemma 9 [47]: For y ≥ x, and ℵ > 1, one has

x(y − x)ℵ ≤ ℵ
1 + ℵ

(
y1+ℵ − x1+ℵ) (12)

Lemma 10 [45]: For xi ∈ R, 0 < r f < 1, r f ≥ 1,
i = 1, ..., n, one has
(

n∑

i=1

xi

)r f

≤
n∑

i=1

x
r f
i ,

(
n∑

i=1

xi

)r f

≤ nr f −1

(
n∑

i=1

x
r f
i

) (13)

Remark 6 Despite the need for the aforementioned ten
lemmas in this paper, they do not introduce significant
conservatism to its findings. This is because these lem-
mas serve more as facilitative tools for the paper. They
not only provide theoretical foundations but also offer
necessary support for subsequent derivations and anal-
yses. Therefore, despite the relatively large number of
lemmas, their primary function is to enhance the credi-
bility and reliability of the research, rather than adding
conservatism to it.

3 Predefined-time adaptive controller design

In this section, we propose an adaptive predefined-time
control scheme based on the backsteppingmethod. The
MTN approach is employed throughout each step to
approximate the unknown nonlinear functions. Addi-
tionally, we introduce an improvedmethod for estimat-
ing unknown parameters, compensating for actuator
faults and input quantization in the NMASs. To begin
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with, the following transformations are introduced as

⎧
⎪⎪⎨

⎪⎪⎩

ei,1 =
N∑

k=1

ai,k(yi − yk) + ri (yi − yd)

ei, j = xi, j − αi, j−1, i = 1, 2..., N , j = 2, ..., n
(14)

where ai,k represents the weight between the i-th agent
and the k-th agent, ri denotes the gain between the
leader and the followers, yd represents the leader’s sig-
nal and αi, j−1 represents the virtual control signals.
Define a constant μi = max

{‖H i, j‖2, j = 1, 2, ...n
}
,

where H i, j represents the weight vector of the MTN.
Then, let μ̃i = μi − μ̂i , where μ̂i is the estimation of
μi . Based on the proposed control scheme, the virtual
and actual controllers are constructed as follows

αi, j = − 1

φ
i, j
ıi

ei, j α̌2
i, j

√
e2i, j α̌

2
i, j + � 2

i

,

j = 1, 2, ..., n − 1 (15)

ui,l = − 1

(1 − δi,l)

ei,n λ̂2i α̌
2
i,n

√
e2i,n λ̂

2
i α̌

2
i,n + � 2

i

,

l = 1, 2, ...,mi (16)

where if j = 1, ıi = Ai , otherwise ıi = 1. The inter-
mediate virtual control signals, denoted by α̌i, j , are
defined as follows

α̌i,1 = 1

2

1+ ς
2
ci,1Mi,1(ei,1) + 1

2

1− ς
2
ci,2Ni,1(ei,1)

+ μ̂i ei,1
T
mi,1


mi,1

2ǎ2i,1

+ 1 + Ai +∑N
k=1 ai,k

2
ei,1

+
N∑

k=1

ai,k φ̄k,1
∣
∣xk,2

∣
∣ sign(ei,1) − ri ẏd

(17)

α̌i, j = 1

2

1+ ς
2
ci,1Mi, j (ei, j ) + 1

2

1− ς
2
ci,2Ni, j (ei, j )

+ μ̂i ei, j
T
mi, j


mi, j

2ǎ2i, j

+ ei, j + sign(ei, j )(ε̄i, j−1

+ ji φ̄i, j−1
∣
∣ei, j−1

∣
∣) − χi,( j−1)2,

j = 2, 3, ...n − 1

(18)

α̌i,n = 1

2

1+ ς
2
ci,1Mi,n(ei,n) + 1

2

1− ς
2
ci,2Ni,n(ei,n)

+ μ̂i ei,n
T
mi,n


mi,n

2ǎ2i,n
+ ξ̂i tanh

(
ei,n
γi

)

+ ei,n

+ sign(ei,n)(ε̄i,n−1 + φ̄i,n−1
∣
∣ei,n−1

∣
∣)

− χi,(n−1)2

(19)

where if j = 2, ji = Ai , and if j = 3, ..., n−1, ji = 1
and

Mi, j
(
ei, j
) =

{
e1+ς
i, j , if ei, j ≥ 0

− ∣∣ei, j
∣
∣1+ς

, if ei, j < 0, j = 1, 2, ..., n

Ni, j
(
ei, j
) =

{
e1−ς
i, j , if ei, j ≥ 0

− ∣∣ei, j
∣
∣1−ς

, if ei, j < 0, j = 1, 2, ..., n

(20)

The adaptive laws ˙̂μi ,
˙̂
ξi , and

˙̂
λi are constructed as

follows

˙̂μi =
n∑

j=1

pi
2ǎ2i, j

e2i, j

T
mi, j


mi, j − ci,1μ̂
1+ς
i − ci,2μ̂i

˙̂
ξi = ηi

∣
∣
∣
∣ei,n tanh

(
ei,n
γi

)∣
∣
∣
∣− ci,1ξ̂

1+ς
i − ci,2ξ̂i

˙̂
λi = τi

∣
∣ei,nα̌i,n

∣
∣− ci,1λ̂

1+2ς
i − ci,2λ̂i

(21)

where μ̂i (0) ≥ 0, ξ̂i (0) ≥ 0, λ̂i (0) ≥ 0, ci,1 = π
rςTs

,
ci,2 = π

ςTs
, 2Ts is the predefined settling time, r =min

{

n
ς
2 , 12

1+ ς
2 1
pi

ς
2 2+ς
1+ς

, 12
1+ ς

2 1
ηi

ς
2 2+ς
1+ς

, 12
1+ ς

2 1
τi

ς
2 2+2ς
1+2ς

}

,

ǎi, j , pi , ηi , τi , γi > 0 and 0 < ς < 1 are designed
positive constants, ξi and λi will be defined later.More-
over, the results obtained from this study are presented
as Theorem 1.

Remark 7 By using Lemma 6, since μ̂i (0) ≥ 0,
ξ̂i (0) ≥ 0, λ̂i (0) ≥ 0, it follows that for t ≥ 0,
μ̂i (t) ≥ 0, ξ̂i (t) ≥ 0, λ̂i (t) ≥ 0. This presents essen-
tial conditions for stability analysis in the subsequent
sections.

Theorem 1 For NMASs with input quantization and
actuator faults satisfying Assumptions 1-5, by utilizing
the designed controller (16), virtual controllers (15),
and adaptive laws (21), the following conclusions can
be drawn

(1) The tracking errors, denoted as ei,1, can converge
to a small range within a predefined-time 2Ts.

(2) All signals within the closed-loop system remain
bounded.

123



14222 L.-T. Lu et al.

Proof More specifically, this procedure consists of two
distinct phases. Initially, the backstepping methodol-
ogy is employed to formulate the required controller
and adaptive laws. Then, leveraging the relevant knowl-
edge presented in Sect. 2, a comprehensive stability
analysis of the system is conducted. Next, we present
a detailed process for the controller design, which is
presented in a recursive fashion. �


3.1 Control design process

Step 1: A suitable Lyapunov function is chosen as fol-
lows

V1 =
N∑

i=1

(
1

2
e2i,1 + 1

2pi
μ̃2
i

)

(22)

By considering the system (1) and the coordinate
transformation (14), we can calculate the time deriva-
tive of the Lyapunov function mentioned above as fol-
lows

V̇1 =
N∑

i=1

[
ei,1
(
Ai
(
φi,1xi,2 + di,1

)+ F(X i,1)

−
N∑

k=1

ai,k
(
φk,1xk,2 + dk,1

)− ri ẏd

)

− 1

pi
μ̃i

˙̂μi

]

(23)

where Ai = ∑N
k=1 ai,k + ri and F(X i,1) = Aiσi,1 −

∑N
k=1 ai,kσk,1 represents an unknown termwith X i,1 =

[xi,1, xk,1]T. Based on Lemma 4, the unknown term
F(X i,1) can be approximated using the MTN as fol-
lows

F(X i,1) = HT
i,1
mi,1 + εi,1,

∣
∣εi,1

∣
∣ < ε̄i,1 (24)

where εi,1 is an approximation error. Naturally, by
substituting (24) into (23) and applying the Young’s
inequality, we obtain

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ei,1F(X i,1) ≤ μi e2i,1

T
mi,1


mi,1

2ǎ2i,1

+ ǎ2i,1 + ε̄2i,1 + e2i,1
2

ei,1Aidi,1 ≤ Ai

(
1

2
e2i,1 + 1

2
d̄2i,1

)

−ei,1

N∑

k=1

ai,kdk,1 ≤
N∑

k=1

ai,k

(
1

2
e2i,1 + 1

2
d̄2k,1

)

(25)

Next, according to (14) and substitute (25) into (23),
yield

V̇1 ≤
N∑

i=1

[

Aiφi,1ei,1αi,1 +
N∑

k=1

ai,k φ̄k,1
∣
∣ei,1xk,2

∣
∣

+ μi e2i,1

T
mi,1


mi,1

2ǎ2i,1
+ 1 + Ai +∑N

k=1 ai,k
2

e2i,1

+ Ai

2
d̄2i,1 +

∑N
k=1 ai,k
2

d̄2k,1 + 1

2
ε̄2i,1 + 1

2
ǎ2i,1

−ei,1ri ẏd + Ai
∣
∣φ̄i,1ei,1ei,2

∣
∣− 1

pi
μ̃i

˙̂μi

]

(26)

Subsequently, we substitute the previously designed
intermediate virtual controller given by (17) and adap-
tive laws (21) into (26), the derivative V̇1 can be reex-
pressed as follows

V̇1 ≤
N∑

i=1

[

−ci,1

(
1

2
e2i,1

)1+ ς
2 − ci,2

(
1

2
e2i,1

)1− ς
2

+ ci,1
pi

μ̃i μ̂
1+ς
i + ci,2

pi
μ̃i μ̂i + Ai

∣
∣φ̄i,1ei,1ei,2

∣
∣

+ Ai

2
d̄2i,1 +

∑N
k=1 ai,k
2

d̄2k,1 + 1

2
ε̄2i,1 + 1

2
ǎ2i,1

+Aiφi,1ei,1αi,1 + ei,1α̌i,1
]

(27)

Furthermore, according to the virtual controller (15)
and Lemma 7, it can be noted that

Aiφi,1ei,1αi,1

≤ − e2i,1α̌
2
i,1

√
e2i,1α̌

2
i,1 + �i

≤ − ∣∣ei,1α̌i,1
∣
∣+ �i ≤ �i − ei,1α̌i,1

(28)

Then, substituting (28) into (27), one has

V̇1 ≤
N∑

i=1

[

−ci,1

(
1

2
e2i,1

)1+ ς
2 − ci,2

(
1

2
e2i,1

)1− ς
2

+ci,1
pi

μ̃i μ̂
1+ς
i + ci,2

pi
μ̃i μ̂i

+Ai
∣
∣φ̄i,1ei,1ei,2

∣
∣+ �i,1

]

(29)

where �i,1 = Ai
2 d̄2i,1 +

∑N
k=1 ai,k
2 d̄2k,1 + 1

2 ε̄
2
i,1 + 1

2 ǎ
2
i,1 +

�i .
Step j (2 ≤ j ≤ n − 1): In order to estimate the

derivative of the virtual controller αi, j−1, according to
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Lemma 5, we employ the finite time differentiator as
follows
{

χ̇i,( j−1)1 = −�1sig
(
χi,( j−1)1−αi, j−1

)+χi,( j−1)2

χ̇i,( j−1)2 = −�2sign(χi,( j−1)2 − αi, j−1)

(30)

Therefore, α̇i, j−1 = χi,( j−1)2 + εi, j−1 holds, where∣
∣εi, j−1

∣
∣ < ε̄i, j−1.

Then, a suitable Lyapunov function is chosen as fol-
lows

Vj = Vj−1 +
N∑

i=1

(
1

2
e2i, j

)

(31)

By following the same computational procedure as
in step 1 and incorporating the differentiator (30), its
derivative with respect to time is given as follows

V̇ j ≤ V̇ j−1 +
N∑

i=1

(
ei, j
(
φi, j xi, j+1 + di, j

+F
(
X i, j

)− χi,( j−1)2 + ε̄i, j−1
))

(32)

where F(X i, j ) = σi, j represents an unknown term
with X i, j = [xi,1, xi,2, ...xi, j ]T. Simarity to step 1, the
unknown term F(X i, j ) can be approximated using the
MTN as follows

F(X i, j ) = HT
i, j
mi, j + εi, j ,

∣
∣εi, j

∣
∣ < ε̄i, j (33)

where εi, j is an approximation error. Naturally, by
substituting (33) into (32) and applying the Young’s
inequality, we obtain

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ei, j F(X i, j ) ≤ μi e2i, j

T
mi, j


mi, j

2ǎ2i, j

+ 1

2
ǎ2i, j + 1

2
ε̄2i, j + 1

2
e2i, j

ei, j di, j ≤ 1

2
e2i, j + 1

2
d̄2i, j

(34)

Next, according to (14) and substitute (34) into (32),
yield

V̇ j ≤ V̇ j−1 +
N∑

i=1

ei, jφi, jαi, j +
N∑

i=1

[∣
∣φ̄i, j ei, j ei, j+1

∣
∣

+ e2i, j + μi e2i, j

T
mi, j


mi, j

2ǎ2i, j
+ ∣∣ei, j

∣
∣ ε̄i, j−1

− ei, jχi,( j−1)2 +1

2
ǎ2i, j + 1

2
ε̄2i, j + 1

2
d̄2i, j

]

(35)

Subsequently, similar to step 1, we substitute the
previously designed virtual controllers given by (15),
(18) and adaptive laws (21) into (35), the derivative V̇ j

can be reexpressed as follows

V̇ j ≤
N∑

i=1

[

−ci,1

j∑

λ̌=1

(
1

2
e2
i,λ̌

)1+ ς
2 −ci,2

j∑

λ̌=1

(
1

2
e2
i,λ̌

)1− ς
2

+ ci,1
pi

μ̃i μ̂
1+ς
i + ci,2

pi
μ̃i μ̂i

+ ∣∣φ̄i, j ei, j ei, j+1
∣
∣+ �i, j

]

(36)

where �i, j = �i, j−1 + 1
2 ǎ

2
i, j + 1

2 ε̄
2
i, j + 1

2 d̄
2
i, j + �i .

Step n: Similar to step j , we employ the finite-time
differentiator to estimate the derivative of the virtual
controller αi,n−1, where α̇i,n−1 = χi,(n−1)2 + εi,n−1

with
∣
∣εi,n−1

∣
∣ < ε̄i,n−1. From Assumptions 3-5, we can

obtain
∑mi

l=1

∣
∣φi,nl

∣
∣ �i,lh ≥

min

{ ∣
∣
∣φi,n1

∣
∣
∣ �

i,1 h
, ...,

∣
∣
∣φi,nmi

∣
∣
∣ �

i,mi h

}

> 0. So, it

is easy for us to obtain inf t≥0
∑mi

l=1

∣
∣φi,nl

∣
∣ �i,lh ≥

min
{∣
∣
∣φi,n1

∣
∣
∣ �

i,1 h
, ...,

∣
∣
∣φi,nmi

∣
∣
∣ �

i,mi h

}
> 0. To com-

pensate for the effects of input quantization and actua-
tor faults, according to faults model (3) and Lemma 3,
we define

h̄i = inf t≥0

mi∑

l=1

∣
∣φi,nl

∣
∣ �i,lh, λi = 1

h̄i

ξi = supt≥0

mi∑

l=1

φi,nl
(
�i,lh Ri,l + ¯̄ui,lh

)
(37)

Then, a suitable Lyapunov function is chosen as fol-
lows

Vn = Vn−1 +
N∑

i=1

(
1

2
e2i,n + h̄i

2τi
λ̃2i + 1

2ηi
ξ̃2i

)

(38)

Building upon the previous steps and incorporating
Lemma 3, its derivative with respect to time is given as
follows

V̇n ≤ V̇n−1 +
N∑

i=1

[

ei,n

mi∑

l=1

φi,nl
(
�i,lh P(ui,l)ui,l

+�i,lh Ri,l + ūi,lh
)+ ei,n F(X i,n) + ei,ndi,n

−ei,nχi,(n−1)2+
∣
∣ei,n

∣
∣ ε̄i,n−1− h̄i

τi
λ̃i

˙̂
λi − 1

ηi
ξ̃i

˙̂
ξi

]

(39)

Similar to the step j , F(X i,n) = σi,n represents an
unknown term with X i,n = [xi,1, xi,2, ..., xi,n]T, the
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unknown term F(X i,n) can be approximated using the
MTN as follows

F(X i,n) = HT
i,n
mi,n + εi,n,

∣
∣εi,n

∣
∣ < ε̄i,n (40)

where εi,n is an approximation error. Naturally, by
substituting (40) into (39) and applying the Young’s
inequality, we obtain

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

ei,n F(X i,n) ≤ μi e2i,n

T
mi,n


mi,n

2ǎ2i,n

+ 1

2
ǎ2i,n + 1

2
ε̄2i,n + 1

2
e2i,n

ei,ndi,n ≤ 1

2
e2i,n + 1

2
d̄2i,n

(41)

Next, by substituting (41) into (39) and according to
(37), yielding

V̇n ≤ V̇n−1 +
N∑

i=1

[

ei,n

mi∑

l=1

φi,nl�i,lh P(ui,l)ui,l + ∣∣ei,n
∣
∣ ξi

+ μi e2i,n

T
mi,n


mi,n

2ǎ2i,n
+ 1

2
ǎ2i,n + 1

2
ε̄2i,n − ei,nχi,(n−1)2

+ e2i,n + 1

2
d̄2i,n + ∣∣ei,n

∣
∣ ε̄i,n−1 − h̄i

τi
λ̃i

˙̂
λi − 1

ηi
ξ̃i

˙̂
ξi

]

(42)

Subsequently, we substitute the previously designed
auxiliary virtual signal given by (19) and adaptive laws
(21) into (42), the derivative V̇n can be reexpressed as
follows

V̇n ≤
N∑

i=1

[

− ci,1

n∑

λ̌=1

(
1

2
e2
i,λ̌

)1+ ς
2 − ci,2

n∑

λ̌=1

(
1

2
e2
i,λ̌

)1− ς
2

+ ci,1
pi

μ̃i μ̂
1+ς
i + ci,2

pi
μ̃i μ̂i + ci,1

ηi
ξ̃i ξ̂

1+ς
i + ci,2

ηi
ξ̃i ξ̂i

+ ci,1h̄i
τi

λ̃i λ̂
1+2ς
i + ci,2h̄i

τi
λ̃i λ̂i + 1

2
d̄2i,n + 1

2
ǎ2i,n + 1

2
ε̄2i,n

+ ξi

(
∣
∣ei,n

∣
∣− ei,n tanh

(
ei,n
γi

))

− ∣∣ei,n α̌i,n
∣
∣ h̄i λ̃i

+ ei,n

mi∑

l=1

φi,nl�i,lh P(ui,l )ui,l + ei,n α̌i,n

]

(43)

Furthermore, according to Lemma 7 and in conjunc-
tion with (16) and (37), it can be observed that

ei,n

mi∑

l=1

φi,nl�i,lh P(ui,l)ui,l

≤ −
mi∑

l=1

∣
∣φi,nl

∣
∣ �i,lh

e2i,n λ̂
2
i α̌

2
i,n

√
e2i,n λ̂

2
i α̌

2
i,n + � 2

i

≤ − h̄i e2i,n λ̂
2
i α̌

2
i,n

√
e2i,n λ̂

2
i α̌

2
i,n + � 2

i

≤ h̄i�i − ∣∣ei,nα̌i,n
∣
∣ h̄λ̂i

(44)

Then, by substituting (44) into (43) and utilizing the

inequality ξi

(∣
∣ei,n

∣
∣− ei,n tanh

(
ei,n
γi

))
≤ 0.2785ξiγi ,

we obtain

V̇n ≤
N∑

i=1

[

− ci,1

n∑

λ̌=1

(
1

2
e2
i,λ̌

)1+ ς
2 − ci,2

n∑

λ̌=1

(
1

2
e2
i,λ̌

)1− ς
2

+ ci,1
pi

μ̃i μ̂
1+ς
i + ci,2

pi
μ̃i μ̂i + ci,1

ηi
ξ̃i ξ̂

1+ς
i

+ ci,2
ηi

ξ̃i ξ̂i + ci,1h̄i
τi

λ̃i λ̂
1+2ς
i + ci,2h̄i

τi
λ̃i λ̂i + �i,n

]

(45)

where �i,n = �i,n−1 + 1
2 ǎ

2
i,n + 1

2 ε̄
2
i,n + 1

2 d̄
2
i,n + h̄�i +

0.2785ξiγi .

Remark 8 Although the literatures [48,49] addresses
actuator failures, the discussed fault models are limited
to cases where the number of occurrences per actuator
failure is finite.While [50] also deals with actuator fail-
ures occurring an infinite number of times, the mod-
ular approach it employs typically necessitates prior
knowledge of the uncertainty bounds caused by faults
and system parameters. In contrast, this paper adopts a
boundary estimationmethod to estimate the boundaries
of unknown terms induced by actuator failures. Unlike
modular approaches, this method does not require any
prior knowledge of uncertainty constraints.

3.2 Stability analysis

Next, we proceed with the stability analysis of the sys-
tem. According to Lemma 10, one has

−ci,1

n∑

j=1

(
1

2
e2i, j

)1+ ς
2 ≤ −ci,1

n
ς
2

⎛

⎝
n∑

j=1

1

2
e2i, j

⎞

⎠

1+ ς
2

(46)
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−ci,2

n∑

j=1

(
1

2
e2i, j

)1− ς
2 ≤ −ci,2

⎛

⎝
n∑

j=1

1

2
e2i, j

⎞

⎠

1− ς
2

(47)

In dealing with μ̃i μ̂i , we first apply the Young’s
inequality, one has

ci,2
pi

μ̃i μ̂i ≤ − ci,2
2pi

μ̃2
i + ci,2

2pi
μ2
i (48)

Then, using Lemma 8 and defining x = 1, y = μ̃2
i

2pi
,

a f = ς
2 , b f = 1 − ς

2 and δ f = exp(( 2−ς
ς

)ln( 2−ς
2 )),

we have

ci,2

(
1

2pi
μ̃2
i

)1− ς
2 ≤ ci,2

2pi
μ̃2
i + ci,2

ς

2

(
2 − ς

2

) 2−ς
ς

(49)

Next, substituting (49) into (48), we have

ci,2
pi

μ̃i μ̂i ≤ −ci,2

(
1

2pi
μ̃2
i

)1− ς
2

+ ci,2
2pi

μ2
i + ci,2

ς

2

(
2 − ς

2

) 2−ς
ς

(50)

Regarding the term μ̃i μ̂
1+ς
i , according to Lemma 9,

we have

ci,1
pi

μ̃i μ̂
1+ς
i ≤ ci,1

pi
μ̃i (μi − μ̃i )

1+ς

≤ ci,1
pi

1 + ς

2 + ς

(
μ
2+ς
i − μ̃

2+ς
i

)

≤ −ci,1

(

21+
ς
2 p

ς
2
i

)
1 + ς

2 + ς

(
1

2pi
μ̃2
i

)1+ ς
2

+ ci,1
pi

1 + ς

2 + ς
μ
2+ς
i

(51)

Naturally, by employing the same scaling method as
above, we can obtain

ci,2
ηi

ξ̃i ξ̂i ≤ −ci,2

(
1

2ηi
ξ̃2i

)1− ς
2

+ ci,2
2ηi

ξ2i + ci,2
ς

2

(
2 − ς

2

) 2−ς
ς

(52)

ci,2 h̄i
τi

λ̃i λ̂i ≤ −ci,2

(
h̄i
2τi

λ̃2i

)1− ς
2

+ ci,2 h̄i
τi

λ2i + ci,2
ς

2

(
2 − ς

2

) 2−ς
ς

(53)

ci,1
ηi

ξ̃i ξ̂
1+ς
i ≤ −ci,1

(

21+
ς
2 η

ς
2
i

)
1 + ς

2 + ς

(
1

2ηi
ξ̃2i

)1+ ς
2

+ ci,1
ηi

1 + ς

2 + ς
ξ
2+ς
i (54)

ci,1h̄i
τi

λ̃i λ̂
1+2ς
i ≤ −ci,12

1+ ς
2 τ

ς
2
i

1 + 2ς

2 + 2ς

(
h̄i
2τi

λ̃2i

)1+ ς
2

+ ci,1h̄i
τi

1 + 2ς

2 + 2ς
λ
2+2ς
i

+ci,1
1 + 2ς

2 + 2ς

ς

2(1 + ς)

(
2(1 + ς)

2 + ς

)− 2+ς
ς
(
h̄i
τi

)2+ς

(55)

Then, substituting (46), (47), (50), (51), (52), (53),
(54) and (55) into (45) and based on the previous defi-
nitions of r , we obstain

V̇n ≤ −rci,1V
1+ ς

2
n − ci,2V

1− ς
2

n + � (56)

where � = 3ci,2
ς
2

(
2−ς
2

) 2−ς
ς

+ci,1
1+2ς
2+2ς

ς
2(1+ς)

(
2(1+ς)
2+ς

)− 2+ς
ς
(
h̄i
τi

)2+ς + ci,2
2pi

μ2
i +

ci,1
pi

1+ς
2+ς

μ
2+ς
i + ci,2

2ηi
ξ2i + ci,2h̄i

2τi
λ2i + ci,1

ηi

1+ς
2+ς

ξ
2+ς
i +

ci,1
τi

1+2ς
2+2ς λ

2+2ς
i +�i,n .

Subsequently, based on the previous definitions of
ci,1 and ci,2, we have

V̇n ≤ − π

ςTs

(

V
1+ ς

2
n + V

1− ς
2

n

)

+ � (57)

Based on Lemma 2, it can be concluded that with the
implementation of the control law (16) and the param-
eter adaptive laws (21), the tracking errors of system
(1) converge to a small neighborhood within a prede-
fined time interval of 2Ts , and Vn can remain within the
range ς�Ts

π
. Subsequently, based on the boundedness

of Vn , it can be concluded that ei, j , μi , λi , and ξi are
bounded. Moreover, as a result, ui,l , α̌i, j , and αi, j are
also bounded. By applying the aforementioned analy-
sis, it can be concluded that all signals are bounded.
Thus, the proof is completed.

Remark 9 The parameter selection and system’s initial
condition guide of the controllers is as follows: (1) In
theory, to improve convergence accuracy, �i should
be minimized. However, excessively small values of
�i can cause x2√

x2+� 2 to behave like a sign function,
leading to pronounced oscillations in control inputs. (2)
To boost parameter update rate, pi , ηi , and τi should
be increased, while ǎi, j should be decreased. Never-
theless, overly large values of pi

2ǎi, j
, ηi , or τi may lead

to parameter drift issues. (3) In practical applications,
it’s necessary to design a relatively small Ts based on
actual requirements to achieve rapid system stabiliza-
tion. The smaller the Ts , the faster the convergence
speed, but this entails significant input consumption,
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Fig. 1 Communication graph

especially in the initial stages. (4) For ci,1 = π
rςTs

and ci,2 = π
ςTs

, selecting a smaller ς amplifies ci,1
and ci,2, thereby accelerating convergence. However,
excessively large values of ci,1 and ci,2 expedite the
convergence of parameters μ̂, ξ̂ , and λ̂ towards zero.
(5) The predefined-time consensus scheme studied in
this paper does not rely on initial conditions, thus allow-
ing users to freely select them. However, excessively
large initial conditions of the system state can lead to
high inputs. Overall, in practical applications, system
performance can be improved by selecting appropri-
ate parameters. It should be noted that it may require
multiple attempts to achieve the optimal control effect.

4 Simulation results

To provide a more visual demonstration of the theoret-
ical results mentioned above, this section presents two
simulation examples.

Example 1 Consider input-quantizedNMASswith actu-
ator faults. The communication topology adheres to
Assumption 2, as shown in Fig. 1. From the figure, we

can define that L =

⎡

⎢
⎢
⎣

0 0 0 0
−1 1 0 0
−1 0 1 0
−1 0 −1 2

⎤

⎥
⎥
⎦, and the dynamic

model of the follower agents i is described as follows

{
ẋi,1 = xi,2 + 0.8x3i,1

ẋi,2 = q f (ui,1) + q f (ui,2) − 2x2i,1 + x3i,2 + cos(t)
(58)

The faults model are as follows

q f
i,1 =

{
0.5q(ui,1), if t ∈ [ ǰ T ∗, ( ǰ + 1)T ∗)
q(ui,1), otherwise

(59)

q f
i,2 =

{
sin(t), if t ∈ [ ǰ T ∗, ( ǰ + 1)T ∗)
q(ui,2), otherwise

(60)

where ǰ = 1, 2, ..., T ∗ = 2. The output reference
for the leader is given as yd = 0.6 sin(2t). The ini-
tial values of all agent systems are set to x̄12(0) =
[0.02, 0.8]T , x̄22(0) = [0.01, 1]T , x̄32(0) =
[0.01, 0.09]T , x̄42(0) = [0, 0.7]T. Our control objec-
tive is to utilize the proposed controller (16), the vir-
tual controller (15), and the adaptive laws (21) to
enable the follower agents to track the leader’s refer-
ence yd within a predefined-time. Additionally, it is
ensured that all signals within the closed-loop system
are bounded. To achieve this objective, we choose the
following parameters: Ts = 2, ǎi,1 = 90, ǎi,2 = 90,
ς = 0.1, pi = 80, τi = 50, ηi = 50, �1 = 1,
�2 = 1, ρi,l = 0.9, ui,l min = 0.01, �i = 0.1e−0.7t ,
i = 1, 2, 3, 4, l = 1, 2. To underscore the flexibility
of the proposed control scheme, we have adjusted the
simulation convergence time Ts to 1, while keeping the
integrity of other control parameters and fault models
unchanged.

The simulation results are shown in Figs. 2, 3, 4, 5,
6, 7. From Fig. 2, it is evident that the agents output
yi can track the leader signal yd within the predefined-
time 4s. In Fig. 7, with no changes to any parameters
or scenarios but only an adjustment of the settling time
Ts to 1, there is a notable improvement in tracking per-
formance compared to Fig. 2. Moreover, it achieves a
steady state within 2 s. Figures 3, 4, 5 illustrate the tra-
jectory of system inputs and inputs quantization. The
results indicate that despite intermittent faults, the sys-
tem can still achieve the desired performance.

Example 2 To illustrate the practical application of our
control scheme, we present a model of four single-link
manipulators [37] as

{
v̇i = qi

Mi q̈i + 0.5mi gli sin qi = q f (ui,1) + q f (ui,2)

(61)

where i = 1, 2, 3, 4, Mi = 1kg · m2 and mi = 1kg
represent the inertia and mass of the link, respectively.
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Fig. 2 The trajectories of y1, y2, y3, y4 and yd with Ts = 2

Fig. 3 The trajectories of u1,1, u1,2, q1,1, q1,2, q f (u1,1), q f (u1,2) with Ts = 2
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Fig. 4 The trajectories of u2,1, u2,2, q2,1, q2,2, q f (u2,1), q f (u2,2) with Ts = 2

Fig. 5 The trajectories of u3,1, u3,2, q3,1, q3,2, q f (u3,1), q f (u3,2) with Ts = 2
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Fig. 6 The trajectories of u4,1, u4,2, q4,1, q4,2, q f (u4,1), q f (u4,2) with Ts = 2

Fig. 7 The trajectories of y1, y2, y3, y4 and yd with Ts = 1
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Fig. 8 The trajectories of y1, y2, y3, y4 and yd . a The prescribed-time consensus scheme in [39]. b The predefined-time consensus
scheme in this paper

g = 10m/s2, li = 1m, qm , q̇m , and q̈m denote the angu-
lar position, angular velocity, and angular acceleration
of the link, respectively. q f (ui,1) and q f (ui,2) repre-
sent the control forces applied to the link. Additionally,
the communication topology, chosen fault parameters
are the same as in Example 1. The leader’s reference
signal is chosen as yd = 0.5 sin(2t), the initial values
of the system are set as xi,1(0) = 1 and xi,2(0) = 2,
and the system parameters are selected as Ts = 0.5,
ǎi,1 = 100, ǎi,2 = 120, ς = 0.6, pi = 30, τi = 30,
ηi = 30, �1 = 1, �2 = 1, ρi,l = 0.9, ui,l min = 0.01,
�i = 0.1e−0.7t , i = 1, 2, 3, 4, l = 1, 2.

In order to emphasize the superiority of the pro-
posed control protocol, in this instance, we deviate
from adjusting the parameters Ts of the control scheme
itself, unlike the numerical examples. Instead, we draw
from the precribed-time control scheme in [39], select-
ing the following parameters as Ts = 1, ci,1 = 10,
ci,2 = 9, �1 = 1, �2 = 1, ρi,l = 0.9, ui,l min = 0.01,
�i = 0.1e−0.7t , i = 1, 2, 3, 4, l = 1, 2. Under the con-
dition of adjusting the settling time to be the same, it
compares the control performance of the two methods.

The simulation results are shown in Figs. 8, 9, 10, 11,
12. The first graph in Fig. 8 represents the prescribed-
time control scheme,while the second graph depicts the
predefined-time control scheme. It is evident from both
graphs that the response speed of the prescribed-time
control scheme is slower compared to the proposed
scheme in this paper. The control effect of the proposed
control scheme presented in this paper demonstrates a
clear advantage. Figures 9, 10, 11, 12 depict the trajec-
tories of system inputs and inputs quantization. Despite
the presence of actuator faults, the system is still able
to achieve commendable tracking performance.

5 Conclusion

This paper primarily investigates the problem of pre-
defined-time consensus control for NMASs with actu-
ator faults and input quantization. Firstly, the MTN
is employed to approximate the unknown nonlinear
functions in NMASs. Then, to effectively tackle the
challenges posed by input quantization and actua-
tor faults, adaptive laws are devised to estimate the
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Fig. 9 The trajectories of u1,1, u1,2, q1,1, q1,2, q f (u1,1), q f (u1,2)

Fig. 10 The trajectories of u2,1, u2,2, q2,1, q2,2, q f (u2,1), q f (u2,2)

123



14232 L.-T. Lu et al.

Fig. 11 The trajectories of u3,1, u3,2, q3,1, q3,2, q f (u3,1), q f (u3,2)

Fig. 12 The trajectories of u4,1, u4,2, q4,1, q4,2, q f (u4,1), q f (u4,2)
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upper bounds of the quantization parameters and actu-
ator fault parameters. Furthermore, the controller con-
structed within the framework of the backstepping
method achieves both the convergence of the tracking
errors within a predefined-time frame to a small range
and the boundedness of all signals in the closed-loop
system. Finally, two simulation examples are provided
to demonstrate the effectiveness of the proposed con-
trol approach.
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