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Abstract. An adaptive non-intrusive multi-fidelity reduced basis method for parame-

terized partial differential equations is developed. Based on snapshots with different

fidelity, the method reduces the number of high-fidelity snapshots in the regression

model training and improves the accuracy of reduced-order model. One can employ the

reduced-order model built on the low-fidelity data to adaptively identify the important

parameter values for the high-fidelity evaluations under a given tolerance. The multi-

fidelity reduced basis is constructed based on the high-fidelity snapshot matrix and the

singular value decomposition of the low-fidelity snapshot matrix. Coefficients of such

multi-fidelity reduced basis are determined by projecting low-fidelity snapshots on the

low-fidelity reduced basis and using the Gaussian process regression. The projection

method is more accurate than the regression method, but it requires low-fidelity snap-

shots. The regression method trains the Gaussian process regression only once but with

slightly lower accuracy. Numerical tests show that the proposed multi-fidelity method

can improve the accuracy and efficiency of reduced-order models.

AMS subject classifications: 65M10, 78A48

Key words: Multi-fidelity method, non-intrusive, reduced-order model, Gaussian process regres-
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1. Introduction

Mathematical models described by parameterized partial differential equations (PDEs)

attract substantial attention as substitutes for physical experiments in many scientific and

engineering applications. Meanwhile, there are applications — e.g. uncertainty quantifi-

cation and optimization design, which involve numerous evaluations of PDEs with differ-

ent parameter values. However, the direct solution of large-scale systems is challenging

work because of high computational costs and storage limitations. Therefore, constructing
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reduced-order models (ROMs) which provide an accurate and efficient approximation of

the corresponding full-order models has become an important task — cf. [20,30,38,39].

Here we focus on a very popular method in reduced-order modeling — viz. the reduced

basis method (RBM) [4,6,9,11,45,50]. Generally, RBM can be split into offline and online

stages. In the offline stage, reduced basis functions are extracted from given high-fidelity

snapshots by various reduction tools such as the proper orthogonal decomposition (POD)

[3, 28]. In the online stage, the reduced order solution for a new parameter value can

be restored by a linear combination of reduced bases. Therefore, an ideal selection of the

reduced basis must satisfy the condition that the space expanded by the reduced basis is

an accurate approximation to the solution space. Once a reduced basis is constructed,

a classical intrusive approach — e.g. the Galerkin projection method, is often employed

to determine the reduced coefficients [10,22,25,41]. However, the intrusive methods are

equation-dependent and the use of source codes is usually prohibited. Besides, the ROM

approximation of nonlinear problems is not always stable [27]. Therefore, non-intrusive

methods have been developed in different research areas [2,13,17,18,21,35,47].

The non-intrusive methods are equation-free data-driven approaches such that the gov-

erning equations are treated as black boxes. In these methods, the reduced coefficients are

computed by interpolation or regression methods. In particular, Gaussian process regres-

sion (GPR) [15,17,18,47] and artificial neural networks [13,21] are ones of the most used

regression methods, which perform well in reduced-order modeling. In these works, the

mapping from the parameter space to the reduced coefficients is built by using high-fidelity

data alone. However, in order to obtain acceptable results such an approach requires a large

amount of high-fidelity data and requires heavy computational time. To mitigate this is-

sue, many multi-fidelity models have been developed [23,24,29,31–33,37,40,49,51,53].

They are based on the fact that low-fidelity models are less accurate, but contain large-scale

structures of the system. Therefore, one can reduce the requirement of high-fidelity data

by using multi-fidelity data in reduced-order modeling. Thus, Kast et al. [23] proposed

a multi-fidelity ROM based on a multi-fidelity GPR [5] with inputs from different levels of

accuracy. The low-fidelity data are assimilated via an interpolation approach inspired by bi-

fidelity reconstruction [33], which is a linear combination of high-fidelity snapshots. Lu and

Zhu [29] presented a bi-fidelity data-assisted neural network in reduced-order modeling.

The method generated the high-fidelity reduced basis using POD and learnt the high-fidelity

reduced coefficients using a shallow multi-layer perception by incorporating the features

extracted from the low-fidelity data as the input features. A multi-fidelity approach applied

to physics-informed neural networks was proposed in [37].

We note that the finding of appropriate parameters is the key step in the construction

of multi-fidelity ROMs since it can enhance the accuracy and efficiency. However, the tra-

ditional sampling methods of reduced-order modeling require a large number of sample

points, especially in the case of high-dimensional parameter spaces. Therefore, it is im-

portant to establish a sampling method that can identify the important parameter values.

The greedy sampling methods were introduced in [8, 14, 16, 19, 44, 44], where important

parameter values have been sequentially selected from the parameters enabling the largest

error of the ROM. Xiao et al. [46] used the sparse grid to generate important samples.
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In the adaptive POD model [52], the samples were selected adaptively with the goal of

minimizing error in the concerned area.

The aim of this paper is to develop an adaptive multi-fidelity reduced basis model us-

ing a certain amount of low-fidelity data coupled with a few high-fidelity data. Different

from the bi-fidelity reconstruction in [33], we do not directly select high-fidelity snapshots

as the bases. Instead, we minimize the error indicator computed by low-fidelity ROM to

adaptively select relatively important parameter values and construct a multi-fidelity re-

duced basis based on POD. In order to ensure that the low-fidelity reduced basis repre-

sent all low-fidelity snapshots as accurately as possible, an iterative sampling method is

first proposed to identify the important parameter values. High-fidelity snapshots are then

generated at the selected important parameter values, and a multi-fidelity reduced-basis

is obtained by coupling the low-fidelity ROM and the high-fidelity snapshots. The corre-

sponding combination coefficients are the same as those computed by the projection of

the low-fidelity snapshot onto the space of the low-fidelity reduced-basis. This allows us

to compute them efficiently due to the orthogonality of low-fidelity reduced-basis. At the

online stage, we provide two strategies to recover the combination coefficients. On the one

hand, we can compute them just by projecting the low-fidelity data at a given new parame-

ter onto the low-fidelity reduced-basis. On the other hand, one can use a GPR model which

is trained on the data from the low-fidelity snapshots to approximate them for a given new

parameter. Although the projection method is more accurate than the regression method,

it requires low-fidelity snapshots. The regression method only needs to train the GPR only

once, but with slightly lower accuracy. The numerical results demonstrate that the proposed

multi-fidelity method can provide an accurate and efficient ROM by using an amount of low-

fidelity data coupled with a few relatively important high-fidelity data. The reduced-order

solution can be recovered by the mentioned multi-fidelity reduced-basis model with accept-

able accuracy. Moreover, we demonstrate that the method can be effective in alleviating

the demand for abundant high-fidelity snapshots.

This paper is organized as follows. In Section 2, we introduce the problem. A non-

intrusive RBM combining the POD and GPR is described in Section 3. In Section 4, we

study an adaptive multi-fidelity reduced basis method and then compare it with the single-

fidelity regression model in Section 5. Finally, we draw conclusions in Section 6.

2. Problem Description

The parameterized PDEs considered in this work has the following form:

∂Q(x , t;µ)

∂ t
+N
�

Q(x , t;µ)
�

+L
�

Q(x , t;µ)
�

= 0, (x , t,µ) ∈ Ω× [0, T ]×P , (2.1)

where Q(x , t;µ) is the system solution, Ω ⊂ Rd is the spatial space, µ denotes the param-

eter vector from the parameter space P ⊂ Rm, and N and L are nonlinear and linear

differential operators. Note that for steady-state problems, the Eq. (2.1) does not depend

on the time.
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We are interested in developing a non-intrusive ROM for the system (2.1), which would

use a certain amount of low-fidelity data coupled with high-fidelity data. The fidelity of the

model for the system represented by this equation is defined by a discretization scheme

in spatial domain. Generally, for a fixed numerical approach, a fine discretization scheme

represents a high-fidelity model, while a coarse discretization scheme denotes a low-fidelity

model. Assume that Qh(t,µ) ∈ R
Nh and Ql(t,µ) ∈ R

Nl respectively represent the high- and

low-fidelity solutions of the Eq. (2.1). It is also assumed that Nl ≪ Nh and the number

of high-fidelity simulations needed in the reduced-order model is as small as possible. To

this end, we have to combine the information extracted from the low-fidelity model and

selected high-fidelity data in the reduced-order modeling. The detailed procedure of this

approach is described below.

Remark 2.1. In the cases of time-dependent problems, the time t is taken as an additional

parameter. For the sake of simplicity, we still use µ to denote the combination of parameters

and time. The discrete solution of the system is denoted by Qh(µ) or Ql(µ), whereµ belongs

to P for steady-state problems and to [0, T ]×P for time-dependent problems.

3. A Data-Driven RBM

To set the stage for the later discussion, we briefly review a data-driven RBM based on

the POD and GPR methods, where POD is used to extract the reduced basis from a set of

high-fidelity snapshots, and GPR is employed to approximate the corresponding reduced

coefficients. With this method, one can obtain the following ROM:

Qh (µ) ≈

n
∑

i=1

αi (µ)ψi = Vhαh (µ) ,

whereψi ∈ RNh is the reduced basis vector, Vh is a matrix with the reduced bases as columns,

and αh(µ) = [α1(µ),α2(µ), . . . ,αn(µ)]
T denotes the coefficient vector that depends on µ.

3.1. Proper orthogonal decomposition

In this section, we briefly introduce the POD for the reduced basis extraction in a data-

driven RBM.

Suppose we have a parameter set Ds = {µ1,µ2, . . . ,µNs
} and its corresponding high-

fidelity snapshots. The high-fidelity snapshot matrix is defined by

Sh = [Qh(µ1) | Qh(µ2) | . . . | Qh(µNs
)] ∈ RNh×Ns .

The goal of the POD is to find a matrix Vh ∈ RNh×n such that





Sh −VhVT
h
Sh







2

F
= min

W∈Yn





Sh −WhWT
h
Sh







2

F
,
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where Yn = {W ∈ R
Nh×n : WTW= In}, and ‖ · ‖F is the Frobenius norm. The minimization

problem is usually reduced to an eigenvalue problem solved by the singular value decom-

position of Sh — i.e.

Sh = UhΣhZT
h ,

where Uh ∈ R
Nh×r , Zh ∈ R

Ns×r are orthogonal matrices, r is the rank of Sh, and the matrix

Σ= diag (σ1,σ2, . . . ,σr) contains the singular valuesσ1 ≥ σ2 ≥ · · · ≥ σr . It can be proved

that the solution of the above minimization problem is Vh = Uh[:, 1 : n], and the following

error estimate holds:




Sh −VhVT
h
Sh







2

F
=

r
∑

i=n+1

σ2
i
.

Assume that the singular values decay rapidly. Then the number of reduced basis n can

then be chosen according to the condition

n
∑

i=1

σ2
i

À

r
∑

i=1

σ2
i
≥ 1−δ (3.1)

with a specified δ> 0. In addition, the reduced coefficient αh(µi) can be obtained by the

projection of the high-fidelity solution Qh(µi) on the reduced basis — i.e.

αh (µi) = VT
hQh(µi). (3.2)

There are many ways to recover the reduced coefficients. In this work, a GPR is adopted to

directly build the mapping from the parameters to reduced coefficients. Once the regression

model is established, the high-fidelity snapshot for a new parameter value can be directly

predicted at the online stage at a low cost.

3.2. Gaussian process regression

A Gaussian process (GP) is a collection of random variables, any finite number of which

obeys the joint Gaussian distribution [18]. In GPR, the prior distribution of regression

function f : Rd −→ R is assumed to be a GP defined by

f (x ) ∼ GP
�

0,κ(x , x
′

)
�

, y = f (x ) + ǫ, ǫ ∼ GP
�

0,χ2
�

,

where x ∈ Rd is input vector, κ is the semi-positive definite kernel, y ∈ R denotes the cor-

responding output, and χ is the standard deviation of the Gaussian noise term ǫ. Suppose

there is a training set

Dt r =
�

(x 1, y1), (x 2, y2), . . . , (x k, yk)
	

= (X,y),

where X := [x 1|x2| . . . |x k] ∈ R
d×k and y= {y1, y2, . . . , yk}. The prior distribution of y can

be given as

y|X∼N (0,Ky), Ky = Cov[y|X] = κ(X,X) +χ2IM .
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For a new test input x ∗, the joint distribution of an observed value y and the predicted

value f∗ can be obtained as
�

y

f∗

�

∼N

�

0,

�

Ky K∗
KT
∗ K∗∗

��

,

where K∗ = κ(X, x ∗), K∗∗ = κ(x ∗, x ∗). Based on the prior joint density on the observations

y and f∗, the posterior distribution of f∗ has the following form:

f∗|x ∗,X,y ∼ GP(m∗, C∗),

m∗ = KT
∗K
−1
y y, C∗ = K∗∗ −KT

∗K
−1
y K∗.

The hyperparameters contained in the kernel function can be determined by the maximum

likelihood method [46]. Besides, the kernel function here is the radial basis function, which

is implemented by using the Python library [42].

After obtaining the data from a single-fidelity model, we construct a common reduced-

order model by using the single-fidelity GPR-based RBM (SF-GPR). At the offline stage,

an input set Ds = {µ1, . . . ,µNs
} is first generated, and then the high-fidelity snapshots are

computed for each µi ∈ Ds. Next, the high-fidelity snapshot matrix Sh is assembled us-

ing these snapshots and the reduced basis is extracted by the POD of the snapshot ma-

trix. The reduced coefficients are now computed by (3.2). Based on the training data

{(µi ,V
T
h
Qh(µi))}

Ns

i=1
, the regression function α̃h is trained using the GPR to recover the out-

putαh(µ
∗) at the new input point µ∗ at the online stage. Accordingly, the SF-GPR solution is

Q̃h(µ
∗) = Vhα̃h(µ

∗).

The offline and online stages of SF-GPR are described in detail in Algorithms 3.1 and 3.2,

respectively.

Algorithm 3.1 SF-GPR (Offline Stage).

1: Sample an input set Ds = {µ1, . . . ,µNs
}.

2: Run the high-fidelity model for each µi ∈ Ds to form a high-fidelity snapshot matrix Sh.

3: Perform POD for Sh to get a POD basis Vh.

4: For each µi ∈ Ds, compute the reduced coefficient vector αh(µi) = VT
h
Qh(µi).

5: Train a GPR model with the input µ and output αh(µ).

Algorithm 3.2 SF-GPR (Online Stage).

1: Evaluate the trained mapping at the new input pointµ∗ to predict the coefficient α̃h(µ
∗).

2: Compute the approximate solution for given µ∗: Q̃h(µ
∗) = Vhα̃h(µ

∗).

4. Adaptive Multi-Fidelity RBM

As was already shown, given a set of high-fidelity snapshots one can build a ROM ap-

proximating the original complex model. However, in order to obtain a good ROM, a large
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number of high-fidelity snapshots are needed. This poses challenges in both the compu-

tation of high-fidelity snapshots and data storage. To address this issue, we first consider

an adaptive sampling method based on a low-fidelity model. After that, a multi-fidelity

model combining the low-fidelity model and the high-fidelity data at the parameter values

obtained by the adaptive sampling method is constructed.

4.1. Adaptive sampling strategy

In this section, we introduce an adaptive sampling strategy that utilizes a low-fidelity

model to select the important parameter values for the problems considered. Though a low-

fidelity model is considered, it still contains the main characteristics of the problem. There-

fore, the adaptive sampling based on a low-fidelity model is feasible.

The overall procedure for the proposed adaptive sampling is presented in Algorithm 4.1.

First, an initial parameter set Ds for the construction of POD basis is generated. Note that

the initial samples are generally selected at the boundary of the parameter space. Then,

a candidate setDte containing M candidated sample points is sampled, and for each µ ∈ Ds,

the corresponding low-fidelity snapshot is calculated to form a low-fidelity snapshot matrix

Sl . After that, the low-fidelity basis Vl is obtained by the POD of Sl .

Define the generalized error εm of the low-fidelity ROM at each parameter µm ∈ Dte as

ε(µm) =




Ql(µm)−VlV
T
l
Ql(µm)






2
.

The important point µ∗ is selected as the one that satisfies µ∗ = arg maxµ∈Dte
ǫ(µ). Repeat-

edly updating Ds, Sl with µ∗ and Ql(µ
∗) until the maximum error maxµ∈Dte

ǫ(µ) ≤ ǫ tol , we

finally obtain the set of important parameter values.

Algorithm 4.1 Adaptive sampling.

1: Initialize the set Ds =
�

µ1, . . . ,µp

	

and sample a candidate set Dte = {µ1, . . . ,µM }.

2: Compute the low fidelity snapshot Ql(µi) for each µi ∈ Ds, and assemble the low-

fidelity snapshot matrix Sl .

3: Perform POD for Sl to get the low-fidelity basis Vl .

4: while ǫmax > ǫ
tol do

5: Ds = Ds

⋃

{µ∗} ;

6: Sl = [Sl | Ql(µ
∗)];

7: Perform POD for Sl to get the low-fidelity basis Vl ;

8: for m = 1 to M do

9: ǫ (µm) =




Ql(µm)−VlV
T
l
Ql(µm)






2

10: Find µ∗ satisfying µ∗ = arg maxµ∈Dte
ǫ (µ), and set ǫmax = ǫ (µ

∗).

11: Compute the high-fidelity snapshot for each µi ∈ Ds, and assemble the high-fidelity

snapshot matrix Sh.
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4.2. Multi-fidelity RBM

4.2.1. Multi-fidelity surrogate model

The main idea of the multi-fidelity surrogate model is to build a surrogate model by com-

bining low-fidelity model and high-fidelity model to reduce the requirement of high-fidelity

samples by compensating for expensive high-fidelity samples with cheap low-fidelity sam-

ples. Assume that a parameter set Ds, low-fidelity snapshot matrix Sl and high-fidelity

matrix Sh have been obtained by Algorithm 4.1. Finding the SVD

Sl = UlΣlZ
T
l

(4.1)

of Sl , we obtain Ul = SlZlΣ
−1
l

. As mentioned in Section 3.1, the low-fidelity basis Vl consists

of the first n columns of Ul . In other words, it can be represented as a linear combination of

low-fidelity snapshots. Therefore, we can use the high-fidelity snapshot matrix to improve

the accuracy of Ul , viz.

Urec = ShZlΣ
−1
l

(4.2)

and define a multi-fidelity basis as the first n columns of Urec, i.e. Vmf = Urec[:, 1 : n].

The corresponding multi-fidelity coefficients are computed by projecting the low-fidelity

solution onto the low-fidelity reduced basis,

αl(µ) = VT
l
Ql(µ). (4.3)

The multi-fidelity surrogate model is then given by

Qmf (µ) = Vmf αl(µ). (4.4)

4.2.2. MF-GPR

The projection method has to provide low-fidelity snapshots for every evaluation of the

combination coefficients, which leads to an increase in computational time. We present

an alternative strategy for the recovery of the coefficients mentioned — viz. the Gaussian

process regression. Since these coefficients depend on the low-fidelity snapshots only, we

can generate a large set of training data. After that, in order to avoid the repetitive com-

putation of low-fidelity model, we can choose GPR for learning the mapping of parameters

to combination coefficients.

To construct a multi-fidelity reduced-order model, we first employ Algorithm 4.1 to

respectively compute the low- and high-fidelity snapshot matrixes Sl and Sh for the final

selected important parameter values inDte. After that, a multi-fidelity reduced basis can be

obtained by the Eqs. (4.1)-(4.2). The corresponding multi-fidelity coefficients for µ ∈ Dte

are computed as αl(µi) = VT
l
Ql(µi). Let Pt r = {αl(µi)|µ ∈ Dte}. A GPR model α̃l(µ) for

the multi-fidelity reduced basis can be trained by using the dataset {Dte,Pt r}. Thus, for

a new input point µ∗, the multi-fidelity coefficients are α̃l(µ
∗). Then the solution approxi-

mated by the multi-fidelity reduced-order model is given by

Q̃mf (µ
∗) = Vmf α̃l(µ

∗). (4.5)



406 Y.H. Chen, X. Sun, Y.F. Lin and Z. Gao

The detailed procedures at offline- and online-stage are presented in Algorithms 4.2 and

4.3, respectively.

Algorithm 4.2 MF-GPR (Offline Stage).

1: Determine the SVD Sl = UlΣlZ
T
l

of Sl .

2: Compute the reconstruction matrix Urec = ShZlΣ
−1
l

and obtain the multi-fidelity basis

Vmf = Urec[:, 1 : n].

3: Evaluate the reduced coefficient vector αl(µi) = VT
l
Ql(µi) for each µi ∈ Dte.

4: Train a GPR model with input µ and output αl(µ).

Algorithm 4.3 MF-GPR (Online Stage).

1: Evaluate the trained mapping at the new input pointµ∗ to predict the coefficient α̃l(µ
∗).

2: Compute the approximate solution for given µ∗: Q̃mf (µ
∗) = Vmf α̃l(µ

∗).

4.2.3. Implementation of algorithms

The implementation of the algorithms consists of the following steps:

Step 1. Sample a candidate set Dte = {µ1, . . . ,µM }.

Step 2. Evaluate the low-fidelity snapshot for each µi ∈ Dte, and select the important point

set Ds.

Step 3. Evaluate the high-fidelity snapshot for each µi ∈ Ds.

Step 4. Evaluate the multi-fidelity reduced basis and its corresponding coefficients by com-

bining low- and high-fidelity snapshots at the important points in Ds.

Step 5. Train GPR model for the multi-fidelity coefficients.

Step 6. Online prediction.

In addition, in order to obtain an online approximation to a high-fidelity snapshot, we

propose the following two alternative strategies:

S1. Compute the output coefficients of the trained GPR for the new input point, and recover

the approximation solution using Eq. (4.5).

S2. Compute the low-fidelity snapshot for the new input point, and recover the approxi-

mation solution using Eqs. (4.3) and (4.4).

In strategy S2, the high-fidelity solution is approximated by finding the corresponding low-

fidelity solution, so that Step 5 is not needed.
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In Step 2, we have to find M low-fidelity snapshots at the i-th iteration in Algorithm 4.1.

Besides, it is needed O (NlNsi

2) time to determine the singular value decomposition of a low-

fidelity snapshot matrix and O (Nlni M) time to find the error estimator. Here, Nsi
and ni

respectively denote the number of bases and import points in the current iteration. In

Step 3, we run Ns high-fidelity simulations. For strategy S1, the computational costs of

finding the multi-fidelity basis and the corresponding reduced coefficient vector in Step 4

are O (NhNsr + Nhr) and O (NlnM), respectively. In Step 5, the computational complexity

for the training of GPR is O (M3n). In Step 6, we compute the output of GPR at a new

location and need O (nNh) time to restore the high-fidelity snapshot at this location. For

strategy S2, the computation cost for the compution of the multi-fidelity basis in Step 4

is O (NhNsr + Nhr). In Step 6, we have to determine the low-fidelity snapshot at a new

location and need O (n(Nh +Nl)) time to restore the high-fidelity snapshot at this location.

Furthermore, the number of iterations in Step 2 is referred to as ni ter , while Thigh and

Tl ow denote the time for the high-fidelity and low-fidelity simulations, respectively. The

computational complexity of the implemented algorithm is listed in Table 1.

Table 1: Computational complexity in the implementation of the algorithms.

Step Step 2 Step 3 Step 4 Step 5 Step 6

S1
niter
∑

i=1

O (Nl Nsi

2 + Nl ni M) +M Tlow Ns Thigh O (NhNs r + Nhr + Nl nM) O (M3n) O (nNh)

S2
niter
∑

i=1

O (Nl Nsi

2 + Nl ni M) +M Tlow Ns Thigh O (NhNs r + Nh r) O (n(Nh + Nl)) + Tlow

Remark 4.1. For large-scale problems, one can use the incremental SVD [7] to update

the reduced basis in Algorithm 4.1. In each iteration, the SVD of a one-column bordered

diagonal matrix is used instead of the low-fidelity snapshot matrix.

Remark 4.2. For steady-state PDEs, a high-fidelity solver only needs to run once to obtain

a high-fidelity snapshot. However, for time-dependent PDEs, although only few time nodes

are needed due to the adaptive sampling, we have to run the high-fidelity solver once and

compute all the snapshots before time t j until we obtain the snapshot at time t j .

The key point in the multi-fidelity algorithm here is the construction of a multi-fidelity

reduced basis and the multi-fidelity coefficients. Let Smf be the reconstructed multi-fidelity

solution matrix

Smf =
�

Qmf (µ1)|Qmf (µ2)| . . . |Qmf (µNs
)
�

,

and matrix Bl be the first n columns of matrix ZlΣ
−1
l

. Recall that the multi-fidelity basis has

the form Vmf = ShBl , and the low-fidelity basis is Vl = SlBl . Then Vmf = ShS†
l
Vl , where †

denotes pseudo-inverse. Similar to the error estimate (3.1), we have

‖Sh − Smf ‖F =




Sh −Vmf V⊤
l

Sl







F
=




Sh − ShS†
l
VlV
⊤
l

Sl







F
.

Therefore, the closer VlV
⊤
l

Sl is to Sl , the closer Smf is to Sh.
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5. Numerical Results

We want to demonstrate the efficiency and accuracy of the proposed methods by four pa-

rameterized PDEs — viz. a one-dimensional stochastic elliptic equation, a two-dimensional

advection diffusion reaction equation, a two-dimensional vorticity equation, and a two-

dimensional Navier-Stokes equation. All dimensions are spatial ones. In the one-dimen-

sional case, we show the accuracy and effectiveness of the method for the problems with

a high-dimensional input parameter. In the two dimensional cases, we only consider the

problems with one parameter to validate the effectiveness of the adaptive sampling strategy

along with the accuracy and efficiency of the multi-fidelity method.

Note that in this section, the truncation criterion is set to δ = 10−10 in all the construc-

tions of the reduced basis. Moreover, to evaluate the performance of the methods, we use

the following types of errors:

1. Mean approximation error of the prediction given by SF-GPR, measured by the rela-

tive L2 error with respect to the high-fidelity snapshots Qh(µtest), i.e.

εSF−GPR =
1

N

N
∑

i=1

‖Qh(µtest,i)− Q̃h(µtest,i)‖2

‖Qh(µtest,i)‖2
.

2. Mean approximation error of the prediction given by MF-GPR, measured by the rel-

ative L2 error with respect to the high-fidelity snapshots Qh(µtest), i.e.

εM F−GPR =
1

N

N
∑

i=1

‖Qh(µtest,i)− Q̃mf (µtest,i)‖2

‖Qh(µtest,i)‖2
.

3. Mean approximation error of the multi-fidelity surrogate model

εM F−SUR =
1

N

N
∑

i=1

‖Qh(µtest,i)−Qmf (µtest,i)‖2

‖Qh(µtest,i)‖2

for high-fidelity snapshots.

4. Mean relative POD projection error

εPOD =
1

N

N
∑

i=1

‖Qh(µtest,i)−VhVT
h
Qh(µtest,i)‖2

‖Qh(µtest,i)‖2

for high-fidelity snapshots.

To validate the effectiveness of the adaptive sampling method, we consider two kinds of

projection error with respect to the sampling strategy. One is for the random sampling

method referred to as POD-RAD, and the other is for the adaptive sampling method denoted

by POD-ADA.
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Example 5.1 (One-dimensional stochastic elliptic equation). Consider the parameterized

one-dimensional elliptic equation

−
�

a(x ,µ)Q x (x)
�

x
= 1, x ∈ (0,1),

Q(0) = Q(1) = 0,
(5.1)

where the random diffusivity coefficient has the form

a(x ,µ) = 1+
1

2

10
∑

k=1

1

kπ
cos (2kπx)µk,

and µi ∈ [−1,1], i = 1, . . . , 10 are random parameters. The Eq. (5.1) is discretized in

space by linear finite elements. According to [29], the low- and high-fidelity models are

the Eq. (5.1) discretized with Nl = 33 and Nh = 129 grid points, respectively. Both models

are solved by a finite element method.

In this case, the adaptive sampling is carried out with the error tolerance ε = 10−5,

where Ds is initialized with two parameter values located at the boundary of the parameter

space and Dte is filled with 3500 points from [0,1]10 chosen by the Latin hypercube sam-

pling. Finally, 22 important sample points are selected. The numerical results obtained by

different methods are presented in Table 2 depicted as the mean relative L2 errors tested on

180 randomly generated parameter values with different models. Comparing the projec-

tion errors of the adaptive sampling (POD-ADA) and the random sampling (POD-RAD), we

observe that a more accurate ROM is built by the adaptive sampling method. This demon-

strates the effectiveness of the adaptive sampling method proposed. Furthermore, for the

same number of high-fidelity snapshots, MF-GPR outperforms SF-GPR. This is because the

training data for the GPR in SF-GPR is too small. It also indicates the effectiveness of the

proposed multi-fidelity method in that high-fidelity data can correct the low-fidelity reduce-

order model and improve its accuracy. In addition, we note that the error of the MF-GPR

is higher than that of the MF-SUR, so that the use of GPR to approximate the coefficients

adds extra errors in the predictions.

Table 2: Example 5.1. Mean relative errors.

Model POD-ADA POD-RAD MF-SUR MF-GPR SF-GPR

Error 1.50× 10−5 2.13× 10−5 1.99× 10−5 1.17× 10−4 5.50× 10−3

Example 5.2 (Two-dimensional advection diffusion reaction equation). Consider the two-

dimensional advection diffusion reaction equation

∂Q

∂ t
−∇ · (µ∇Q) + b · ∇Q+ 0.01Q = s(x , y, t;µ), (x , y, t) ∈ Ω× (0,2π),

µ∇Q ·n= 0, (x , y, t) ∈ Γ × (0,2π),

Q(x , y, 0;µ) = 0, (x , y) ∈ Ω,

(5.2)
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where

s(x , t;µ) = exp
�

−
�

(x − 0.5)2 + (y − 0.5)2
�

/0.072
�

is the source term, Ω= [0,1]×[0,1] the computational domain, Γ = ∂Ω the boundary ofΩ,

n the outward unit normal to ∂Ω, µ a random parameter distributed on [0.006,0.02], and

b = (cos(t), sin(t))T.

Similar to the above example, the Eq. (5.2) is solved by a finite element method. The

low- and high-fidelity models are the Eq. (5.2) discretized with 1342 and 21472 finite ele-

ments, respectively. The simulations are carried out in MATLAB using the redbKIT library

in [34]. In the adaptive sampling, the error tolerance is chosen as ε = 5× 10−5. Besides,

the important parameter set Ds, candidate set Dte and test set are randomly sampled from

the parameter space, and the test set contains no points in the candidate set. Here, Ds is

initialized with two randomly selected parameter values at the boundary of the parameter

space. Moreover, we generate 400 parameter values as the test set and 2500 parameter val-

ues as the candidate set. By the adaptive sampling strategy, 149 points are finally selected

as important points among 2500 candidate points.

Fig. 1 presents the parameter values selected using the adaptive sampling method pro-

posed and the random sampling method. Clearly, one can observe that the parameter values

selected by the two sampling methods are very different, indicating the effectiveness of the

adaptive sampling method. This is also verified in Table 3, where the mean relative error

of the POD-ADA prediction is significantly smaller than for the POD-RAD prediction. We

also note that MF-GPR with the high-fidelity snapshots evaluated at the selected parame-

ter values, substantially outperforms the SF-GPR method. This shows the efficiency of the

multi-fidelity method considered. In addition, MF-GPR and MF-SUR have different predic-

tion errors. This is because that the GPR is the approximation of the multi-fidelity projection

coefficient which is trained with the training data obtained from the low-fidelity data. The

difference can be diminished by adding training data for the GPR or by using a more suit-

able kernel for the GPR. To further compare the performances of different methods, we

Figure 1: Example 5.2. Selected important parameter values obtained by adaptive sampling and common
random sampling strategies.
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Figure 2: Example 5.2. Solutions of Eq. (5.2) evaluated by different methods (top and middle) and
the corresponding absolute errors (bottom) with one randomly selected parameter value µ = 0.0064 at
t = 3.2987.

show the recovered solutions of the Eq. (5.2) and the corresponding absolute errors evalu-

ated at a randomly sampled parameter value in Fig. 2. Note that the solutions of MF-GPR,

MF-SUR and high-fidelity model are almost the same, whereas the SF-GPR trained with

only the high-fidelity data at selected parameter values loses its accuracy. This indicates

the effectiveness and accuracy of the multi-fidelity method used.

Table 3: Example 5.2. Mean relative errors.

Model POD-ADA POD-RAD MF-SUR MF-GPR SF-GPR

Error 3.51× 10−5 1.48× 10−3 9.32× 10−5 8.90× 10−4 1.06× 10−1

Example 5.3 (Two-dimensional vorticity equation). Consider the following two-dimensi-

onal vorticity equation — cf. [43],

∂tQ = µ∆Q− (u · ∇)Q, (x , y, t) ∈ [0,2π]× [0,2π]× [0,50] (5.3)
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with smooth initial vorticity

Q(x , y, 0) = exp

�

−
(x −π+π/5)2 + (y −π+π/5)2

0.3

�

− exp

�

−(x −π−π/5)2 + (y −π+π/5)2

0.2

�

+ exp

�

−(x −π−π/5)2 + (y −π−π/5)2

0.4

�

for µ ∈ [0.002,0.005]. High-fidelity snapshots are solved using Fourier spectral method on

a uniform grid of size Nh = 128× 128 in the spatial domain, while low-fidelity snapshots

are solved by the same method but on a uniform grid of size Nl = 16× 16.

In this example, the tolerance for the adaptive sampling is set to ε = 1 × 10−4. The

important parameter set Ds is initialized with only two randomly generated parameter

values at the parameter space boundary, the candidate set Dte is filled with 2500 randomly

selected parameter values, and a set of 400 randomly selected parameter values which are

out of Dte is taken as the test set. Finally, we select 93 important parameter values from

Dte by Algorithm 4.1.

Fig. 3 demonstrates the selected parameter values obtained by adaptive and random

samplings. Unlike random sampling, the parameter values chosen by adaptive sampling

are more consistent with the physical properties of the vorticity. This is because the smaller

the viscosity coefficient µ is, the stronger the nonlinearity of the solution becomes, and the

more samples are needed to capture the nonlinearity of the equation solution.

To validate the accuracy of the methods, the mean relative errors of different methods in

the predictions of Q for the test set are shown in Table 4. Similar to the previous examples,

the multi-fidelity method MF-GPR substantially outperforms the single-fidelity method SF-

GPR. Besides, POD-ADA method performs better than POD-RAD and the errors of MF-SUR

Figure 3: Example 5.3. Selected important parameter values obtained by adaptive sampling and common
random sampling strategies.
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Table 4: Example 5.3. Mean relative errors.

Model POD-ADA POD-RAD MF-SUR MF-GPR SF-GPR

Error 1.06× 10−4 7.58× 10−4 5.62× 10−4 1.76× 10−2 1.01× 10−1

and POD-ADA are comparable. These further validate the accuracy and effectiveness of

the proposed multi-fidelity method. In addition, the MF-SUR method performs better than

MF-GPR. This is because of the extra error introduced by the GPR in the approximation of

the multi-fidelity coefficients.

Fig. 4 shows the solutions of Eq. (5.3) obtained by different methods and the corre-

sponding absolute errors for a randomly generated parameter valueµ = 0.0021 at t = 17.4.

Note that MF-GPR captures almost all of the characteristics of the solution, although it has

a larger error than MF-SUR. This implies the proposed methods can approximate the multi-

fidelity coefficients accurately enough.
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Figure 4: Example 5.3. Solutions of Eq. (5.3) obtained by different methods (top and middle) and the
corresponding absolute errors (bottom) at µ= 0.0021 and t = 17.4.
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Example 5.4 (Two-dimensional Navier-Stokes Equation). Consider a classical benchmark

fluid problem — viz. the fluid flow around a cylinder, modeled by the following equations:

ρut − ν∆u+ρu∇u+∇p = 0,

∇ · u= 0, t ∈ [0,5],
(5.4)

where ρ = 1.0 is the fluid density, ν = 0.001 the kinematic viscosity, u the velocity, and

p the pressure. The problem is defined on the spatial domain [0,2.2]× [0,0.41] with the

cylinder of the diameter 0.1 centered at (0.2,0.2). The inflow boundary condition has the

form

u(0, y) =

�

4U y(0.41− y)

0.412
, 0

�T

,

where U is a random parameter uniformly distributed in P = [1.275,1.5]. The corre-

sponding Reynolds number Re = Um L/ν, where Um = 2U/3 and L = 0.1 denotes the char-

acteristic length of the flow configuration, is therefore uniformly distributed in [85,100].

The Eq. (5.4) is solved by the finite element method [26]. The low- and high-fidelity

models are the Eq. (5.4) discretized with 1207 and 19312 finite elements, respectively. To

determine the error tolerance, we choose a slightly larger ε to balance the computational

cost and accuracy in order to select less sample points when dealing with relatively complex

problems. By setting the error tolerance ε = 4× 10−4, 171 parameter values among 2500

candidate parameter values are chosen by using Algorithm 4.1. Furthermore, 400 randomly

generated samples not included in the candidate set, are employed as the test set. The

numerical results are shown in Figs. 5-6 and Table 5.

Fig. 5 displays different important parameter values selected by both adaptive and ran-

dom samplings. Similarly to the above considerations, the selected parameter values in

the random sampling method are more uniformly distributed in the parameter space than

in the adaptive sampling method. Furthermore, the parameter values selected by adaptive

Figure 5: Example 5.4. Selected important parameter values obtained by adaptive sampling and common
random sampling strategies.
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Figure 6: Example 5.4. The velocities computed using different methods and the corresponding absolute
errors at Re = 98.82 and t = 4.9.

Table 5: Example 5.4. Mean relative errors.

Model POD-ADA POD-RAD MF-SUR MF-GPR SF-GPR

Error 1.52× 10−4 5.85× 10−4 6.58× 10−3 6.98× 10−3 5.71× 10−2

sampling are mainly concentrated at the boundary of the parameter space, especially at the

locations with large Reynolds numbers. This also demonstrates that the adaptive sampling

strategy can select the most influential parameter values for the variation of the PDE solu-

tion. To study the accuracy of the proposed multi-fidelity method, we evaluate the mean

relative errors of different methods in the prediction of velocity at the parameter values

in the test set — cf. Table 5. Similar conclusions can be obtained as those in the previ-

ous examples, which demonstrate the effectiveness of the proposed method for the current

complex two-dimension PDE equation. We also determine the velocities by using these two

methods for the randomly generated parameter Re = 98.82 at t = 4.9 and show the cor-

responding high- and low-fidelity solutions in Fig. 6. Note that both MF-GPR and MF-SUR

can capture almost all velocity features. The corresponding absolute errors obtained by

different methods are shown in Fig. 6, demonstrate the accuracy and effectiveness of the

adaptive multi-fidelity reduced basis method since the errors in MF-SUR and MF-GPR are

much smaller than in SF-GPR.

6. Conclusion

We propose a non-intrusive RBM based on an adaptive sampling method and a multi-

fidelity algorithm to deal with the heavy requirement of high-fidelity snapshots in a common
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reduced-order modeling of parameterized PDEs. In particular, a set of important sample

points for the high-fidelity snapshot evaluations are first selected by a low-fidelity ROM

with an adaptive sampling strategy. After that, a multi-fidelity reduced basis is obtained by

coupling the high-fidelity snapshot matrix with the low-fidelity ROM. The corresponding

multi-fidelity reduced coefficients are approximated by using the GPR model or by the pro-

jections of low-fidelity data on the low-fidelity reduced basis. We apply these methods to

four parameterized PDEs — viz. stochastic elliptic, advection diffusion reaction, vorticity

and the Navier-Stokes equation. The results demonstrate the accuracy and efficiency of

the methods. In addition, the adaptive sampling method under consideration can effec-

tively identify points important to the model. Besides, for the same number of high-fidelity

snapshots, our method performs much better than the single-fidelity one. Therefore, this

multi-fidelity method can capture more informative features of the problems and achieve

the desired accuracy with a reduced number of high-fidelity simulations. We also note

that the method based on the projections is a bit more accurate than the one using the

GPR model. However, extra low-fidelity snapshots are needed. A natural result is that the

higher the similarity of the low- and high-fidelity models, the higher the accuracy of the

multi-fidelity surrogate is. In the future, other low-fidelity models can be used to improve

the accuracy of multi-fidelity model evaluation.
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