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Abstract Exploring methods to reconstruct the ocean interior from surface data is a crucial focus in the
study of ocean processes and phenomena due to the shortage of subsurface and deep‐sea data. Nonetheless, the
existing methods predominantly concentrate on either data‐driven or dynamical methodologies, with limited
exploration of integrating the strengths of both approaches. To combine the advantages of these two methods for
reconstructing the subsurface density field from surface data, a novel dynamics‐constrained deep operator
learning network based on reduced‐order model is proposed. Encoding the mean‐squared residuals of the
reduced‐order equation along with the mean‐squared error between the network outputs and targets into the loss
function effectively merges the dynamical and data constraints during the training process. This integration
makes the network outputs and inputs approximately satisfy a specific form of the equation, allowing for
interpretability, and once the network is well‐trained, rapid reconstruction evaluation can be performed. The
reduced‐order equation is established by the Galerkin projection of quasi‐geostrophic equation onto the low‐
dimensional subspace identified via reduced‐basis, which explains the vertical variation of ocean density. The
developed model can tackle the challenge of directly measuring subsurface potential vorticity and predicting
subsurface density. Evaluation is conducted using simulation data from the Max‐Planck‐Institute ocean model,
indicating that it can offer precise estimations, outperforms the purely data‐driven algorithm presented in the
paper and the interior plus surface quasi‐geostrophic method, and enables model sharing across different
regions.

Plain Language Summary Reconstructing the interior density of the ocean from surface data is a
valuable way to make up for the lack of ocean observations. Most of the previous works are purely data‐
driven or dynamics‐based methods. In order to employ the advantages of dynamic and data‐driven models
at the same time, a physics‐informed deep operator learning algorithm is proposed to reconstruct the
density field. The proposed method shows superior predictive performance and greater robustness when
compared with the pure data‐driven and dynamics‐based methods presented in the paper. These findings
underscore the potential of deep learning algorithms incorporating physical constraints for marine scientific
research.

1. Introduction
As a key component of the Earth's climate system, the ocean plays a vital role in regulating the planet's tem-
perature, and in driving global weather patterns (Cheng et al., 2020; Levitus et al., 2012). A primary feature of the
ocean is the presence of stratification, in which the ocean is distributed unevenly in both horizontal and vertical
directions. Stratification changes strongly affect ocean dynamics and marine biogeochemical processes, and also
have an important impact on submarine acoustic detection and safe navigation, due to the large amplitude internal
waves generated in the stratified ocean. Density distribution provides important information about the physical
attributes and dynamic mechanisms of the ocean, which significantly influence stratification and mixing pro-
cesses. Even slight changes in density throughout the vast ocean can lead to extraordinary consequences.
Therefore, comprehending ocean density distribution is vital for studying maritime safety, ocean heat balance,
and climate change. This necessitates the acquisition of high‐quality observational data with extensive spatial and
temporal coverage (Cunningham et al., 2007; Klemas & Yan, 2014).
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Advances in satellite and radar technology (Roarty et al., 2019; Torres et al., 2012; Xue et al., 2021) have greatly
improved the understanding of the ocean by providing high‐resolution, long‐term ocean surface data on a global
scale. However, the electromagnetic waves used by these sensors are limited in their ability to penetrate into the
deep ocean, preventing direct observations of subsurface and deep ocean. In situ measurements can provide direct
ocean interior observations, however, limited by the cost‐effectiveness and challenges of collecting data at sea,
these observations are sparse and inhomogeneous, rendering them inadequate to support investigations of oceanic
dynamic processes and mechanisms at various scales (L. Meng & Yan, 2022; Roemmich et al., 2009). In this case,
using sea surface data to derive subsurface information emerges as an effective approach to attain continuous,
wide‐area, three‐dimensional information of the ocean, as the sea surface and subsurface are closely linked, which
results in many subsurface processes manifesting themselves at the surface (Hurlburt, 1984; Khedouri
et al., 1983). The widely known invertibility principle of potential vorticity (PV) (Hoskins et al., 1985) enables the
diagnosis of three‐dimensional dynamics of a balanced flow through PV knowledge at various levels and
boundaries, and Isern‐Fontanet et al. (2008) demonstrates the spatial correlation between surface buoyancy and
PV in the ocean interior under shared assumptions. This also provides a theoretical basis for deriving subsurface
information from surface data. Despite progress in numerical modeling (Blumberg & Mellor, 1987; Mellor
et al., 2002), these simulations still face challenges, including high computational costs and the difficulty of
specifying parameters and initial/boundary conditions (Fox‐Kemper et al., 2019). Consequently, the pursuit of
diverse methodologies to derive subsurface information has become a pivotal concern in the field of oceanog-
raphy, captivating the attention of a growing cohort of researchers (Khedouri et al., 1983; Klemas & Yan, 2014).

To comprehend the subsurface and deep ocean fields employing surface data necessitates the formulation of
models that describe the relationship between them. In pursuit of this objective, models employed in such
endeavors can be generally classified into two categories: data‐driven models and dynamics‐based models.
Data‐driven models include those statistical methods, such as one‐dimensional linear regression (Fiedler, 1988;
Fischer et al., 1997), multivariable regression (Carnes et al., 1994; Guinehut et al., 2012), and more advanced
techniques like empirical orthogonal function (Buongiorno Nardelli et al., 2012; Buongiorno Nardelli &
Santoleri, 2005; Gallaudet & Simpson, 1994; Maes et al., 2000). These models rely on the assumption that the
relationship between surface data and subsurface data can be represented by known function forms, with un-
known coefficients determined through regression methods. While these models are straightforward and
flexible, their simplicity may not be adequate in handling complex, nonlinear problems (L. Meng et al., 2021;
Tian et al., 2022). Methods based on machine learning have recently become the most widely used class of data‐
driven models, such as artificial neural network (Ali et al., 2004; Bao et al., 2019; Su et al., 2020), self‐
organizing maps (Wu et al., 2012; C. Chen et al., 2018), support vector machine (Su et al., 2015, 2018),
clustering neural network (W. Lu et al., 2019), and random forest (Su et al., 2018). These methods have
demonstrated a good performance in addressing complex problems, and with the advancement of powerful
computers and artificial intelligence algorithms, deep learning (DL) (Reichstein et al., 2019) is emerging as a
highly promising technique. Different from traditional machine learning methods, DL is based on multi‐layer
artificial neural networks, with its complex model architecture and overfitting prevention techniques. Moreover,
DL has the ability to learn more information and connections from data, resulting in models that are more stable
and accurate (He et al., 2016; Schmidhuber, 2015). Although DL is not yet widely used in marine science
research, the promising results from existing studies (Buongiorno Nardelli, 2020; Ham et al., 2019; Reichstein
et al., 2019; Su et al., 2021) suggest that it has great potential and is likely to become a major method in the field
in the future.

The use of data‐driven methods in oceanography offers several advantages, such as flexibility, high generaliz-
ability, and ease of modeling, and has proven to work effectively in many applications. Nevertheless, the paucity
of interpretability inherent in data‐driven models poses a formidable obstacle to their extensive implementation
within the domain of marine science (Dong et al., 2022; S. Wang, Teng, & Perdikaris, 2021). Data‐driven models
typically rely solely on the data for learning the relationships between inputs and outputs (Doshi‐Velez &
Kim, 2017; Guo et al., 2016), without considering the dynamic rules. This can lead to a “black box” model, where
the underlying physical connections between data are not transparently revealed (L. Meng & Yan, 2022).
Dynamic‐based models, on the other hand, are built upon established physical laws, which make them more
transparent and physically interpretable. These models use sea surface data as control variables and apply dy-
namic models to infer subsurface information (Akbari et al., 2017). In particular, approaches based on the surface‐
quasi‐geostrophic (SQG) framework (Held et al., 1995) have received considerable attention in oceanography and
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have been widely applied. For instance, LaCasce and Mahadevan (2006) suggested that the exponential decay
relationship between sea surface density (SSD) and internal PV should be introduced into governing equation to
invert the flow field. In addition, Lapeyre and Klein (2006) developed the effective SQG, which simplifies the
dynamical equation by decomposing them into three‐dimensional PV control equation and surface density control
equation, which has been successfully applied to various works (Isern‐Fontanet et al., 2008; Qiu et al., 2016).
Furthermore, to address the issue of the need for significant correlation between sea surface height (SSH) and
SSD, interior + SQG (isQG) (J. Wang et al., 2013) was proposed to reconstruct subsurface velocity and density
using SSD and SSH. The validity of this approach has been demonstrated by several studies (Z. Chen et al., 2020;
L. Liu et al., 2014, 2017).

In the field of marine science research, a popular objective involves the harmonious harnessing of the merits
inherent in data‐driven approaches and dynamics‐based methodologies (L. Meng & Yan, 2022; Reichstein
et al., 2019; Yan et al., 2020; Zhu et al., 2017). This endeavors to alleviate the limitations of each individual
approach while constructing DL models that are embedded with physical knowledge. Specifically, the dynamics‐
based model imposes physical constraints on the data‐driven model, ensuring that the integrated model is
physically consistent and remains interpretable. In addition, the integrated model can be trained to rapidly es-
timate subsurface information by simply inputting new sea surface data. Raissi et al. (2019) have made a sig-
nificant contribution to this field by introducing physics‐informed neural network (PINN), which has been widely
applied (Jagtap et al., 2020; Penwarden et al., 2022; Yang et al., 2019; Zhang et al., 2019). PINN employs
automatic differentiation (Baydin et al., 2018) to incorporate partial differential equations (PDEs) into the net-
work's loss function, ensuring that the inputs and outputs of the model comply with known PDEs. However, it is
important to note that for problems with large spatial and temporal domains, a substantial abundance of residuals
becomes indispensable to impose required physical constraints, which inevitability leads to the potential esca-
lation of training costs (Karniadakis et al., 2021; X. Meng et al., 2020).

In this paper, a novel dynamics‐constrained deep operator learning reduced‐order model (ROM) framework is
proposed for reconstructing the subsurface density from SSD, which combines the strengths of physical modeling
and DL. First, to reduce computational cost, the reduced basis method (RBM) (Hesthaven et al., 2015; Quarteroni
et al., 2015) is employed to construct a low‐complexity ROM that reduces the spatial dimension from three to one,
where the reduced‐order equation is obtained by projecting QG equation onto the space spanned by the reduced
basis. Then, to further estimate the subsurface density, a physics‐informed operator learning network (PIO‐Net)
framework, is designed to estimate the unknown terms in the reduced‐order equation and the density projection
coefficients. PIO‐Net is comprised of multiple separate sub‐networks, each performing a specific function. An
operator learning network that consists of three independent sub‐networks is used to approximate the density
projection coefficient. The structure of the operator learning network draws inspiration from the profound
operator learning network (DeepONet) (L. Lu et al., 2021), which has demonstrated remarkable effectiveness in
addressing parameterized partial differential equations (PDEs) encompassing diverse initial and boundary con-
ditions (Oommen et al., 2022; S. Wang, Wang, & Perdikaris, 2021). The unidentified terms within the reduced‐
order equation are estimated from data employing two feedforward neural networks, which enables the ROM to
be flexible in adapting to the data. PIO‐Net is trained by minimizing a loss function composed of two parts, one
being the data constraint, which is the mean square error of the outputs of the network with respect to the target
outputs, and the other being the physical constraint, which is the mean‐square residuals of the reduced‐order
equation at the sampling points. By incorporating both types of constraints, the resulting model combines the
strengths of both dynamics‐based modeling and machine learning modeling, allowing rapid and accurate
simulation of subsurface data in the online stage while maintaining interpretability. This study is a first step in the
theoretical exploration of a new method to project sea surface information into the subsurface. The validity of the
method is verified in several regions based on Max Planck Institute Ocean Model (MPI‐OM) simulations
(Marsland et al., 2003; Song & Chen, 2020), which exclude the most sources of error compared to observations.
The research findings demonstrate that PIO‐Net is capable of accurately predicting the deep density with superior
precision and robustness compared to the proposed purely data‐driven and isQG approaches. To demonstrate the
potential of the proposed method in three‐dimensional field reconstruction, a robustness verification with in situ
data is given in Section 5. The three‐dimensional density is estimated using the satellite‐derived SSD data as the
input of the trained PIO‐Net model, and the RMSEs are computed and compared between the reconstructed data
and observed data, as well as between the monthly climatology and observed profiles. The results show that the
proposed method can improves density estimation compared to a properly derived three‐dimensional monthly
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climatology, particularly in the upper layers. And in the future, it is expected that the proposed model is trained
and tested with real data.

The rest of the paper is organized as follows. Section 2 presents the reconstruction algorithms in detail. The data
used and the processing of the data are described in Section 3. Section 4 presents the results, and Section 5 brings
together the relevant conclusions.

2. Methods
2.1. isQG for Density Reconstruction

In the context of QG‐balanced motions, QG theory shows that the geostrophic stream function of a flow field is
determined by the knowledge of PV of ocean interior and appropriate boundary condition. This relationship can
be described as follows:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

LΨ +
∂
∂z
(
f 2
0
N2

∂Ψ
∂z
) = q, − H < z< 0, (x,y)∈ Ω,

∂Ψ
∂z

⃒
⃒
⃒
⃒
z=0

=
bs

f0
, (x,y)∈ Ω,

∂Ψ
∂z

⃒
⃒
⃒
⃒
z=− H

= 0, (x,y)∈ Ω,

(1)

where L = ( ∂2

∂x2 +
∂2

∂y2), Ψ = p(ρ0 f0)
− 1 denotes the stream function with p implying the pressure, f0 is the mean

Coriolis parameter in the model domain Ω, N2 is the Brunt − Väsälä (BV) frequency and q represents the PV
anomaly, and bs denotes the surface buoyancy anomaly, which is determined from the sea surface density
anomaly (SSDA) ρa

s and the volume mean density ρ0 as bs = − gρas ρ− 1
0 . Once q is known, the stream function Ψ

can be calculated by solving Equation 1 and the corresponding density anomaly ρa is reconstructed using the
formula: ρa = − ρ0 f0

g
∂Ψ
∂z .

Direct observation of the PV is typically not feasible, which poses a significant challenge in the computation of
stream function. To address this issue, Ψ is generally split into two parts, one with SQG solutions Ψs, which is
computed with sea surface buoyancy anomaly

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

LΨs +
∂
∂z
(
f 2
0
N2

∂Ψs

∂z
) = 0,

∂Ψs

∂z

⃒
⃒
⃒
⃒
z=0

=
bs

f0
,
∂Ψs

∂z

⃒
⃒
⃒
⃒
z=− H

= 0,

ρaSQG = −
ρ0 f0
g

∂Ψs

∂z
,

(2)

and the other with interior ones Ψi, which is associated with interior PV anomaly

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

LΨi +
∂
∂z
(
f 2
0
N2

∂Ψi

∂z
) = q,

∂Ψi

∂z

⃒
⃒
⃒
⃒
z=0

= 0,
∂Ψi

∂z

⃒
⃒
⃒
⃒
z=− H

= 0,

ρa
i = −

ρ0 f0
g

∂Ψi

∂z
.

The SQG solution can naturally be calculated in the Fourier space using SSDA and sea surface height anomaly
(SSHA) because there are no unknown terms in Equation 2. To compute the interior solution, the isQG method
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relies on the assumption that the barotropic mode and the first baroclinic mode have a significant impact, and the
Fourier transform of the corresponding interior solution can be expressed as

Ψ̂i(k, l,z) = A0(k, l)F0 + A1(k, l)F1.

Here k and l denote the zonal and meridional wavenumbers, respectively. A0 and A1 are the unknown amplitudes
corresponding to the eigenfunctions F0 and F1. Therefore, we can calculate the amplitude A0 and A1 from the
SSHA η and the zero bottom buoyancy anomaly hypothesis

⎧⎪⎨

⎪⎩

A0(k, l)F0(0) + A1(k, l)F1(0) + Ψ̂s(k, l,0) =
g
f0
η̂(k, l),

A0(k, l)F0(− H) + A1(k, l)F1(− H) + Ψ̂s(k, l, − H) = 0,

where the hat of variables denotes the Fourier transformation, then the stream function Ψ can be refactored as the
sum of Ψs and Ψi. The application of isQG method is based on the following assumptions, assuming that the
velocity is QG and the pressure is hydrostatic. Additionally, the buoyancy frequency and Coriolis force pa-
rameters are assumed to be regional averages. And the interior solution is represented by two characteristic
modes, based on the assumption that the barotropic mode and the first baroclinic mode have significant effects,
while the higher order modes contribute less. Therefore, it is applicable to the description of eddy activity on
scales between 10 and 500 km, where the QG approximation is applicable, and its application is confined to small
regions. However, more details about isQG are provided by J. Wang et al. (2013).

2.2. Dynamics‐Constrained Deep Operator Learning of Reduced‐Order Model

2.2.1. Projection‐Based Reduced Basis Method

To solve QGPV Equation 1, a spatial discretization scheme is employed to discretize the equation in Ω to obtain
the high‐fidelity full‐order model (FOM)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

LhΨh +
d
dz
(
f 2
0
N2

dΨh

dz
) = q, − H < z< 0,

dΨh

dz

⃒
⃒
⃒
⃒
z=0

= f − 1
0 bs,

dΨh

dz

⃒
⃒
⃒
⃒
z=− H

= 0,

(3)

where Ψh, q and bs are the discretized forms of the stream function Ψ, PV anomaly q, and the surface buoyancy
anomaly bs, respectively, on a staggered space grid with dimensions Nh. Here, Nh represents the number of grid
points in the FOM, which is often quite large.Lh denotes the linear operator derived fromL. In this paper, the finite
difference method is used to solve the problem, with the second derivative approximated by the central difference
scheme. Given the challenge of performing repeated model calculations with varying boundary conditions bs,
replacing the FOM with ROM presents a reliable choice for reducing computation and conserving resources.

One of the most widely used ROM techniques is RBM, where the reduced basis {ψi}
n
i=1 in the offline stage are

generated with a much smaller size n than the original space size Nh. In the online stage, the solution Ψh is
represented as a linear combination of the reduced basis. Once the reduced coefficients for new surface buoyancy
anomaly bs is obtained, the full‐order solution can be recovered efficiently in the online stage by the following
form

Ψh (z, bs) ≈ ∑
n

i=1
αi (z, bs)ψi = Vα(z, bs), (4)

where V is a matrix with the reduced basis as columns, and
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α(z, bs) = [α1 (z, bs),α2 (z, bs),…,αn (z, bs)]
T

denotes the reduced coefficient vector, and the superscript T represents vector transpose.

For an accurate approximation of the solution of the FOM, there are several strategies for generating the reduced
basis, and in this paper, we employ empirical orthogonal decomposition (EOF). To perform EOF, we collect the
density anomalies at Ns different times, each at m + 1 different depths, and assemble them into a data matrix X

X = [Xh,1 Xh,2 … Xh,Ns],

where Xh,i = [ρa
z0,i ρa

z1,i … ρa
zm,i] represents a state matrix composed of density anomaly vectors at m + 1 depths

at the i‐th time. Substituting Equation 4 into Equation 3, and projecting the resulting equation onto the reduced
space spanned by the reduced basis, the following reduced‐order equation can be obtained:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

VTLh(Vα) + VT(
d
dz

f 2
0
N2
Vdα
dz
) = VTq, − H < z< 0,

dα
dz

⃒
⃒
⃒
⃒
z=0

= VTf − 1
0 bs,

dα
dz

⃒
⃒
⃒
⃒
z=− H

= 0,

ρa = −
ρ0 f0
g
V

dα
dz

.

(5)

To mitigate the influence of spatial coordinate dimensionality and simplify the calculation, we first define a new
variable γ(z) = ρ0α(z)(500 g)− 1 × 10‐5 and then perform a transformation on the depth variable by defining h = z/
500, thus Equation 5 becomes

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cVTLh(Vγ) + VT(
d
dh

f 2

nz
Vdγ
dh
) = VT q̃, − Hf < h< 0,

dγ
dh

⃒
⃒
⃒
⃒
h=0

= − f − 1VTρa
s ,

dγ
dh

⃒
⃒
⃒
⃒
h=− Hf

= 0,

ρa = − f ⋅ (V
dγ
dz
),

where c = 5002 × 105, f = f0 × 105, nz = N2 × 105, q̃ = cq− 1 and Hf = H/500. In QG theory, BV frequency and
Coriolis force parameters are generally assumed to be constant values of regional averages. Therefore, different
regional models need to be built for the global application of the methods based on QG theory. Besides, QG is an
inherently simplified dynamic model that lacks the ability to fully capture the intricate physical processes
occurring within the ocean interior. To address these limitations to some extent, and to avoid the calculation of
area‐averaged BV frequency, the unknown functions g1, g2, and g3 are introduced into the equation, and the
following model established

cVTLh(Vγ) + g1(h,
dγ
dh
)

dγ
dh
+ g2(h,

dγ
dh
)

d2γ
d2h

= g3(h)VTρa
s ,

the bar of the vector denotes the mean of the vector, and the functions g1 and g2 depend on the variable h and the
mean of the derivative of vector γ with respect to h, and g3 is the function of h. This modification allows the
established model to incorporate both prior information from QG dynamics and adaptability to the data, thus
enhancing its universality. The term g3(h)VTρa

s is derived from Isern‐Fontanet et al. (2008), where it was
demonstrated that the surface‐trapped solution Ψs can effectively represent the total solution Ψ for baroclinically
unstable flows within the first 500 m, driven by a large‐scale density gradient. In such cases, the mesoscale
anomalies of potential vorticity (PV) in the interior are correlated with the buoyancy anomalies at the surface,
denoted as q = g3(h)bs. And the model ultimately simplifies to
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

cVTLh(Vγ) + g1(h,
dγ
dh
)

dγ
dh
+ g2(h,

dγ
dh
)

d2γ
d2h

= g3(h)VTρa
s , − Hf < h< 0,

dγ
dh

⃒
⃒
⃒
⃒
h=0

= − f − 1VTρa
s ,
dγ
dh

⃒
⃒
⃒
⃒
h=− Hf

= 0,

V⊤ρa = − f
dγ
dz

,

(6)

Equation 6 can be viewed as a differential equation that is parameterized by f − 1VTρa
s . Given g1, g2, and g3, the

subsurface density anomaly can be calculated accordingly. Inspired by DeepONet, a machine learning algorithm
that can be used to learn solution operators of parametric PDEs, an operator learning network with three separate
subnetworks is designed to estimate the subsurface density anomalies, the details of which are presented in the
next section.

2.2.2. Learning Operators With DeepONets

DeepONet is a powerful tool for solving parametric PDEs. The parameters here can be, among others, the shape of
the computational domain, initial conditions, boundary conditions, source terms, and variable coefficients in the
equation. In solving such equations, traditional solvers such as finite difference methods and finite element
methods require repeated simulations for different parameters. In contrast, DeepONet uses the neural network to
estimate the PDE solution for different parameters in almost real‐time as long as the neural network is trained
offline since it involves only the forward pass of the network.

The parametric PDE can always be expressed in the following form

N(u,s) = 0,

where u refers to the parameters (input function) and s denotes the PDE solution function. This article discusses a
case in which a unique solution function s exists for each u, and the resulting function s(y)=G(u)(y) is real for any
coordinate y. The purpose of DeepONet is to approximate G(u)(y) with y and u as inputs, for a more detailed
description of the DeepONet method, see Appendix B.

In this paper, for a high‐dimensional problem, that is, where G(u)(y) is a vector of dimension greater than 1, we
design the network with the structure shown in Figure 1, which consists of three separate sub‐networks. Net 1 and
Net 2 are the same as the original DeepONet, and Net 3 is a “merge net” with f ⊗ϕ as input to predict G(u)(y),
where f and ϕ are the outputs of Net 1 and Net 2, respectively, and ⊗ denotes the element‐wise multiplication
operator.

According to the construction process of the reduced basis, we can know that the projection coefficient corre-
sponding to the density anomaly profile ρa

zj at depth zj is

νzj = V
Tρa

zj , (7)

in which the projection coefficient is the optimal choice to the density anomaly profile in the reduced‐order space.
And the density anomaly can be estimated as ρa

zj ≈ VVTρa
zj = Vνzj. Therefore, precise estimation of subsurface

temperature anomalies can be achieved through accurate approximation of the projection coefficients.

Based on the collected density anomaly profiles, the DeepONet can be trained to predict the projection co-
efficients ν. Below, we provide specific details of DeepONet for predicting ν, which is called the projection‐
driven operator learning network (PDO‐Net). In this case, the parameters of the PDO‐Net can be thought of as
projection coefficient of SSDA, that is, u = νz0, and y = h = z/500. The output of PDO‐Net is denoted as
GPDO− Net, which can be learned by minimizing the mean squared error loss

lossPDO‐Net =
1

Ns(m + 1)
∑

Ns

i=1
∑
m

j=0

⃒
⃒
⃒GPDO‐Net (νi

z0)(hj) − νi
zj

⃒
⃒
⃒
2
.
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PDO‐Net is a data‐driven model that infers the relationship between sea surface density projection coefficient and
depth to subsurface density projection coefficient from training data, and its prediction may be physically
inconsistent. To incorporate the physical laws behind the data into the training process, a physics‐constrained
machine learning model, PIO‐Net, is devised and will be comprehensively elucidated in the forthcoming section.

2.2.3. Physical‐Informed Operator Learning Network

Building a credible model that provides accurate and fast predictions while remaining interpretable presents a
significant challenge. PINN has emerged as a promising approach to address this challenge, which encode the
PDEs into the loss function of the neural network using automatic differentiation to ensure that the physical laws
are included in the model training. Compared with traditional numerical techniques for solving PDEs, PINN
represents a novel approach that does not require discretization of space‐time or complex program imple-
mentation. Rather, it aims to employ a neural network to learn a regression function to approximate the solution Ψ
of the PDEs. Moreover, there is no limit to the number of residuals, so it overcomes the shortcoming of insuf-
ficient training data in training the neural network. In the context of inferring solutions of PDEs using PINNs and
DeepONets, a new deep learning framework for ROM is proposed, namely PIO‐Net, with input u = f − 1νz0 and
y= h, which is designed to predict the variable γ. The architecture of PIO‐Net is shown in Figure 2, and the output
of PIO‐Net refers to GPIO− Net (GPI), compared with PDO‐Net, PIO‐Net adds two feedforward neural networks,
which are used to predict the unknown functions g1, g2, and g3. In this case, the loss function of the network can be
defined as

L(θ) = Loperator(θ) + Lphysics(θ), (8)

where Loperator(θ) is the mean squared error between the network output and the projection coefficient of the
density anomaly profile, given by

Loperator(θ) =
1

Nsm
∑

Ns

i=1
∑
m

j=1

⃒
⃒
⃒
⃒
⃒
− f

dGPI ( f − 1νi
z0)(hj)

dh
− νi

zj

⃒
⃒
⃒
⃒
⃒

2

, (9)

Figure 1. Structure of PDO‐Net for estimate subsurface density projection coefficient.
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which is used to evaluate the network output against the coefficients of density anomaly profiles. By minimizing
Equation 9 during model training enforces known data constraints, allowing model output to fit to the function
ν ≈ − f dGPI

dh . This encoding of the relationships within the data results in a more accurate fit of PIO‐Net output to
the data, and producing a reduced‐order model adapted to the data. And Lphysics(θ) is the mean squared residual
error of the reduced‐order equation Equation 2 on a set of residual points to encode physical laws and prior
physical knowledge into the PIO‐Net with the specific expressions are shown in Appendix C. By minimizing the
loss Lphysics(θ), the network's input and output approximately satisfy the governing equation Equation 2 while
maintaining physical consistency, thus being able to provide strong theoretical constraints on the basis of the data.

The loss function of the PIO‐Net contains not only the difference between the output and the target, but also the
residuals of the governing equation, therefore, PIO‐Net is reliant on both the provided data and the established
physical equation. The setting of the loss function Equation 8 transfers the difficulty of solving the equation to the
optimization of the PIO‐Net. With the neural network's powerful ability to approximate nonlinear functions, PIO‐
Net can reliably estimate the physical model while achieving accurate predictions. For huge data sets, a
computationally efficient mini‐batch setting can be readily employed in optimization algorithms (Goodfellow
et al., 2016).

The proposed reduced‐order model in this work not only reduces the amount of computation, but also avoids the
problem of the large gap between the dimensions of spatial coordinates.

2.3. Experimental Setup

The flowchart for subsurface density anomalies estimation via PIO‐Net is shown in Figure 3. First, according to
the collected density anomaly profiles, we calculate the reduced basis matrix V and the corresponding projection
coefficients by Equation 7. By combining the matrix V and the QG equation, the reduced‐order equation
Equation 2 can be constructed. Then, PIO‐Net is trained using a defined loss function Equation 8 based on the
collected projection coefficients and the reduced‐order equation Equation 2. The inputs to PIO‐Net consist of
u = f − 1νz0 and y = h, while the outputs are represented by GPI, which is used to predict γ and can be utilized to
estimate the projection coefficient as ν ≈ − f dGPI

dh . Once PIO‐Net has been trained, estimating the density anomaly

Figure 2. Structure of PIO‐Net.
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profile at a new depth z only requires the projection coefficient of sea surface density anomaly and the depth z.
This estimation is achieved through a linear combination of the reduced‐basis.

The structure of each sub‐network is shown in Table 2, both PIO‐Net and PDO‐Net are trained by minimizing the
loss function for 10, 000 iterations of gradient descent using the Adam optimizer with a batch size of 100, and the
number of reduced‐order basis (modes) of n = 45. The numbers of training and testing data are presented in
Table 1. In Section 4.1, based on the MPI‐OM's simulations of temperature‐salt data in 2011, we uniformly select
half of the calculated density data as the training set and the remaining half as the test set, resulting in Ns = 189
parameters inputs for Net 1. Additionally, for each parameter ui = f − 1νi

z0 of PIO‐Net, the depth residuals are the

same, 100 points {z(i)j }
100

j=1
uniformly distributed within [− 200, − 5] and 100 points {z(i)j }

200

j=101
uniformly distributed

within [− 1,250, − 200] are selected, thus Nt = 200 residual points {h(i)j }
Nt

j=1
= {z(i)j / 500}

Nt

j=1
are chosen as inputs to

Net 2. In this case, the training time for PIO‐Net is 21,273.52 s using a laptop with four Intel(R) Core(TM) i7‐
6770 CPU @ 3.40 GHz and 8 GB of memory. The prediction time to achieve a 3D field is 0.98 s. Once the
model is well trained, refactoring can be accomplished quickly as the time required is much less than the training
time. Additionally, we find that a majority of the training time is consumed by second‐order derivation of

Figure 3. The flowchart for subsurface density anomalies estimation via PIO‐Net.
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variables related to depth. If the automatic differentiation for the second
derivative is replaced by numerical differentiation

d2GPI

dh2

⃒
⃒
⃒
⃒
h=hj

= (
dGPI

dh

⃒
⃒
⃒
⃒
h=hj

−
dGPI

dh

⃒
⃒
⃒
⃒
h=hj − 10− 5

)/10− 5,

the training time reduces significantly without compromising accuracy, only
1828.13 s are necessary. In addition, the impact of network size on accuracy

of PIO‐Net is provided in Section 4.1, some visualizations and the impact of batch size are provided in
Appendix D.

In Section 4.2, one‐fifth of the data from each of the four regions in 2011 are uniformly selected as the training set,

with the remainder used as the test set. Furthermore, 100 points {z(i)j }
100

j=1
uniformly distributed in range of [− 200,

− 5] and another 100 points {z(i)j }
200

j=101
uniformly distributed in range of [− 1,625, − 200] are selected, resulting in a

total of Nt = 200 residuals {h(i)j }
Nt

j=1
= {z(i)j /500}

Nt

j=1
as inputs for the Net 2.

3. Data Preprocess
The data for training the PIO‐Net model includes Hybrid Coordinate Ocean Model (HYCOM)/Navy Coupled
Ocean Data Assimilation (NCODA) reanalysis data (Chassignet et al., 2007) and simulation data. The MPI‐OM
(Marsland et al., 2003) is selected to simulation ocean state as the test bed for our study, which is the successor to
the Hamburg Ocean Primitive Equation Model (Wolff et al., 1997). In this study, the model configuration and
settings that align with those employed by Song and Chen (2020), except for tidal force. The configuration of the
model is briefly introduced. An improved PP parameterization scheme (Pacanowski & Philander, 1981) is
incorporated into the vertical mixing scheme, on which the wind‐induced mixing parameter is added, as the PP
parameterization scheme underestimates wind‐induced mixing at the sea surface. The parametrization scheme of
GM95 (Gent et al., 1995) is adopted for vortex mixing at subgrid scale. Furthermore, to more accurately char-
acterize the transport phenomena within the bottom boundary layer, the model integrates the parameterization
scheme for the bottom boundary layer, as proposed by Legutke and Maier‐Reimer (2002), allows for a more
precise representation of density‐driven flow processes. In the horizontal dimension, the curved orthogonal
Arakawa‐C grid is employed with grid that range from 3 to 100 km. The two extreme points of grid resolution are
on the continents of China and Australia, resulting in a denser grid configuration in regions such as the South
China Sea and Northwest Pacific. In the vertical dimension, a Z‐coordinate system with 40 layers is employed,
while the time step is set to 300 s. The model's topography is derived from ETOPO2 (Center, 2006) through
interpolation. To establish a stable ocean circulation state, the model is initially run for a period of 10 years. The
initial temperature and salinity fields are obtained by interpolating the PHC data set (Steele et al., 2001), and
surface forcing is interpolated from the German Ocean Model Intercomparison Project (OMIP) database
(Röske, 2006). Throughout the model computation, temperature and salinity fields at the sea surface are relaxed
toward the climate state data, ensuring a more accurate representation of the climatological ocean circulation. The
model is initialized using the final results of a 10‐year climatological simulation, with the forcing fields derived

from the authentic 2011 JRA55 data set (Agency, 2013). The upper surface
forcing incorporates momentum, heat, and freshwater fluxes, with variables
such as wind stress, 10‐m wind speed, cloud cover, short‐wave radiation,
precipitation, sea surface pressure, sea surface air temperature, and 2‐m dew
point temperature. It should be noted that both upward long‐wave radiation
and seawater evaporation are calculated by the model, and the influence of
runoff is excluded and set to zero. Subsequently, the model is integrated for an
additional 10‐year period, and the output from the final year is utilized as the
model data for this study. And we utilize temperature and salinity data from
MPI‐OM to calculate the density (Fofonoff & Millard, 1983). Furthermore,
SSHA, SSDA, and vertical stratification profile N2(z) are taken as input data
in the application of the different reconstruction algorithms. To obtain

Table 1
The Numbers of Training and Testing Data

Section
Number of training

parameters
Number of

residual points
Number of test

parameters

Section 4.1 189 200 176

Section 4.2 316 200 1,144

Table 2
Neural Network Architectures

Network number Net 1 Net 2 Net 3 Net 4 Net 5

Number of hidden layers 4 3 3 2 2

Number of neurons in output layer 40 40 45 2 1

Number of neurons in hidden layer 40 40 40 40 40

Activation function tanh tanh tanh tanh tanh

Inputs f − 1νz0 h f ⊗ ϕ dγ
dh, h h

Outputs f ϕ GPI g1, g2 g3

Journal of Geophysical Research: Oceans 10.1029/2023JC019941
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anomaly fields, we remove the large‐scale background information from the SSD and SSH fields. The respective
mean monthly data are considered as background fields in our analysis. The area‐averaged BV frequency N2(z) is
calculated as:

N2(z) = −
g
ρ0

∂ρ
∂z

,

where ρ is the horizontal mean of density in target regions. Several subdomains are employed to validate the
proposed method. The first subdomain (marked by the blue boxes in Figure 4) encompasses the eastern side of
the Luzon Strait, a region characterized by vigorous eddy activity. Furthermore, to evaluate the performance of
the proposed method in different regions, four distinct areas (marked by the black boxes in Figure 4) with varying
latitudes are selected and a model is trained for prediction.

This study uses the Level 4 sea surface salinity product produced by the International Pacific Research Center
(Melnichenko et al., 2016), the daily sea surface temperature produced by the Operational Sea Surface Tem-
perature and Ice Analysis system (Donlon et al., 2012), the in situ data set from the global ocean Array for Real‐
time Geostrophic Oceanography (Argo) temperature and salinity profile scatter data set (Z. Liu et al., 2021), and
the monthly World Ocean Atlas 2018 (WOA18) (Boyer et al., 2018) in the subdomain presented in Section 4.1 to
evaluate the effectiveness of PIO‐Net for robust validation with in situ data.

4. Results
4.1. Density Reconstruction in a Region

To demonstrate PIO‐Net's capability of reconstructing density, several metrics have been defined:

• The approximation error at fixed depth z of the prediction ρ̂a(z), measured by the daily RMSE with respect to
the numerical solution ρa(z):

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
Nh

⃦
⃦ρa

i (z) − ρ̂a
i (z)

⃦
⃦2

2

√

,

with Nh is the number of horizontal grid points in the reconstructed region.

Figure 4. Annual mean surface height (m) in the MPI‐OM simulation, with the five tested regions identified by the
corresponding boxes.
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• The daily RMS at fixed depth z of the density anomaly ρa(z):

RMS =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
Nh

⃦
⃦ρa

i (z)
⃦
⃦2

2

√

.

and the averaged RMSE and averaged RMS are computed as the mean of their respective values across all
testing instances.

The objective of PIO‐Net and PDO‐Net is to learn the relationship between surface density and the interior density
of the ocean. We first consider the subfield presented in Figure 5, which illustrate that the SSDA (shading) and
SSHA (contour) at four different times in this region show a weak spatial correlation, indicating that SSD is
decoupled from the internal dynamics. Thus, the inversion results of isQG in this region are likely to be unsat-
isfactory. This is further confirmed by Figure 6, which shows the vertical distribution of the averaged root mean
square (RMS) of the density anomalies for different methods. It can be seen that the seasonally averaged RMS of
the density anomaly of isQG solution (magenta dash‐dot line) is similar to that of the MPI‐OM in spring and
winter, but there is a significant difference in summer and autumn, especially between − 400 and − 50 m in the
upper layers, which significantly underestimates the true state. This may be attributed to the fact that the interior
solution cannot be fully represented by the barotropic mode and the first baroclinic mode. Additionally, the
vertical distribution of the averaged RMS of the density anomaly reveals that the vertical variation is stronger in
summer, which is likely to be the cause of the poor performance of isQG method.

As shown in Figure 6, PIO‐Net (red dashed line) has significant performance in achieving satisfactory recon-
struction for all time, with the averaged RMS of PIO‐Net not only similar to that of MPI‐OM, but their amplitudes

Figure 5. (a) SSDA (shading) and SSHA (contour) from MPI‐OM in 16th February 2011. Panels (b)–(d) are the same as panel (a), respectively, except in 15th May 2011,
in 15th August 2011 and in 15th November 2011.
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are pretty comparable. In particular, PIO‐Net effectively captures the subsurface maxima, although with a slightly
lower amplitude than MPI‐OM. The incorporation of EOF allows the selection of multiple functions to represent
the density anomaly profile, overcoming the shortcomings of isQG modes in reconstructing the fine structure of
the ocean. Furthermore, the imposition of physical constraints allows PIO‐Net not to rely solely on sea surface
information to reconstruct the internal structure of the ocean. This results in reliable predictions even when the
correlation between SSHA and SSDA is weak. By analyzing the averaged RMS of the density anomaly of PDO‐
Net (Figure 6, blue dotted line), it can be inferred that PDO‐Net is able to capture the vertical structure of the
anomaly. However, its amplitude is significantly smaller than that of MPI‐OM. The performance of PDO‐Net is
generally better than that of isQG, but not as excellent as that of PIO‐Net, especially at depths above − 230 m. This
implies that surface fitting alone is not sufficient to capture the complicated dynamical processes in the ocean,
whereas machine learning based on physical laws has considerable advantages.

The density anomaly distributions at − 210 m from three reconstruction methods are shown in Figure 7. On the
horizontal plane, the structure of PIO‐Net's solution is in a good agreement with MPI‐OM. Although the inversion
of PIO‐Net is generally weaker than MPI‐OM, it accurately captures the structure and position of the vortex. It can
be concluded that PIO‐Net successfully inverts the density field of the region. In contrast, the results of PDO‐Net
in spring and autumn are obviously less accurate than those of PIO‐Net, and the structure of the density field
inverted by isQG is similar to the actual state, but the amplitudes are weaker than MPI‐OM, particularly in
summer and autumn, which further confirms the result of Figure 6.

To further analyze the prediction performance of PIO‐Net, we average the density anomaly with respect to depth
on 16th February and present the logarithmic spectrum diagram corresponding in Figure 8. The similar amplitude
distributions can be observed between PIO‐Net and MPI‐OM, reinforcing the reliability of PIO‐Net's predictions.
In addition, Figure 9 shows the distribution of 3D density anomaly fields from different models, and similar patter
can be observed in both models. Although the details of PIO‐Net are lacking due to the low dimensional
approximation, the overall approximate structure is satisfactory. These results further demonstrate the reliability
and accuracy of PIO‐Net.

The averaged root mean square error (RMSE) is employed as a performance metric to assess the reconstruction
performance of the different methods. The averaged RMSEs of the three methods shown in the left of Figure 10,
exhibit a similar variation with depth. From those figures, one can easily observe that the RMSEs increase rapidly
from the sea surface and reach a maximum around − 100 m, before gradually decreasing and becoming stable
below − 300 m. Furthermore, at almost depth levels, the averaged RMSE of PIO‐Net is the lowest. In particular,
the averaged RMSE of PIO‐Net has a maximum value of 0.17, PDO‐Net has a maximum averaged RMSE of 0.23,
and isQG has a maximum averaged RMSE of 0.31. In total, these results indicate that PIO‐Net shows superior
performance compared with the other models. Additionally, the vertical distribution of the standard deviation

Figure 6. The seasonally averaged RMS of the density anomaly derived from MPI‐OM data (blue solid line), from PDO‐Net solution (blue dotted line), from PIO‐Net
solution (red dashed line), and from isQG solution (magenta dash‐dot line) in different times.
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Figure 7. Horizontal distributions of density anomaly at − 210 m from MPI‐OM (a)–(d), PIO‐Net (e)–(h), PDO‐Net (i)–(l), and isQG (m)–(p) in four days.

Figure 8. Statistical distribution of the spectral amplitudes from PIO‐Net (left) and from MPI‐OM (right) calculated in 16th
February 2011.
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Figure 9. 3D density field distribution from MPI‐OM (top) and from PIO‐Net (bottom) calculated in 16th February 2011.

Figure 10. The averaged RMSE of the density anomaly derived from PDO‐Net solution (blue solid line), from PIO‐Net
solution (red solid line), and from isQG solution (magenta solid line). And the STD of the RMSE derived from PDO‐
Net solution (blue dashed line), from PIO‐Net solution (red dashed line), and from isQG solution (magenta dashed
line).

Journal of Geophysical Research: Oceans 10.1029/2023JC019941

CHEN ET AL. 16 of 30

 21699291, 2024, 2, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023JC

019941 by O
cean U

niversity O
f C

hina, W
iley O

nline L
ibrary on [26/04/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



(STD) of RMSEs of different methods plotted in the right of Figure 10, which
shows that PIO‐Net has stronger robustness, as its STD is the smallest at all
depths. In contrast, isQG, especially above − 200 m, has the largest variance,
reaching 0.2 around − 55 m, which again confirms the results of Figure 6 that
isQG has a considerable difference in the accuracy of reconstruction at
different times.

To investigate the impact of network size on accuracy of PIO‐Net, an
experiment are conducted, which is based on networks with varying hidden
layer widths. The number of hidden layers is fixed, while the number of
neurons in each hidden layer varied from 10 to 100 with a step increment of 10.
The averaged RMSE of four different models is depicted in Figure 11. The
results show that although the RMSE curves exhibit similar trends, increasing
the number of neurons leads to improved accuracy. This is because larger
networks have a stronger ability to learn and capture more comprehensive
relationships. However, it is important to note that the performance becomes
less significant once the complexity reaches a certain threshold. To enhance
the clarity of the model's accuracy, we further average the calculated RMSE
with respect to the depth. The results of the prediction error with respect to the
number of neurons are depicted in Figure 12, which unequivocally demon-
strates that a more complex network achieves higher accuracy, particularly
when comparing models with 100 neurons to those with 10 neurons. It reveals
a significant 47% decrease in error, indicating that careful exploration and
testing of our model structure can lead to more accurate results. An additional
experiments is performed to investigate the influence of network size on PDO‐
Net, and the prediction errors are shown in Figure 12. Similar conclusions to
those of PIO‐Net can be drawn. Notably, we observe that PIO‐Net consistently

achieves superior accuracy compared with PDO‐Net when employing the same network structure settings.
Furthermore, the PIO‐Net's utilization of a larger training data set to impose physical constraints, enabling the
imposition of constraints and facilitating enhanced learning of the intricate relationships among data points. The
results obtained from investigating the network structure clearly demonstrate that the careful selection of
appropriate network settings can significantly enhance the performance of PIO‐Net in forecasting. Moreover, it is
evident that the deep learning‐based approach holds greater potential compared with the dynamic‐based approach.

4.2. Density Reconstruction in Different Regions

Four regions of different latitudes are selected to investigate the ability of PIO‐Net to reconstruct the density of
different regions. The Coriolis parameter of each region is taken as the region averaged, which is entered into
PIO‐Net when calculating the loss function.

The SSHA (contour) and SSDA (shading) of the four regions on 1st
September are shown in Figure 13, where the correlation between SSHA and
SSDA is not very strong. As shown in Figure 14, the averaged RMSs of the
density anomalies from different methods are calculated. It can be observed
that the predictions of PIO‐Net match well with those of MPI‐OM. And PIO‐
Net is successful in reconstructing the vertical structure of MPI‐OM data
across all regions. Specifically, the upper layer structure (above − 200 m) of
region 1 is accurately captured by PIO‐Net, while other methods do not.
However, the extreme values at around − 400 m of all regions are not accu-
rately reconstructed. This discrepancy is more obvious in region 1 and region
3, where the solutions of PIO‐Net and MPI‐OM are significantly different
between − 400 m and about − 800 m, which may be attributed to the relatively
weak fluctuation of SSDA in these two regions.

PIO‐Net's performance is acceptable in region 1 and region 4, where changes
in the vertical structure of the density anomalies in the MPI‐OM data are also

Figure 11. The averaged RMSE of the density anomaly derived from PIO‐
Net with different neurons.

Figure 12. Prediction error with different neurons.
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be observed in the PIO‐Net solution, with all maxima being successfully retrieved, albeit with a slightly reduced
amplitude. The variations in the vertical structure of the averaged RMS of PDO‐Net and PIO‐Net are quite
similar, but the two diverge above − 75 m. In region 1 and region 4, PDO‐Net fails to capture the extreme values of
the averaged RMS of density anomaly, and the averaged RMS of density anomaly reconstructed by PDO‐Net
decreases with increasing depth. This further demonstrates that fitting based on surface information alone is
insufficient, and the incorporation of dynamic laws into the reconstruction algorithm is essential to generate more

Figure 13. SSDA (shading) and SSHA (contour) from MPI‐OM in 1st September 2011 for (a) region 1, (b) region 2, (c) region 3 and (d) region 4.

Figure 14. The averaged RMS of the density anomaly derived from MPI‐OM data (blue solid line), from PDO‐Net solution (blue dotted line), from PIO‐Net solution (red
dashed line), and from isQG solution (magenta dash‐dot line) for different regions.
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precise predictions. Different from PIO‐Net, isQG does not perform well in the upper ocean, which may be
attributed to the lack of significant signal fluctuation of SSHA. At this point, the data from MPI‐OM are not
applicable to isQG theory. Nevertheless, in regions 1–3, the trend of the curve of averaged RMS near − 400 m is
captured by isQG, although with inconsistent locations of extreme points and underestimated or overestimated
amplitudes.

From the perspective of the averaged RMSE estimated by different methods (Figure 15), PIO‐Net has the
smallest averaged RMSE in almost all regions, except for depth from about − 325 to − 650 m of region 3,
where its averaged RMSE is larger than that of isQG. In regions 1–3, PIO‐Net and PDO‐Net present averaged
RMSE curves with similar changes. Above − 200 m, the averaged RMSE of both are significantly better than
that of isQG, which is consistent with the averaged RMS result in Figure 14. This is because that isQG do not
successfully estimate the density anomaly in the upper ocean. At the same time, PDO‐Net has been performing
no better than PIO‐Net, with its averaged RMSE larger than PIO‐Net's at all depths, indicating that the
introduction of dynamic constraints is successful and can significantly improve the reconstruction accuracy of
pure data‐driven machine learning algorithm. In region 4, the averaged RMSE curve varies similarly for the
three reconstruction methods. However, above − 500 m, the PIO‐Net reconstruction is significantly better than
the other algorithms, with a maximum averaged RMSE of 0.14 (− 45 m), whereas the value in PDO‐Net
reconstruction is 0.19 and is 0.17 in isQG reconstruction. Furthermore, it is evident that the performance of
PIO‐Net is highly consistent, with similar averaged RMSE curves across different regions. Figure 15 also
shows the STD of the different models, where PIO‐Net presents the lowest STD, indicating that it has the most
stable performance across regions and times. DeepONet based on physical information not only reduces the

Figure 15. The averaged RMSE of the density anomaly derived from PDO‐Net (blue solid line), from PIO‐Net (red solid line), and from isQG (magenta solid line) for
different regions (top row). STD of the RMSE derived from PDO‐Net, from PIO‐Net (red dashed line), and from isQG (magenta dashed line) for different regions.
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averaged RMSE, but also decreases the standard deviation of the reconstructed density profile. Consequently,
PIO‐Net, a machine learning algorithm based on QG, demonstrates its superiority in both performance and
robustness.

5. Discussion and Conclusion
The combination of dynamics‐based models and deep learning algorithms is the main goal of current marine
science research, but it is currently in its infancy due to the challenge of combining them. In this study, we
primarily explore the integration method in deep ocean remote sensing and develop a novel dynamics‐constrained
deep operator learning reduced‐order model framework that incorporates both dynamics‐based and machine
learning techniques using the reduced‐order technique as an attempt to integrate the method. This framework can
effectively learn the unknown parameters in the equation, as well as estimate the subsurface density field. The
integrated approach benefits from the strengths of both dynamics‐based and data‐driven methods, with the former
providing interpretable background constraints and the latter enabling fast prediction and flexible model building.
The ROM is the Galerkin projection of the QG onto reduced‐basis extracted from historical data via EOF. An
operator learning network is used to predict the subsurface density projections, and feedforward neural networks
are used to estimate the unknown parameters in the reduced‐order equation, which makes the ROM more
adaptable to the data. The loss function is set to the combination of mean square residuals from the reduced‐order
equation and mean square errors between the model outputs and target outputs, ensuring that both physical and
data constraints are accounted for during network training. By only using depth as the independent variable in the
reduced‐order equation, the training cost of the network is greatly reduced and it avoids untrained models in
addressing high‐dimensional spatial problems. Using MPI‐OM simulation data, we evaluate the results of the
proposed method, the purely data‐driven method described in the paper, and isQG. The proposed method exhibits
the smallest RMSE, indicating higher prediction accuracy than other methods. In addition, the proposed method
shows good performance in different regions and at different times, highlighting its stability and robustness.

This paper aims to explore an efficient deep learning model with physical constraints to reconstruct internal data
from the surface. However, the proposed method ultimately aims to achieve three‐dimensional reconstruction of
ocean conditions from remote sensing data, there are still concerns about its practical performance. Therefore, a
robust experiment is conducted to evaluate PIO‐Net's accuracy compared to climatology. The HYCOM reanalysis
data is applied to train the PIO‐Net, which is considered to be a more accurate representation of the ocean state
than pure simulations. The collected satellite‐derived sea surface density data is then input into the well‐trained
PIO‐Net for three‐dimensional density reconstruction. To test the model's performance and compare the
reconstructed density with the Argo profiles, the reconstructed density and the monthly WOA18 climatology are
interpolated to match the observed locations (marked with asterisks in Figure 16), and more detailed model
configuration and data descriptions are given in Appendix E. Figure 16 shows the density distribution of various
models above − 450 m at one location (indicated by red asterisk), illustrating the effectiveness of the proposed
method in capturing the trend of density variation with depth. The RMSEs estimated from different models, as
shown in Figure 16, reveal that the RMSE of PIO‐Net is smaller than that of the climatology at nearly all depths,
particularly for densities above − 700 m. The PIO‐Net model's performance is heavily influenced by the training
data, and discrepancies between HYCOM data and observed data are a significant source of reconstruction error.
However, the results of this study demonstrate the potential of incorporating dynamic and data‐driven models in
density reconstruction, thereby enhancing confidence in the subsequent development of the integration methods.

The proposed model has the potential to be applied in two aspects. Firstly, it can assist in detecting and studying
the ocean interior's structure and spatio‐temporal changes comprehensively by reconstructing density distribution
from surface data. This can provide a valuable reference and foundation for the analysis of mesoscale ocean
processes and climate change. Secondly, the reconstructed data could improve the accuracy of the numerical
model through model initialization and data assimilation, but it is essential to validate its reliability before
implementation. The proposed method still has some limitations. Firstly, it is derived under the background of QG
framework, which is a valuable tool for understanding large‐scale seawater motion, but inadequate when
considering finer details phenomena. Although unknown functions learned from the data are introduced into the
equation to make the established model closer to the data, it considers only spatially dependent equation and fails
to account for spatio‐temporal dependencies in ocean system. Furthermore, it does not fully consider the complex
interdependence among multiple variables. In addition, in order to reduce the number of unknowns thus reduce
the burden of network training, reduced‐order modeling technique is used to construct low‐dimensional physical
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equation, which is another source of error. Consequently, the model may fail to accurately capture the intricate
dynamics of the ocean system. Secondly, the method does not consider additional processing for bottom
topography, which may limit the reconstruction of the deeper ocean in the global region. It may be necessary to
divide the reconstruction areas into smaller subdomains and group them differently based on water depth, with
separate models trained for each group. In addition, in order to apply uniform bottom boundary conditions, the
bottom boundary conditions should be set as far away from the surface during PIO‐Net training (i.e., H should be
large).

However, the present study focused on the integration of a data‐driven method with a dynamics‐based model
for 3D reconstruction, a more detailed verification of the proposed method is also beyond the scope of this
paper, there may be some potential limitations of this study. First, the verification of PIO‐Net is based on
simulated data from the numerical model, which is insufficient to accurately describe the real state of the
ocean, and does not take into account all sources of error, including sampling, coverage, noise, and interpo-
lation errors that affect existing observational products. Thus, Applying the proposed framework in real ocean
is significantly more intricate than utilizing model simulations alone, and it is necessary to construct and verify
the proposed framework with real data. Second, there is insufficient coverage to evaluate the applicability of
the model to different regions. Although the model is developed within the framework of geostrophic equa-
tions, the final model form is derived from the data, so the validity in different regions needs to be determined.
Third, optimal configuration may not be identified, the individual networks in the combinatorial network are
equipped with the flexibility to select optimal parameters, including network depth and width, activation
function, and other relevant training parameters. However, this paper solely examines the effects of some
network structures and parameters, and observes that networks constructed in different structures perform
differently. Increasing the number of neurons in the hidden layer leads to enhanced model accuracy, albeit this
increment weakens after a certain number of neurons. Overall, an appropriate network architecture plays an
important role in the prediction of PIO‐Net, and the impact of network parameters and training process needs
further investigation.

To address the above issues, we present some future research directions and methods. Initial priority must lie in
verifying the efficacy and regional applicability utilizing more realistic data. However, using observational data
presents multiple challenges as it is not as comprehensive as the model‐generated data, with lower temporal and
spatial resolution, and inconsistencies between satellite data and Argo. Although reanalysis data is not of the same
quality as observational data, it still provides a more accurate and realistic estimate of the ocean state than pure
numerical model because reanalysis data utilizes ocean observations to modify the numerical model output. And

Figure 16. Density distribution derived from different models (left) and RMSEs derived from PIO‐Net and WOA18
climatology (right).
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importantly, reanalysis data can provide high spatiotemporal resolution data that cannot be achieved with current
observational data. Therefore, the proposed model can be first further evaluated with reanalysis data. On this
basis, transfer learning can be used to alleviate the challenge of insufficient observable data, and the PIO‐Net
model can be retrained and tested using Argo data. The second direction is to find the optimal network
configuration to improve the estimation of PIO‐Net. The third point is that only density data is used in the training
of the proposed model to achieve the estimation of density fields at different depths. Future model enhancements
can involve incorporating different variables into the network's training process, with the relationship between
variables encoded in the loss function to predict varying variables. Finally, the ultimate objective is to create a
deep learning model that can both reconstruct and forecast. One possible means is to integrate outputs as inputs to
construct an iterative forecasting system. Another possibility is to construct a forecasting system that incorporates
temporal and spatial variables by combining physical constraints that are more physically consistent with reality,
taking full account of nonlinear spatiotemporal correlations.

Appendix A: A Detailed Introduction of Reduced Basis Method
The FOM Equation 3 is derived by discretizing Equation 1 in the domain Ω through the application of the
finite difference method on a finely meshed grid. Specificly, to solve Equation 1 numerically, the spatial
domain is divided into a grid with uniformly spaced intervals in both the x and y directions. The grid intervals
in the x and y directions are denoted by Δx and Δy, while the grid points are represented as (xi, yj), where i
and j correspond to the indices of the x and y directions. The central difference scheme is utilized in this study
to approximate the second‐order partial derivatives of the unknown function Ψ at a grid point (xi, yj) as
follows

∂2Ψ( xi,yj)
∂x2 ≈

Ψi+1,j − 2Ψi,j + Ψi− 1,j
Δx2 ,

∂2Ψ( xi,yj)
∂y2 ≈

Ψi,j+1 − 2Ψi,j + Ψi,j− 1

Δy2 ,

where Ψi,j denotes the numerical solution Ψ at grid point (xi, yj). Then Equation 1 can be discretized as

Ψi,j+1 − 2Ψi,j + Ψi,j− 1

Δy2 +
Ψi+1,j − 2Ψi,j +Ψi− 1,j

Δx2 +
∂
∂z
(
f 2
0
N2

∂Ψi,j+1

∂z
) = qi,j.

All equations discretized at each grid point are combined into a single system to obtain the FOM. For a more
detailed explanation of finite difference, refer to Zhou (1993). Computing the FOM solution can be expensive due
to the large grid size. As a result, our objective is to replace the FOM solution with an approximation in the lower
dimensional space in following form

Ψh (z, bs) ≈ ∑
n

i=1
αi (z, bs)ψi = Vα(z, bs),

and the reduced basis is generated using proper orthogonal decomposition (POD) (also know as EOF) in this
paper. POD computes the reduced basis matrix V∈RNh×n by solving the following minimum problem

min
W∈Yn

⃦
⃦X − WWTX

⃦
⃦2

F, (A1)

where Yn = {W∈RNh×n :WTW = In}, and ‖⋅‖F is the Frobenius norm. To solve this minimization problem, one
approach is to compute the singular value decomposition of X

X = UΣZT.
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The matrices U∈RNh×Nh and Z∈RNs(m+1)×Ns(m+1) are orthogonal matrix, which made up of the left and right
singular vectors of X, respectively, and Σ is a diagonal matrix whose diagonal elements are the singular values of
X and are ordered from largest value to smallest one. It can be shown that the first n columns ofU is the solution of
Equation A1, and satisfies

⃦
⃦X − VVTX

⃦
⃦2

F = ∑

min(Nh,Ns(m+1))

i=n+1
σ2
i , (A2)

where σi is the i‐th largest singular value ofX. According to the given accuracy, the optimal reconstruction ofX in
the reduced‐order space can be obtained by the appropriate value of n computed through Equation A2. By
replacing Equation 4 in Equation 3 and projecting the outcome onto the reduced space spanned by the reduced
basis, the reduced‐order model Equation 5 can be derived.

Appendix B: Brief Introduction of DeepONet
DeepONet provides a simple and intuitive structure to approximate G, the structure of unstacked DeepONet
shown in Figure B1, which consists of two separate networks, one called “brunch net,” which takes parameter
u = [u(x1), u(x2), …, u(xp)] as input and corresponding output characteristic f = [f1, f2, …fk]

⊤, where {xi}
p
i=1

denotes a collection of fixed locations for input function. The other network, called “trunk net,” takes continuous
coordinates y as input and produces an output vector ϕ = [ϕ1, ϕ2, …ϕk]

⊤. DeepONet's final output Gθ is the
inner product of f and ϕ:

Gθ(u)( y) =∑
k

l=1
fl (u(x1), u(x2), …,u(xp))
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

branch

ϕl( y)
⏟⏞⏞⏟

trunk

.

The loss function of DeepONet is defined as

L(θ) = 1
NP

∑
N

i=1
∑
P

j=1

⃒
⃒
⃒Gθ (u(i))(y

(i)
j ) − G(u(i))(y(i)j )

⃒
⃒
⃒
2

=
1
NP

∑
N

i=1
∑
P

j=1

⃒
⃒
⃒
⃒
⃒
∑

q

k=1
fk (u(i) (x1),…,u(i) (xm))ϕk (y

(i)
j ) − G(u(i))(y(i)j )

⃒
⃒
⃒
⃒
⃒

2

,

(B1)

where {u(i)}Ni=1 denotes N separate input functions sampled from parameter space. For each u(i),{y(i)}Pj=1 are P

points sampled in the definitional domain of G(u), and the solution function G(u(i)) evaluated at each point y(i)j is

denoted by G(u(i)) (y(i)j ) .

For example, L. Lu et al. (2021) apply DeepONet to solve ordinary differential equations of the following form

dG(x)
dx

= u(x), x∈ [0,1],

with an initial condition G(0) = 0. The purpose of DeepONet is to predict the function G(x) of arbitrary x for
any function u(x). To generate the training data, p = 100 fixed observation points {xi}

p
i=1 from a uniform

distribution in the interval [0,1] are selected to generate the “brunch net” input u = [u(x1), u(x2), …, u(xp)] ,
representing the u(x) which can be considered a parameter, and the function G(x) is evaluated at N different
points {y(i)}Nj=1 = {x

(i)}
N
j=1 for the fixed u(x). As a result, there are p × N data pairs in the training data set, each

with the following format
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[u, y, G(u)( y)] = [[u(x1), u(x2), …,u(xm)], x, G(u)(x)],

where u and y are the inputs of “brunch net” and “trunk net,” respectively, G(u)(y) is the output to be approx-
imated by the DeepONet. The network is trained by minimizing the loss function Equation B1. After the network
has been trained, the corresponding u = [u(x1), u(x2), …, u(xm)] can be computed for various functions u(x), and
solution operator G(x) is then derived by feeding u into the network. Further implementation information can be
found in the reference (L. Lu et al., 2021).

In this article, we employ a combination of the reduced‐order model and the DeepONet to estimate the SDA
projection coefficient of varying depths, which is a high‐dimensional vector. Therefore, we add a third network
called “Net 3,” which computes the final output of PIO‐Net using inputs computed from both the “brunch net” and
the “trunk net,” based on the original structure shown in Figure B1. Additionally, PIO‐Net's loss function includes
the reduced‐order equation to enforce physical constraints. To predict the unknown functions g1 and g2 that depend
on PIO‐Net output and depth, two simple feedforward neural networks “Net 4” and “Net 5” are also integrated into
PIO‐Net. Therefore, PIO‐Net is composed of five subnets, and the parameters of all networks are obtained by the
minimization loss function Equation 8.

Appendix C: A Concrete Representation of PIO‐Net's Loss Function
In the training of the PIO‐Net to predict γ, we can sample a large number of training points and define the loss
function of the following form to encode Equation 2 into the neural network

Lphysics(θ) =
1

NsNt
∑

Ns

i=1
∑

Nt

j=1

⃒
⃒
⃒gnn ( f − 1νi

z0)(h
(i)
j )

⃒
⃒
⃒
2

+
1
Ns
∑

Ns

i=1

⃒
⃒
⃒
⃒
⃒

dGPI ( f − 1νi
z0)(h0)

dh
+ f − 1VTρi

z0

⃒
⃒
⃒
⃒
⃒

2

+
1
Ns
∑

Ns

i=1

⃒
⃒
⃒
⃒
⃒

dGPI ( f − 1νi
z0)(− Hf )

dh

⃒
⃒
⃒
⃒
⃒

2

,

Figure B1. Structure of DeepONet.
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with

gnn ( f − 1νi
z0) (h

(i)
j ) = cVTLh(VGPI ( f − 1νi

z0) (h
(i)
j ))

+ g1 (h,gi
j)

dGPI ( f − 1νi
z0) (h

(i)
j )

dh

+ g2 (h,gi
j)

d2GPI ( f − 1νi
z0 ) (h

(i)
j )

dh2

− g3(h)VTρs,

where {h(i)j }
Nt

i=1
are Nt collocation points uniformly selected in [− Hf, 0], and

gij =
dGPI ( f − 1νi

z0)(h
(i)
j )

dh
.

Appendix D: Visualization of PIO‐Net
Figure D1 shows the loss history over number of iterations, where all the losses are converging. The data loss
Loperator diminishes beyond 30,000 iterations, a larger value leads to greater losses due to lack of preprocessing
before neural network training. The residual of the equation Lphysics decreases quickly at first, then increases
before stabilizing.

To observe the impact of the batch size on the network performance, we plotted the losses Loperator with different
batch size in Figure D2, where it can be clearly seen that with the increase of the batch size, the loss function has a
decrease. However, the accuracy of the estimation also decreases with the increase of batch size, as illustrated in
Figure D3.

Figure D1. Loss history over number of iterations.
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Appendix E: An Introduction to Robust Validation With Argo Data
The PIO‐Net is trained using HYCOM data from year 2012, following the same data processing and network
training procedures described in the paper. Based on the results presented in Section 4.1, the neurons of middle
layers of the PIO‐Net is set to 100. Figure E1 displays the RMSE of PIO‐Net in the test set to verify the

Figure D3. Prediction error of PIO‐Net trained using different batch size.

Figure D2. Loss history of PIO‐Net trained using different batch size.
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applicability of the proposed method in reanalysis data. The results demonstrate that PIO‐Net provides a accurate
estimate.

In order to calculate the input of PIO‐Net and achieve three‐dimensional spatial density reconstruction, the
satellite‐derived sea surface temperature and salinity are interpolated onto a resolution 4 km grids using
bicubic spline interpolation and then used to calculate SSD. The total of 41 validated Argo profiles with
records down to a depth of 1,200 m in the training region are selected as the test set to illustrate the
refactoring performance of PIO‐Net. To compute the RMSE between the observed and reconstructed profiles,
bilinear interpolation is applied to interpolate the reconstructed data and the WOA18 data to the same
matching point as the Argo profiles. Furthermore, linear interpolation is used vertically to interpolate the data
to a uniform depth.

Data Availability Statement
The data are from the MPI‐OM without tides, and the information required to replicate the model simulations are
listed in Section 3. Additionally, the data used for training and testing the proposed method can be found in Y.
Chen (2023b). The computer codes used here are available in Y. Chen (2023a).
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