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A B S T R A C T

This article investigates the problem of adaptive tracking control for stochastic nonlinear systems with deferred
state constraints. The novel unified universal barrier function (UUBF) and deferred funnel error transformation
are developed to handle various state constraints and adjust the tracking error more precisely, respectively.
Multi-dimensional Taylor network (MTN) and dynamic event-triggered mechanism (DETM) are employed to
design controller in the backstepping process, which can achieve full-state constraints and the tracking control
after the preassigned time while conserving more communication resources. Finally, two simulation examples
are presented to verify the effectiveness of the proposed control scheme.
1. Introduction

It is well known that many practical systems are subject to stochas-
tic disturbances [1,2], which are not negligible factors leading to
system instability. In this context, research on adaptive control of
stochastic nonlinear systems has continued from decades ago to the
present and a lot of valuable results have been produced [3–8]. Dealing
with unknown nonlinear terms is a key challenge that needs to be
tackled during the controller design process. Multi-dimensional Taylor
network (MTN) [9], which plays the same role as neural network
[10–12] and fuzzy logic system [13,14], is a popular method used
to approximate unknown nonlinear functions. Moreover, MTN method
and adaptive backstepping method have been employed to co-design
controllers for different types of controlled systems, such as switched
nonlinear systems with prescribed performance [15] or with multiple
objective constraints [16], stochastic nonlinear systems with multiple
faults [17] or with time-varying delays [18], and stochastic nonlinear
discrete-time systems with time-varying delays [19]. However, these
aforementioned results did not take deferred time-varying constraints
and limited network resources into account.

Due to physical constraints or performance requirements, many
practical controlled systems operate under certain constraints, which
has attracted research interest in the control field over the last few
decades. Existing research results have been mainly categorized into
output constraints [20–23] and state constraints [24–27]. However, the
barrier Lyapunov functions designed in these articles were based on
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the conservative assumption that the constraints were imposed at the
beginning of system operation, which implies that the initial conditions
must satisfy the given boundary functions. Many scholars have made
some efforts to find solutions to relax this assumption. In case of
nonlinear systems with completely unknown initial conditions, the
authors in [28] proposed deferred asymmetric time-varying full-state
constraints which mean that the state constraints can be imposed after
the system has been running for a period of time. Subsequently, the
authors in [29,30] developed event-triggered adaptive control schemes
for multiagent systems with deferred constraints and nonlinear systems
with deferred output constraint, respectively. The authors in [31] in-
vestigated the problem of fault-tolerant control for stochastic systems
with deferred output constraint. Regrettably, when the two boundary
functions do not satisfy one being positive and the other being neg-
ative, the proposed control schemes mentioned above are ineffective.
Recently, the authors in [32] constructed an improved unified universal
barrier function (UUBF) to deal with this problem. However, there are
few studies on stochastic nonlinear systems with deferred time-varying
constraints owing to its complexity, which inspires us to take on the
challenge.

In recent years, with the development of network communication
technology, it has become a trend to establish network communica-
tion transmission between controlled systems and factories in practical
production. Reducing communication transmission while ensuring con-
trol performance is an issue that needs to be studied in view of
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the limited network resources. The authors in [33] suggested that
event-triggered mechanism (ETM) can effectively address this issue.
Afterwards, ETM-based control approaches have been widely used in
various systems thanks to its unique dominance in saving communica-
tion resources [34–37]. It is worth noting that the threshold parameter
of ETM has a direct impact on both the data transmission frequency
and data transmission volume. Hence, it is especially crucial to design
the ETM with dynamically adjustable threshold. The author in [38]
proposed a dynamic event-triggered mechanism (DETM) for the first
time by including an internal dynamic variable in the design process of
ETM. The DETM can adjust the event-triggered threshold flexibly with
the change of system states, which effectively improves the efficiency
of resource utilization and system control performance. As a result,
this mechanism has been applied to design controllers of nonlinear
systems [39–41] and uncertain stochastic nonlinear systems [42]. Nev-
ertheless, a little research has been done on DETM-based control for
stochastic nonlinear systems with deferred time-varying constraints,
which motivates us to carry out this work.

Based on the aforementioned results, this article develops a novel
DETM-based adaptive controller for stochastic nonlinear systems with
deferred time-varying state constraints. In comparison with the existing
results, the highlights of this article are summarized below:

(1) This article is the first to investigate the tracking control prob-
lem of stochastic nonlinear systems with deferred time-varying
constraints by means of DETM and MTN method. The improved
shifting function and UUBF can relax the constraints on initial
conditions of the system and widen the scope of selection for
boundary functions. In contrast to previous results about non-
linear systems with deferred constraints [28,30], the proposed
control scheme is more applicable in practical contexts.

(2) A novel deferred funnel error transformation is developed to
make the tracking error converge to a prescribed region after the
preassigned time. Moreover, the preassigned time is irrelevant to
the designed controller parameters and initial conditions so that it
can be adjusted based on practical requirements. Hence, the pro-
posed control scheme can enhance the transient and steady-state
performance of the controlled system.

(3) A new coordinate transformation involving nonlinear mappings is
introduced to simplify the design of Lyapunov functions. Further-
more, the DETM is utilized to improve the responsiveness of the
system by updating event-triggered condition in real-time. There-
fore, the designed controller has a simple structure and can econ-
omize more communication resources than the event-triggered
controller designed in [43].

. Preliminaries and formulation

The following notations will be used consistently in this article.
Notations: 𝑅 and 𝑅𝑖 denote the set of real numbers and the 𝑖-

dimensional real space, respectively. 𝑅𝑛×𝑟 denotes the space of 𝑛 ×
matrices with real numbers. The superscript T is defined as the

ranspose of a vector or a matrix. ‖⋅‖ represents the Euclidean norm. A
unction is called 𝐶2 function, which indicates that it is 2-times contin-
ously differentiable. A continuous and strictly increasing function 𝑥(𝑡)
s belong to ∞ class functions if 𝑥(𝑡) → ∞ as 𝑡 → ∞.

.1. Control object and objective

In this article, the following class of state-feedback stochastic non-
inear system with deferred time-varying constraints is investigated:

⎧

⎪

⎨

⎪

𝑑𝜁𝑖 =
(

𝜁𝑖+1 + 𝑓𝑖
(

𝜻̄ 𝑖
))

𝑑𝑡 + 𝑔T𝑖
(

𝜻̄ 𝑖
)

𝑑𝜔

𝑑𝜁𝑛 =
(

𝑢 + 𝑓𝑛
(

𝜻̄𝑛
))

𝑑𝑡 + 𝑔T𝑛
(

𝜻̄𝑛
)

𝑑𝜔 (1)
2

⎩
𝑦 = 𝜁1, 𝑖 = 1,… , 𝑛 − 1
here 𝜁𝑖 ∈ 𝑅 denotes the system state and 𝜻̄ 𝑖 = [𝜁1,… , 𝜁𝑖]T ∈ 𝑅𝑖, 𝑖 =
1, 2,… , 𝑛. 𝑢 ∈ 𝑅 and 𝑦 ∈ 𝑅 stand for the control input and the system
utput, respectively. 𝜔 represents an independent 𝑟-dimensional stan-

dard Brownian motion. 𝑓𝑖
(

𝜻̄ 𝑖
)

∈ 𝑅 and 𝑔𝑖
(

𝜻̄ 𝑖
)

∈ 𝑅𝑟 represent unknown
smooth nonlinear functions satisfying 𝑓𝑖 (𝟎) = 0 and 𝑔𝑖 (𝟎) = 𝟎.

As a matter of fact, many engineering systems are subject to de-
ferred state constraints. It means that all of the system states are
unconstrained on an initial interval, and then they are constrained to
a bounded region starting from 𝑡 = 𝑇𝑝 > 0, where 𝑇𝑝 denotes the
reassigned time. Specifically, it is expressed as follows:

(1) Each state 𝜁𝑖 of system (1) is not subject to any constraints when
the time 𝑡 is within the interval

[

0, 𝑇𝑝
)

.
(2) 𝜁𝑖 is constrained on the time interval

[

𝑇𝑝,∞
)

, which can be
described as

𝜁𝑖 ∈ 𝛺𝑖 =
{

𝜁𝑖 ∈ 𝑅| − 𝜅𝑖𝐿 < 𝜁𝑖 < 𝜅𝑖𝑅
}

(2)

where 𝜅𝑖𝐿 and 𝜅𝑖𝑅 are known time-varying boundary functions satisfy-
ing −𝜅𝑖𝐿 < 𝜅𝑖𝑅. Moreover, 𝜅𝑖𝐿, 𝜅𝑖𝑅, 𝜅̇𝑖𝐿, 𝜅̇𝑖𝑅, 𝜅̈𝑖𝐿 and 𝜅̈𝑖𝑅 are continuous
and bounded.

Remark 1. An intuitive example involving such deferred constraints is
that a mobile robot starts in a free-moving region for a period of time
(preassigned time) and then it enters a narrower region (constrained)
to avoid collisions. In addition, the preassigned time 𝑇𝑝 is irrelevant to
the designed controller parameters and initial conditions, which can be
set precisely in accordance with practical requirements.

Control Objective: Develop a DETM-based adaptive tracking control
scheme for the controlled stochastic system (1) such that: (i) all the
signals of the controlled system are implemented as SGUUB in the sense
of 4th moment. (ii) after the preassigned time 𝑇𝑝, all system states
strictly obey the pregiven boundary constraints and the tracking error
𝑒1 = 𝜁1 − 𝑦𝑟 converges to a prescribed region, where 𝑦𝑟 denotes the
tracking expectation signal.

Assumption 1. The tracking expectation signal 𝑦𝑟 and its 𝑖th-order
derivatives 𝑦(𝑖)𝑟 (𝑖 = 1,… , 𝑛) are piecewise continuous, known, and bou-
nded. In order to implement the full-state constraints, 𝑦𝑟 needs to satisfy
−𝜅1𝐿 < 𝑦𝑟 < 𝜅1𝑅 after the preassigned time 𝑇𝑝.

2.2. Stochastic systems theory

To introduce the definitions and theorems of stochastic nonlinear
systems, take the following general stochastic system into account:

𝑑𝜻 = 𝛷(𝜻)𝑑𝑡 + 𝛹 (𝜻)𝑑𝜔 (3)

where 𝜻 ∈ 𝑅𝑛 denotes the state vector, 𝜔 represents an independent
𝑟-dimensional standard Brownian motion. 𝛷 (⋅) ∶ 𝑅𝑛 → 𝑅𝑛 and 𝛹 (⋅) ∶
𝑅𝑛 → 𝑅𝑛×𝑟 are locally Lipschitz functions satisfying 𝛷 (𝟎) = 𝟎 ∈ 𝑅𝑛 and
𝛹 (𝟎) = 𝟎 ∈ 𝑅𝑛×𝑟.

Definition 1 ([44]). For any given 𝑉 (𝜻) with continuous second-order
partial derivative, 𝐿𝑉 (𝜻) denotes the differential operator of 𝑉 (𝜻)
relating to the stochastic system (3) and 𝑑𝑉 denotes the derivative of
𝑉 . 𝐿𝑉 and 𝑑𝑉 are defined as the following forms

𝐿𝑉 (𝜻) =
𝜕𝑉 (𝜻)
𝜕𝜻

𝛷(𝜻) + 1
2
𝑇 𝑟

{

𝛹T(𝜻)
𝜕2𝑉 (𝜻)
𝜕𝜻2

𝛹 (𝜻)
}

(4)

𝑑𝑉 (𝜻) = 𝐿𝑉 (𝜻) 𝑑𝑡 +
𝜕𝑉 (𝜻)
𝜕𝜻

𝛹 (𝜻)𝑑𝜔 (5)

where 𝑇 𝑟 {⋅} stands for the trace of ⋅.

Lemma 1 ([34]). For ∀∇ ∈ 𝑅 and 𝛿 > 0, one can get the inequality:
0 ≤ |∇| − ∇ tanh

(

∇
)

≤ 0.2785𝛿.
𝛿
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Lemma 2 ([42]). For the stochastic system (3), if there exists a positive
definite function 𝑉 (𝜻) ∈ 𝐶2, ∞ class functions 𝛶1 and 𝛶2, and real
umbers 𝑏 > 0 and 𝛯 > 0, such that the following two inequalities hold

1 (‖𝜻‖) ≤ 𝑉 (𝜻) ≤ 𝛶2 (‖𝜻‖)
𝐿𝑉 (𝜻) ≤ −𝑏𝑉 (𝜻) + 𝛯

(6)

fter that, the system (3) has a unique solution satisfying

[𝑉 (𝜻)] ≤ 𝑉
(

𝜻0
)

𝑒−𝑏𝑡 + 𝛯
𝑏

(7)

here 𝐸 [𝑉 (𝜻)] denotes the mathematical expectation of 𝑉 (𝜻).

Definition 2 ([42]). The trajectory {𝜻 (𝑡) , 𝑡 ≥ 0} of stochastic system
(3) is considered to be semi-globally uniformly ultimately bounded
(SGUUB) in the sense of 𝑝th moment, if for a compact set 𝛩 ∈ 𝑅𝑛 and
any initial state 𝜻

(

𝑡0
)

= 𝜻0 ∈ 𝛩, there exists a constant 𝜓 > 0 and a time
constant 𝑇𝑐 = 𝑇𝑐

(

𝜓, 𝜻0
)

such that 𝐸
(

‖𝜻 (𝑡)‖𝑝
)

< 𝜓 for any 𝑡 > 𝑡0 + 𝑇𝑐 .

2.3. Multi-dimensional Taylor network

As a neural network characterized by a simple structure, MTN
possesses effective nonlinear approximation capabilities. Given that
stochastic systems contain unknown nonlinear terms, MTN is utilized
to approximate these unknown terms as the following Lemma.

Lemma 3 ([15]). Assume 𝐻 (𝜻) ∶ 𝑅𝑛 → 𝑅 is a continuous nonlinear func-
tion which is defined on a compact set 𝛺, then for ∀𝜀̄ > 0, 𝐻 (𝜻) can be
approximated with the aid of 𝑾 T𝑆𝑚𝑛 (𝜻) as follows:

𝐻 (𝜻) = 𝑾 T𝑆𝑚𝑛 (𝜻) + 𝜀 (𝜻) , |𝜀 (𝜻)| ≤ 𝜀̄ (8)

where 𝑆𝑚𝑛 (𝜻) =
[

𝜁1, 𝜁2,… , 𝜁𝑛, 𝜁21 , 𝜁1𝜁2,… , 𝜁2𝑛 ,… , 𝜁𝑚1 ,… , 𝜁𝑚𝑛
]T ∈ 𝑅𝑘 rep-

resents the middle layer of MTN. 𝑾 =
[

𝑊1,𝑊2,… ,𝑊𝑘
]T ∈ 𝑅𝑘 and 𝜻 =

[

𝜁1, 𝜁2,… , 𝜁𝑛
]T ∈ 𝑅𝑛 stand for the weight vector and input vector of MTN,

respectively. 𝜀 (𝜻) ∈ 𝑅 represents the approximation error of MTN.

Remark 2. MTN is a network structure similar to radial basis function
neural network (RBFNN) [10]. In contrast to RBFNN, its structure is
simpler because polynomials are adopted instead of radial basis func-
tions in the middle layer of MTN. Moreover, MTN can realize the fast
approximation of nonlinear functions with less computation [17,18].

2.4. Dynamic event-triggered mechanism

The DETM is applied to reduce the communication burden in the
controller-to-actuator channel. Using the same design approach as [42],
the DETM is described as the following form

𝑢 (𝑡) = 𝜛
(

𝑡𝑘
)

,∀𝑡 ∈
[

𝑡𝑘, 𝑡𝑘+1
)

, 𝑘 ∈ 𝑍+ (9)

{

𝑡𝑘+1 = inf {𝑡 ‖ 𝜚 (𝑡) | ≥ 𝜄 + 𝜍}

𝜍̇ = −𝑎𝜍 + (𝜄 − |𝜚 (𝑡)|)
(10)

where 𝜄 and 𝑎 denote positive design constants. 𝜚 (𝑡) = 𝑢 (𝑡)−𝜛 (𝑡) is the
measurement error, and 𝜍 represents an internal dynamic variable.

Remark 3. The proposed DETM can be accurately triggered according
to the event-triggered condition, avoiding the waste of communication
resources. In contrast to ETM in [43], the DETM can extend the interval
between two adjacent events by a dynamically changing parameter,
resulting in greater conservation of communication resources [38].
3

3. Control design and stability analysis

3.1. Unified universal barrier function

In order to expand the choice of boundary functions, similar to [32],
an improved shifting function is constructed as follows:

𝑋𝑖 = 𝛽(𝑡)𝜁𝑖 + 𝜌(𝑡)𝜅𝑀𝑖 (11)

where 𝜅𝑀𝑖 =
1
2

(

𝜅𝑖𝑅 − 𝜅𝑖𝐿
)

represents the intermediate function consist-
ing of the upper function 𝜅𝑖𝑅 and the lower boundary function −𝜅𝑖𝐿.
Both 𝛽(𝑡) and 𝜌(𝑡) denote shifting functions defined as follows:

𝛽(𝑡) =

⎧

⎪

⎨

⎪

⎩

(

sin
(

𝜋𝑡
2𝑇𝑝

))𝑛
, 0 ≤ 𝑡 < 𝑇𝑝

1, 𝑡 ≥ 𝑇𝑝
(12)

(𝑡) =

⎧

⎪

⎨

⎪

⎩

(

𝑇𝑝−𝑡
𝑇𝑝

)(𝑛+1)
, 0 ≤ 𝑡 < 𝑇𝑝

0, 𝑡 ≥ 𝑇𝑝

(13)

where 𝑇𝑝 represents the preassigned time and 𝑛 denotes the amount of
ystem state variables.

Motivated by [26], to ensure all the states of the controlled system
1) satisfy different types of boundary constraints, a novel UUBF is
onstructed with the aid of the newly designed function 𝑋𝑖 in the
ollowing form

𝑖 =

(

𝜅𝑀𝑖 + 𝜅𝑖𝐿
) (

𝜅𝑖𝑅 − 𝜅𝑀𝑖
) (

𝑋𝑖 − 𝜅𝑀𝑖
)

(

𝑋𝑖 + 𝜅𝑖𝐿
) (

𝜅𝑖𝑅 −𝑋𝑖
) . (14)

.2. Coordinate transformation

A finite-time performance function in [45] as a funnel function is
ntroduced, which is specified as follows:

(𝑡) =

⎧

⎪

⎨

⎪

⎩

(

𝜑0 −
𝑡
𝑇𝑝

)

𝑒
1−

𝑇𝑝
𝑇𝑝−𝑡 + 𝜑1, 0 ≤ 𝑡 < 𝑇𝑝

𝜑1, 𝑡 ≥ 𝑇𝑝

(15)

where 𝑇𝑝 represents the preassigned time. 𝜑0 and 𝜑1 are positive design
constants.

In order to relax the constraints on the initial values and adjust the
tracking error more flexibly, the finite-time performance function 𝜑 and
the shift function 𝛽 are applied to co-design the novel deferred funnel
error transformation in the following form

𝜏1 =
𝛽𝑒1

√

𝜑2 −
(

𝛽𝑒1
)2

(16)

where 𝑒1 = 𝜁1 − 𝑦𝑟 denotes the tracking error.
To ease the subsequent design of Lyapunov functions, the coordinate

transformation with nonlinear mappings is presented as follows:
{

𝑍1 = 𝑆1

𝑍𝑖 = 𝑆𝑖 − 𝛼𝑖−1, 𝑖 = 2,… , 𝑛
(17)

where 𝑆1 = 𝛽𝜏1, 𝑆𝑖 = 𝛽𝛾𝑖, and 𝛼𝑖−1 will be defined in the process of
backstepping.

In view of Definition 1 and (11)–(17), it is not hard to obtain that
the following equations hold:

𝑑𝑒1 = 𝐹𝑒1𝑑𝑡 + 𝐺𝑒1𝑑𝜔 (18)

where 𝐹𝑒1 = 𝜁2 + 𝑓1
(

𝜻̄1
)

− 𝑦̇𝑟 and 𝐺𝑒1 = 𝑔T1
(

𝜻̄1
)

.

𝑑𝜏1 = 𝐹𝜏1𝑑𝑡 + 𝐺𝜏1𝑑𝜔 (19)

where 𝐹𝜏1 = 𝜕𝜏1
𝜕𝑒1
𝐹𝑒1 +

1
2
𝜕2𝜏1
𝜕𝑒21

𝐺T
𝑒1
𝐺𝑒1 +

𝜕𝜏1
𝜕𝑡 , 𝐺𝜏1 = 𝜕𝜏1

𝜕𝑒1
𝐺𝑒1 .

𝑑𝑋𝑖 =
(

𝛽𝜁𝑖+1 + 𝛽𝑓𝑖 + 𝛽̇𝜁𝑖 + 𝜌̇𝜅𝑀𝑖 + 𝜌𝜅̇𝑀𝑖
)

𝑑𝑡 +
(

𝛽𝑔T𝑖
)

𝑑𝜔
(20)
= 𝐹𝑋𝑖𝑑𝑡 + 𝐺𝑋𝑖𝑑𝜔
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where 𝐹𝑋𝑖 = 𝛽𝜁𝑖+1 + 𝛽𝑓𝑖 + 𝛽̇𝜁𝑖 + 𝜌̇𝜅𝑀𝑖 + 𝜌𝜅̇𝑀𝑖 and 𝐺𝑋𝑖 = 𝛽𝑔T𝑖 .

𝑑𝛾𝑖 = 𝐹𝛾𝑖𝑑𝑡 + 𝐺𝛾𝑖𝑑𝜔 (21)

where 𝐹𝛾𝑖 =
𝜕𝛾𝑖
𝜕𝑋𝑖

𝐹𝑋𝑖 +
1
2
𝜕2𝛾𝑖
𝜕𝑋2

𝑖
𝐺T
𝑋𝑖
𝐺𝑋𝑖 +

𝜕𝛾𝑖
𝜕𝑡 , 𝐺𝛾𝑖 =

𝜕𝛾𝑖
𝜕𝑋𝑖

𝐺𝑋𝑖 .

𝑆1 = 𝐹𝑆1𝑑𝑡 + 𝐺𝑆1𝑑𝜔 (22)

here 𝐹𝑆1 = 𝜕𝑆1
𝜕𝜏1
𝐹𝜏1 +

1
2
𝜕2𝑆1
𝜕𝜏21

𝐺T
𝜏1
𝐺𝜏1 +

𝜕𝑆1
𝜕𝑡 , 𝐺𝑆1 = 𝛽 𝜕𝑆1𝜕𝜏1

𝐺𝜏1 .

𝑑𝑆𝑖 = 𝐹𝑆𝑖𝑑𝑡 + 𝐺𝑆𝑖𝑑𝜔 (23)

where 𝑖 = 2,… , 𝑛 and 𝐹𝑆𝑖 =
𝜕𝑆𝑖
𝜕𝛾𝑖
𝐹𝛾𝑖 +

1
2
𝜕2𝑆𝑖
𝜕𝛾2𝑖

𝐺T
𝛾𝑖
𝐺𝛾𝑖 +

𝜕𝑆𝑖
𝜕𝑡 , 𝐺𝑆𝑖 = 𝛽 𝜕𝑆𝑖𝜕𝛾𝑖

𝐺𝛾𝑖 .
According to the nonlinear mapping relations in [46], the coordi-

nate transformation (17) and (22)–(23), the controlled system (1) can
be converted into the following new system

⎧

⎪

⎨

⎪

⎩

𝑑𝑆𝑖 =
(

𝑆𝑖+1 + 𝐹𝑆𝑖
)

𝑑𝑡 + 𝐺𝑆𝑖𝑑𝜔

𝑑𝑆𝑛 =
(

𝑢 + 𝐹𝑆𝑛
)

𝑑𝑡 + 𝐺𝑆𝑛𝑑𝜔
(24)

where 𝑖 = 1,… , 𝑛 − 1, 𝐹𝑆𝑖 = 𝐹𝑆𝑖 − 𝑆𝑖+1, and 𝐹𝑆𝑛 = 𝐹𝑆𝑛 − 𝑢.

3.3. DETM-based controller design and stability analysis

Step 1: The first candidate Lyapunov function is constructed as
follows:

𝑉1 =
1
4
𝑍4

1 + 1
2
𝑾̃ T

1𝜞
−1
1 𝑾̃ 1 (25)

where 𝜞 1 = 𝜞 T
1 > 0 stands for a constant matrix. 𝑾̂ 1 denotes the

estimate of unknown parameter 𝑾 1. 𝑾̃ 1 = 𝑾 1 − 𝑾̂ 1 represents the
parameter estimate error.

According to the coordinate transformation (17), we have 𝑍1 = 𝑆1
nd 𝑆2 = 𝑍2 + 𝛼1. Then, based on Definition 1 and (24)–(25), the
ifferential operator of 𝑉1 is given in the following form

𝑉1 = 𝑍3
1

(

𝑆2 + 𝐹𝑆1
)

+ 3
2
𝑍2

1𝐺
T
𝑆1
𝐺𝑆1 − 𝑾̃ T

1𝜞
−1
1

̇̂𝑾 1

= 𝑍3
1

(

𝑍2 + 𝛼1 + 𝐹𝑆1
)

+ 3
2
𝑍2

1𝐺
T
𝑆1
𝐺𝑆1 − 𝑾̃ T

1𝜞
−1
1

̇̂𝑾 1.
(26)

With the aid of Young’s inequality, it is not hard to obtain the
ollowing two inequalities hold

3
1𝑍2 ≤

3
4
𝑍4

1 + 1
4
𝑍4

2 (27)

3
2
𝑍2

1𝐺
T
𝑆1
𝐺𝑆1 ≤ 3

4𝑙21
𝑍4

1
‖

‖

‖

𝐺𝑆1
‖

‖

‖

4
+ 3

4
𝑙21 (28)

here 𝑙1 denotes a positive constant.
Substituting (27) and (28) into (26), one has

𝑉1 ≤ 𝑍3
1
(

𝛼1 +𝐻1
)

+ 1
4
𝑍4

2 + 3
4
𝑙21 − 𝑾̃ T

1𝜞
−1
1

̇̂𝑾 1 (29)

here 𝐻1 = 𝐹𝑆1 + 3
4𝑍1 + 3

4𝑙21
𝑍1

‖

‖

‖

𝐺𝑆1
‖

‖

‖

4
. Obviously, 𝐻1 cannot be

used to design controller because it contains unknown functions. By
introducing Lemma 3, MTN is employed to approximate the unknown
function 𝐻1. Specifically, for ∀𝜀̄1 > 0, there is a MTN as 𝑾 T

1𝑆𝑚1

(

𝒛1
)

,
such that

𝐻1 = 𝑾 T
1𝑆𝑚1

(

𝒛1
)

+ 𝜀1
(

𝒛1
)

, ||
|

𝜀1
(

𝒛1
)

|

|

|

≤ 𝜀̄1 (30)

where 𝒛1 =
[

𝑍1
]T. 𝜀1

(

𝒛1
)

represents the approximation error.
Using Young’s inequality again, one obtains

𝑍3
1𝜀1

(

𝒛1
)

≤ 3
4
𝑍4

1 + 1
4
𝜀̄41. (31)

Next, combining (30) and (31), (29) can be expressed in the follow-
ing form

𝐿𝑉1 ≤𝑍3
1

(

𝛼1 +𝑾 T
1𝑆𝑚1

)

+ 1
4
𝑍4

2 + 3
4
𝑍4

1

+ 3 𝑙2 − 𝑾̃ T𝜞 −1 ̇̂𝑾 + 1 𝜀̄4.
(32)
4

4 1 1 1 1 4 1
In order to achieve the proposed control objectives, the virtual
control signal 𝛼1 and the adaptive law ̇̂𝑾 1 are designed as

𝛼1 = −𝑐1𝑍1 −
3
4
𝑍1 − 𝑾̂ T

1𝑆𝑚1
(33)

̇̂
1 = 𝜞 1

(

𝑆𝑚1
𝑍3

1 − 𝜎1𝑾̂ 1

)

(34)

here 𝑐1 and 𝜎1 represent positive design constants.
Substituting (33)–(34) into (32), a new form of the differential

perator of 𝑉1 can be described as

𝑉1 ≤ −𝑐1𝑍4
1 + 1

4
𝑍4

2 + 1
4
𝜀̄41 +

3
4
𝑙21 + 𝜎1𝑾̃

T
1 𝑾̂ 1. (35)

Step 𝑖 (2 ≤ 𝑖 ≤ 𝑛 − 1): Construct the 𝑖th candidate Lyapunov function,
he specific form of which is as follows:

𝑖 = 𝑉𝑖−1 +
1
4
𝑍4
𝑖 +

1
2
𝑾̃ T

𝑖 𝜞
−1
𝑖 𝑾̃ 𝑖 (36)

here 𝜞 𝑖 = 𝜞 T
𝑖 > 0 stands for a constant matrix. 𝑾̂ 𝑖 denotes the

stimate of unknown parameter 𝑾 𝑖. 𝑾̃ 𝑖 = 𝑾 𝑖 − 𝑾̂ 𝑖 represents the
arameter estimate error.

According to the coordinate transformation (17), we have 𝑍𝑖 =
𝑖 − 𝛼𝑖−1 and 𝑆𝑖+1 = 𝑍𝑖+1 + 𝛼𝑖. Then, based on Definition 1 and (36),

he differential operator of 𝑉𝑖 can be expressed as

𝐿𝑉𝑖 =𝐿𝑉𝑖−1 +𝑍3
𝑖

(

𝑆𝑖+1 + 𝐹𝑆𝑖 − 𝐿𝛼𝑖−1
)

+ 3
2
𝑍2
𝑖 𝐺̄

T
𝑆𝑖
𝐺̄𝑆𝑖 − 𝑾̃ T

𝑖 𝜞
−1
𝑖

̇̂𝑾 𝑖

=𝐿𝑉𝑖−1 +𝑍3
𝑖

(

𝑍𝑖+1 + 𝛼𝑖 + 𝐹𝑆𝑖 − 𝐿𝛼𝑖−1
)

+ 3
2
𝑍2
𝑖 𝐺̄

T
𝑆𝑖
𝐺̄𝑆𝑖 − 𝑾̃ T

𝑖 𝜞
−1
𝑖

̇̂𝑾 𝑖

(37)

here 𝐺̄𝑆𝑖 = 𝐺𝑆𝑖−
∑𝑖−1
𝑗=1

𝜕𝛼𝑖−1
𝜕𝑆𝑗

𝐺𝑆𝑗 , 𝐿𝛼𝑖−1 =
∑𝑖−1
𝑗=1

𝜕𝛼𝑖−1
𝜕𝑾̂ 𝑗

̇̂𝑾 𝑗+
∑𝑖−1
𝑗=0

𝜕𝛼𝑖−1
𝜕𝜌(𝑗) 𝜌

(𝑗+1)

+
∑𝑖−1
𝑗=0

𝜕𝛼𝑖−1
𝜕𝛽(𝑗) 𝛽

(𝑗+1) + 1
2
∑𝑖−1
𝑝,𝑞=1

𝜕2𝛼𝑖−1
𝜕𝑆𝑝𝜕𝑆𝑞

𝐺T
𝑆𝑝
𝐺𝑆𝑞 +

∑𝑖−1
𝑗=1

𝜕𝛼𝑖−1
𝜕𝑆𝑗

(

𝑆𝑗+1 + 𝐹𝑆𝑗
)

.
Similar to (27)–(28), with the aid of Young’s inequality, it is not

ard to obtain the following inequality holds

𝑉𝑖 ≤ 𝐿𝑉𝑖−1 +𝑍3
𝑖
(

𝛼𝑖 +𝐻𝑖
)

+ 1
4
𝑍4
𝑖+1 +

3
4
𝑙2𝑖 − 𝑾̃ T

𝑖 𝜞
−1
𝑖

̇̂𝑾 𝑖 (38)

where 𝑙𝑖 denotes a positive constant, 𝐻𝑖 = 𝐹𝑆𝑖 +
3
4𝑍𝑖 +

3
4𝑙2𝑖
𝑍𝑖

‖

‖

‖

𝐺̄𝑆𝑖
‖

‖

‖

4
−

𝛼𝑖−1. Since 𝐻𝑖 contains unknown nonlinear terms, it will be approxi-
ated with the help of MTN. Specifically, for ∀𝜀̄2 > 0, there is a MTN

s 𝑾 T
𝑖 𝑆𝑚𝑖

(

𝒛𝑖
)

, such that

𝑖 = 𝑾 T
𝑖 𝑆𝑚𝑖

(

𝒛𝑖
)

+ 𝜀𝑖
(

𝒛𝑖
)

, ||
|

𝜀𝑖
(

𝒛𝑖
)

|

|

|

≤ 𝜀̄𝑖 (39)

where 𝒛𝑖 =
[

𝑍1,… , 𝑍𝑖
]T. 𝜀𝑖

(

𝒛𝑖
)

represents the approximation error.
Using Young’s inequality again, one has

𝑍3
𝑖 𝜀𝑖

(

𝒛𝑖
)

≤ 3
4
𝑍4
𝑖 +

1
4
𝜀̄4𝑖 . (40)

By combining (39) and (40), (38) can be described as

𝐿𝑉𝑖 ≤𝐿𝑉𝑖−1 +𝑍3
𝑖

[

𝛼𝑖 +𝑾 T
𝑖 𝑆𝑚𝑖

]

+ 1
4
𝑍4
𝑖+1 +

3
4
𝑍4
𝑖

+ 1
4
𝜀̄4𝑖 +

3
4
𝑙2𝑖 − 𝑾̃ T

𝑖 𝜞
−1
𝑖

̇̂𝑾 𝑖.
(41)

In order to achieve the proposed control objectives, the virtual
ontrol signal 𝛼𝑖 and the adaptive law ̇̂𝑾 𝑖 are designed in the following
orms

𝑖 = −(𝑐𝑖 + 1)𝑍𝑖 − 𝑾̂ T
𝑖 𝑆𝑚𝑖 (42)

̇̂
𝑖 = 𝜞 𝑖

(

𝑆𝑚𝑖𝑍
3
𝑖 − 𝜎𝑖𝑾̂ 𝑖

)

(43)

here 𝑐𝑖 and 𝜎𝑖 represent positive design constants.
Substituting (42)–(43) into (41), a new form of the differential

perator of 𝑉𝑖 can be described as

𝑉𝑖 ≤ −
𝑖

∑

𝑐𝑗𝑍
4
𝑗 +

𝑖
∑

𝜎𝑗𝑾̃
T
𝑗 𝑾̂ 𝑗 +

1
4
𝑍4
𝑖+1 +

𝑖
∑

( 1
4
𝜀̄4𝑗 +

3
4
𝑙2𝑗
)

. (44)

𝑗=1 𝑗=1 𝑗=1
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Step n: Construct the last candidate Lyapunov function, the specific
form of which is as follows:

𝑉𝑛 = 𝑉𝑛−1 +
1
4
𝑍4
𝑛 +

1
2
𝑾̃ T

𝑛𝜞
−1
𝑛 𝑾̃ 𝑛 (45)

where 𝜞 𝑛 = 𝜞 T
𝑛 > 0 stands for a constant matrix. 𝑾̂ 𝑛 denotes the

estimate of unknown parameter 𝑾 𝑛. 𝑾̃ 𝑛 = 𝑾 𝑛 − 𝑾̂ 𝑛 represents the
parameter estimate error.

By taking a similar approach as in (37) and combining (45), the
differential operator of 𝑉𝑛 can be indicated as

𝐿𝑉𝑛 =𝐿𝑉𝑛−1 +𝑍3
𝑛

(

𝑢 + 𝐹𝑆𝑛 − 𝐿𝛼𝑛−1
)

+ 3
2
𝑍2
𝑛 𝐺̄

T
𝑆𝑛
𝐺̄𝑆𝑛 − 𝑾̃ T

𝑛𝜞
−1
𝑛

̇̂𝑾 𝑛

(46)

where 𝐺̄𝑆𝑛 = 𝐺𝑆𝑛 −
∑𝑛−1
𝑗=1

𝜕𝛼𝑛−1
𝜕𝑆𝑗

𝐺𝑆𝑗 , 𝐿𝛼𝑛−1 =
∑𝑛−1
𝑗=1

𝜕𝛼𝑛−1
𝜕𝑾̂ 𝑗

̇̂𝑾 𝑗 +
∑𝑛−1
𝑗=0

𝜕𝛼𝑛−1
𝜕𝛽(𝑗)

𝛽(𝑗+1)+ 1
2
∑𝑛−1
𝑖,𝑗=1

𝜕2𝛼𝑛−1
𝜕𝑆𝑖𝜕𝑆𝑗

𝐺T
𝑆𝑖
𝐺𝑆𝑗+

∑𝑛−1
𝑗=0

𝜕𝛼𝑛−1
𝜕𝜌(𝑗) 𝜌

(𝑗+1)+
∑𝑛−1
𝑗=1

𝜕𝛼𝑛−1
𝜕𝑆𝑗

(

𝑆𝑗+1 + 𝐹𝑆𝑗
)

.
By taking a similar approach as in (28) and combining with (46),

one has

𝐿𝑉𝑛 ≤ 𝐿𝑉𝑛−1 +𝑍3
𝑛
(

𝑢 +𝐻𝑛
)

+ 3
4
𝑙2𝑛 − 𝑾̃ T

𝑛𝜞
−1
𝑛

̇̂𝑾 𝑛 (47)

where 𝑙𝑛 denotes a positive constant. 𝐻𝑛 = 𝐹𝑆𝑛 +
3
4𝑙2𝑛
𝑍𝑛

‖

‖

‖

𝐺̄𝑆𝑛
‖

‖

‖

4
−𝐿𝛼𝑛−1.

Since 𝐻𝑖 contains unknown nonlinear terms, it will be approximated
with the aid of MTN. Specifically, for ∀𝜀̄𝑛 > 0, there is a MTN as
𝑾 T

𝑛𝑆𝑚𝑛
(

𝒛𝑛
)

, such that

𝐻𝑛 = 𝑾 T
𝑛𝑆𝑚𝑛

(

𝒛𝑛
)

+ 𝜀𝑛
(

𝒛𝑛
)

, ||
|

𝜀𝑛
(

𝒛𝑛
)

|

|

|

≤ 𝜀̄𝑛 (48)

where 𝒛𝑛 =
[

𝑍1,… , 𝑍𝑛
]T. 𝜀𝑛

(

𝒛𝑛
)

represents the approximation error.
By taking a similar approach as in (40) and combining with (47)–

(48), one has

𝐿𝑉𝑛 ≤𝐿𝑉𝑛−1 +𝑍3
𝑛

[

𝑢 +𝑾 T
𝑛𝑆𝑚𝑛

]

+ 3
4
𝑍4
𝑛

+ 3
4
𝑙2𝑛 − 𝑾̃ T

𝑛𝜞
−1
𝑛

̇̂𝑾 𝑛 +
1
4
𝜀̄4𝑛.

(49)

By substituting the inequality (44) into (49), we have

𝐿𝑉𝑛 ≤ −
𝑛−1
∑

𝑗=1
𝑐𝑗𝑍

4
𝑗 +

𝑛−1
∑

𝑗=1
𝜎𝑗𝑾̃

T
𝑗 𝑾̂ 𝑗 +

𝑛
∑

𝑗=1

( 1
4
𝜀̄4𝑗 +

3
4
𝑙2𝑗
)

+ 𝑍4
𝑛 +𝑍

3
𝑛𝑢 +𝑍

3
𝑛𝑾

T
𝑛𝑆𝑚𝑛 − 𝑾̃ T

𝑛𝜞
−1
𝑛

̇̂𝑾 𝑛.

(50)

In an effort to save the communication resources, the DETM is
considered to be applied between the controller and the actuator. Com-
bining the DETM (9)–(10), the virtual control signal 𝛼𝑛, the adaptive
law ̇̂𝑾 𝑛 and 𝜛 (𝑡) are designed as follows:

𝛼𝑛 = −(𝑐𝑛 + 1)𝑍𝑛 − 𝑾̂ T
𝑛𝑆𝑚𝑛 (51)

̇̂𝑾 𝑛 = 𝜞 𝑛

(

𝑆𝑚𝑛𝑍
3
𝑛 − 𝜎𝑛𝑾̂ 𝑛

)

(52)

𝜛 (𝑡) = 𝛼𝑛 − (𝜄 + 𝜍) tanh

(

𝑍3
𝑛 (𝜄 + 𝜍)
𝛿

)

(53)

where 𝑐𝑛, 𝛿 and 𝜎𝑛 are positive design constants. 𝜄 and 𝜍 are already
defined in (10).

According to the DETM (9)–(10), for ∀𝑡 ∈
[

𝑡𝑘, 𝑡𝑘+1
)

, we have |𝜚 (𝑡)| =
|𝑢 (𝑡) −𝜛 (𝑡)| < 𝜄+𝜍 ≤ |𝜄 + 𝜍|. Based on (51)–(53) and Lemma 1, one has

𝑍3
𝑛𝑢 ≤ 𝑍3

𝑛 [|𝑢 −𝜛 (𝑡)| +𝜛 (𝑡)]

≤ |

|

|

𝑍3
𝑛 (𝜄 + 𝜍)

|

|

|

−𝑍3
𝑛 (𝜍 + 𝜄) tanh

(

𝑍3
𝑛 (𝜍 + 𝜄)
𝛿

)

+𝑍3
𝑛𝛼𝑛

≤ 0.2785𝛿 − (𝑐𝑛 + 1)𝑍4
𝑛 −𝑍

3
𝑛𝑾̂

T
𝑛𝑆𝑚𝑛 .

(54)
5

Fig. 1. The block diagram of control process.

By substituting (52) and (54) into (50), a new form of the differen-
tial operator of 𝑉𝑛 can be indicated as

𝐿𝑉𝑛 ≤ −
𝑛
∑

𝑗=1
𝑐𝑗𝑍

4
𝑗 +

𝑛
∑

𝑗=1
𝜎𝑗𝑾̃

T
𝑗 𝑾̂ 𝑗 +

𝑛
∑

𝑗=1

( 1
4
𝜀̄4𝑗 +

3
4
𝑙2𝑗
)

+ 0.2785𝛿. (55)

With a view to improving the clarity, the block diagram of control
process is shown in Fig. 1.

Theorem 1. For the controlled stochastic system (1) with dynamic event-
triggered mechanism (9)–(10), if Assumption 1 is satisfied, let the virtual
control laws be designed as (33), (42) and (51), and the adaptive laws be
chosen as (34), (43) and (52), it holds

(i) All signals of the controlled system (1) realize the SGUUB in the sense
of 4th moment.

(ii) After the preassigned time 𝑇𝑝, all states adhere to the constraint
boundary conditions no matter what the initial value conditions are, and
the tracking error satisfies the pregiven performance constraints.

(iii) The Zeno phenomenon does not happen.

Proof. At first, the Lyapunov function is selected as

𝑉 = 𝑉𝑛 =
𝑛
∑

𝑗=1

( 1
4
𝑍4
𝑗 +

1
2
𝑾̃ T

𝑗 𝜞
−1
𝑗 𝑾̃ 𝑗

)

. (56)

(i) According to (56), one has 𝐿𝑉 = 𝐿𝑉𝑛. By using Young’s inequal-
ity, the term ∑𝑛

𝑗=1 𝜎𝑗𝑾̃
T
𝑗 𝑾̂ 𝑗 in (55) can be expressed as

𝑛
∑

𝑗=1
𝜎𝑗𝑾̃

T
𝑗 𝑾̂ 𝑗 ≤ −

𝑛
∑

𝑗=1

𝜎𝑗

2𝜆max

(

𝜞 −1
𝑗

) 𝑾̃ T
𝑗 𝜞

−1
𝑗 𝑾̃ 𝑗 +

1
2

𝑛
∑

𝑗=1
𝜎𝑗
‖

‖

‖

𝑾 𝑗
‖

‖

‖

2
(57)

where 𝜆max

(

𝜞 −1
𝑗

)

represents the maximum eigenvalue of 𝜞 −1
𝑗 .

Clearly, by substituting (57) into (55) and considering the definition
of 𝑉 in (56), the differential operator of 𝑉 can be described in the
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following form

𝐿𝑉 ≤−
𝑛
∑

𝑗=1
𝑐𝑗𝑍

4
𝑗 −

1
2

𝑛
∑

𝑗=1

𝜎𝑗

𝜆max

(

𝜞 −1
𝑗

) 𝑾̃ T
𝑗 𝜞

−1
𝑗 𝑾̃ 𝑗 +

1
2

𝑛
∑

𝑗=1
𝜎𝑗
‖

‖

‖

𝑾 𝑗
‖

‖

‖

2

+
𝑛
∑

𝑗=1

( 1
4
𝜀̄4𝑗 +

3
4
𝑙2𝑗
)

+ 0.2785𝛿

≤ − 𝑏𝑉 + 𝛯

(58)

where 𝑏 = min
{

4𝑐𝑖, 𝜎𝑖∕
(

𝜆max
(

𝜞 −1
𝑖
))

, 𝑖 = 1,… , 𝑛
}

, 𝛯 =
∑𝑛
𝑗=1

(

1
4 𝜀̄

4
𝑗 +

3
4 𝑙

2
𝑗

)

+ 0.2785𝛿 + 1
2
∑𝑛
𝑗=1 𝜎𝑗

‖

‖

‖

𝑾 𝑗
‖

‖

‖

2
.

According to (58) and Lemma 2, we have

𝐸 [𝑉 ] ≤ 𝑉 (𝟎)𝑒−𝑏𝑡 + 𝛯
𝑏

≤ 𝑉 (𝟎) + 𝛯
𝑏
. (59)

where 𝑉 (𝟎) =
∑𝑛
𝑗=1

[

1
4𝑍

4
𝑗 (𝟎) +

1
2 𝑾̃

T
𝑗 (𝟎)𝜞

−1
𝑗 𝑾̃ 𝑗 (𝟎)

]

.
Based on (56) and (59), we get

𝑛
∑

𝑖=1
𝐸
[

‖

‖

𝑍𝑖‖‖
4
]

≤ 4𝐸 [𝑉 (𝟎)] + 4𝛯
𝑏
. (60)

Therefore, according to Lemma 2 and Definition 2, it is not difficult
to conclude that all signals of the controlled system (1) realize the
SGUUB attribute in the sense of 4th moment.

(ii) Based on (60) and 𝑍1 = 𝑆1, one has

𝐸
[

‖

‖

𝑆1
‖

‖

2
]

≤
√

4𝐸 [𝑉 (0)] + 4𝛯
𝑏
. (61)

When 𝑡 ≥ 𝑇𝑝, 𝛽(𝑡) = 1, based on (16), we can obtain 𝐸
[

‖

‖

𝑒1‖‖
]

≤ |𝜑|.
This shows that the tracking error 𝑒1 satisfies the pregiven performance
constraints. Moreover, using the similar analysis in [28], it can be
proved all states adhere to the constraint boundary conditions after the
preassigned time 𝑇𝑝.

(iii) It needs to be proved that for ∀𝑘 ∈ 𝑍+, there exists a time
constant 𝑡∗ > 0 such that

{

𝑡𝑘+1 − 𝑡𝑘
}

≥ 𝑡∗. From (53), 𝜛̇ (𝑡) is a
continuous and bounded function, so there exists a positive constant
𝑣 > 0 which makes |𝜛̇ (𝑡)| ≤ 𝑣. Based on 𝜚 (𝑡) = 𝜛 (𝑡) − 𝑢 (𝑡), we
can get 𝑑𝜚(𝑡)

𝑑𝑡 ≤ |𝜚̇ (𝑡)| ≤ |𝜛̇ (𝑡)| ≤ 𝑣. By considering 𝜚
(

𝑡𝑘
)

= 0 and
lim𝑡→𝑡𝑘+1𝜚 (𝑡) = 𝜍 + 𝜄 > 0, we know that the lower bound of the inter-
execution interval 𝑡∗ must satisfy 𝑡𝑘+1 − 𝑡𝑘 ≥ 𝑡∗ = (𝜍 + 𝜄) ∕𝑣. As a result,
the Zeno phenomenon is successfully prevented.

As shown above, the proof of Theorem 1 is completed.

4. Simulation example

To verify the merits of the proposed control scheme, a numerical
simulation example and a practical simulation example are taken into
account in the section.

Example 1. Consider a second-order stochastic system with the follow-
ing mathematical expression:

⎧

⎪

⎨

⎪

⎩

𝑑𝜁1 =
(

𝜁2 − 0.1 sin
(

𝜁21
))

𝑑𝑡 + 0.1 sin(𝜁1)𝑑𝜔

𝑑𝜁2 = (𝑢 − 𝜁21 − 0.1 sin(𝜁2))𝑑𝑡 + 0.01 sin(𝜁1𝜁2)𝑑𝜔

𝑦 = 𝜁1

(62)

In the simulation, the expectation signal is chosen as 𝑦𝑟 = 0.5 sin(𝑡)−
1. The initial state values are chosen as 𝜁1(0) = 0 and 𝜁2(0) = 0.
The preassigned time is selected as 𝑇𝑝 = 3. All design parameters are
assigned as 𝑐1 = 10, 𝑐2 = 5, 𝛤1 = 7𝑰5, 𝛤2 = 2𝑰9, 𝑎 = 0.3, 𝜄 = 0.1, 𝜎1 = 11,
𝜎2 = 10, 𝛿 = 3, 𝜑0 = 9.5 and 𝜑1 = 0.2.

The simulation results are presented in Table 1 and Figs. 2–6.
As can be seen from Table 1, the number of triggered events for
DETM is less than that for ETM in [43], which indicates DETM can
save communication resources more effectively. Fig. 2 displays the
trajectories of system outputs and the tracking errors under two types
of ETMs. It is apparent that DETM and ETM in [43] achieve similar
6

Table 1
Comparison of two ETMs.

t = 20 t = 30 t = 35

DETM 1905 2666 3016
ETM in [43] 2429 3778 4351

Fig. 2. System outputs and tracking errors under two ETMs.

Fig. 3. The trajectory of 𝜁2 with DETM.

tracking effects. Specifically, the output signals 𝜁1 with DETM and
ETM in [43] both satisfy the given asymmetric time-varying constraints
after the preassigned time 𝑇𝑝, while their initial values violate the
given constraints. Additionally, the tracking errors satisfy the pregiven
performance constraint. Fig. 3 illustrates the trajectory of system state
𝜁2, which shows that 𝜁2 satisfies the given symmetric time-varying con-
straints after the preassigned time 𝑇𝑝. Fig. 4 displays the variation of the
dynamic parameter 𝜍 under DETM. Fig. 5 shows that the time interval
between events with DETM is greater than zero, which confirms that
Zeno behavior has been effectively avoided. In addition, the control
signals 𝑢(𝑡) and 𝜛(𝑡) with DETM are plotted in Fig. 6.

Example 2. To further substantiate the efficacy and applicability of
the proposed control scheme, the single-link robot arm system [47] is
considered.
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Fig. 4. The trajectory of 𝜍 with DETM.

Fig. 5. Time interval of triggering events with DETM.

Fig. 6. The controller 𝜛(𝑡) and actuator 𝑢(𝑡) with DETM.

The dynamic model of the single-link robot arm system is shown as
follows:

𝑅𝑞 +𝐷𝑞̇ +𝑀𝑙𝑔 sin(𝑞) = 𝑢 (63)
7

Fig. 7. The trajectories of system states with deferred constraints.

Fig. 8. The tracking error with performance constraints.

where 𝑞, 𝑞̇ and 𝑞 denote the link angular displacement, velocity and
acceleration, respectively. 𝑢 denotes the system input, 𝑅 represents
the torque of inertia. 𝐷 and 𝑔 are the damping coefficient and the
acceleration of gravity, respectively. 𝑙 and 𝑀 denote the link length
and the object mass, respectively.

Since stochastic noise is unavoidable in real-world situations, the
single-link robot systems with stochastic perturbations is taken into
consideration. Define 𝜁1 = 𝑞 and 𝜁2 = 𝑞̇, (63) can be converted into
the following system:

⎧

⎪

⎨

⎪

⎩

𝑑𝜁1 = 𝜁2𝑑𝑡

𝑑𝜁2 = 𝑅−1(𝑢 −𝐷𝜁2 −𝑀𝑙𝑔 sin(𝜁1))𝑑𝑡 + 𝑔2𝑑𝜔

𝑦 = 𝜁1

(64)

where 𝑔2 = 𝜁1𝜁2. 𝑅 = 1 𝑘𝑔⋅𝑚2, 𝑔 = 10𝑁∕𝑘𝑔. 𝐷, 𝑀 and 𝑙 denote unknown
design parameters.

In the simulation, the expectation signal is chosen as 𝑦𝑟 = 0.5 sin(𝑡)+
1. The initial state values are chosen as 𝜁1(0) = 0 and 𝜁2(0) = 0.
The preassigned time is selected as 𝑇𝑝 = 3. All design parameters are
assigned as 𝑐1 = 20, 𝑐2 = 5, 𝛤1 = 7𝑰5, 𝛤2 = 7𝑰9, 𝑎 = 0.3, 𝑀 = 1, 𝐷 = 0.5,
𝑙 = 0.1, 𝜄 = 0.1, 𝜎1 = 11, 𝜎2 = 10, 𝛿 = 3, 𝜑0 = 9.5 and 𝜑1 = 0.2.

The simulation results are presented in Figs. 7–10. From Fig. 7, it is
easy to known that all of the system states violate the given constraints
when 𝑡 ∈

[

0, 𝑇𝑝
)

and they satisfy the given time-varying constraints
after the preassigned time 𝑇 . Fig. 8 shows the tracking error 𝑒 meets
𝑝 1
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Fig. 9. The trajectory of 𝜍 and time interval of triggering events.

Fig. 10. The controller 𝜛(𝑡) and actuator 𝑢(𝑡).

the pregiven performance constraint, which also implies a satisfactory
tracking result is obtained. Fig. 9 demonstrates the variation of the dy-
namic parameter 𝜍 and the time interval between events is greater than
zero, which confirms that Zeno behavior has been avoided successfully.
Fig. 10 displays the trajectories of control signals 𝑢(𝑡) and 𝜛(𝑡).

Remark 4. In the two simulation examples in this article, the deferred
symmetric and asymmetric full-state time-varying constraints on the
stochastic system are considered. There are three types of the state
boundary functions that are considered, they are all positive, one
positive and one negative, and all negative Moreover, satisfactory sim-
ulation results are obtained, which means the control scheme proposed
in this article is effective.

5. Conclusion

In this article, a DETM-based adaptive tracking control scheme has
been proposed for stochastic nonlinear systems with deferred time-
varying constraints. Firstly, the novel UUBF and deferred funnel error
transformation have been developed to deal with different types of state
constraints and adjust the tracking error, respectively. The unknown
nonlinear terms have been approximated with the use of MTN. The
DETM has been introduced to design controller, which can ensure
that all the signals of the controlled system are SGUUB in the sense
of 4th moment while conserving more communication resources. The
proposed control scheme can achieve that all system states strictly obey
8

the pregiven boundary constraints and the tracking error converges to a
prescribed region after the preassigned time. Moreover, the preassigned
time can be set according to practical requirements. Two simulation
examples have verified the effectiveness and wide applicability of
the proposed control scheme. For future investigation, more efforts
can be made in prescribed-time output-feedback control for stochastic
nonlinear multiagent systems with deferred constraints.
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