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Hyperbolic conservation laws play a critical role in various fields, including aerodynamics,
physics, and oceanography. However, traditional physics-informed neural networks (PINNs), de-
spite their remarkable capabilities in solving partial differential equations (PDEs), often struggle
to accurately resolve these problems. To address this challenge, a coordinate transformation-based
PINN (CT-PINN) algorithm for hyperbolic conservation laws is proposed, which uses coordinate
transformations along characteristic curves to prevent the generation and propagation of disconti-
nuities. The coordinate transformation transforms subdomains divided along characteristic curves
into regular domains governed by the corresponding transformed PDEs. The CT-PINN framework
simultaneously learns the characteristic curves and the transformed solutions by optimizing a loss
function that integrates both the transformed PDEs and the characteristic equations. Due to the
equivalence between solutions in the transformed and original domains, predictions in arbitrary
coordinates can be obtained without the need for interpolation. Moreover, different PINN archi-
tectures can be applied for each subdomain, with hyperparameters flexibly adjusted to enhance
accuracy. The proposed method has been evaluated on a range of hyperbolic conservation laws,
including the convection equation, the Burgers equation, the shallow water wave equation, the
traffic flow equation and the Euler equation. The results demonstrate that CT-PINN can accu-
rately solve the characteristic equation and PDEs, and effectively capture shock waves without
transition points, outperforming traditional numerical approaches.

1. Introduction

The hyperbolic conservation laws find widespread application in fields such as aerodynamics, physics, and oceanography, which
are particularly useful for simulating wave phenomena, traffic phenomena, turbulent phenomena, and other complex physical pro-
cesses [1-3]. Therefore, the accurate resolution of these issues holds significant practical significance. In particular, the solutions of the
nonlinear hyperbolic conservation laws typically exhibit discontinuous and smooth small-scale structures. Accurately capturing the
discontinuities while avoiding pseudo-oscillations or over-smoothing phenomena poses a significant challenge for numerical solu-
tion. To this end, a number of effective numerical methods have been developed for solving hyperbolic conservation laws [4-6],
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\begin {equation}\label {PDE} \mathbf {U}_t +\triangledown \cdot \mathbf {F}(\mathbf {U})=0, (x, t) \in \mathcal {D} \times [0, T],\end {equation}


$\mathbf {U}$


$t$


$x$


$\mathbf {F}(\mathbf {U})$


$\mathcal {D} \subset \mathbb {R}^{d}$


\begin {equation}\begin {aligned} &\mathrm {BCs}(\mathbf {U},x,t) = 0, (x, t) \in \partial \mathcal {D} \times [0, T], \\ &\mathrm {ICs}(\mathbf {U},x,0) = 0, (x, t) \in \mathcal {D}. \end {aligned} \label {Xeqn2-2}\end {equation}


$\mathcal {L}(\mathbf {U}(x,t),\theta )=g$


$N_f$


$\{x _f^{(i)},{t_f^{(i)}}\}_{i = 1}^{{N_f}}$


$N_{ic}$


$\{x _{ic}^{(i)},0\}_{i = 1}^{{N_{ic}}}$


$N_{bc}$


$\{x _{bc}^{(i)},{t_{bc}^{(i)}}\}_{i = 1}^{{N_{bc}}}$


\begin {equation}\label {losseq} \mathrm {LOSS} =\mathrm {MSE} _{\{\mathbf {U}_{\mathrm {NN}},\mathrm {BC,IC}\}} +\mathrm {MSE} _{\mathrm {R}_\mathbf {U}},\end {equation}


\begin {equation*}\begin {aligned} &\mathrm {MSE} _{\mathrm {R}_\mathbf {U}} = eta_r\frac {1}{{{N_f}}}\sum \limits _{i = 1}^{{N_f}} {{{\left | {\mathcal {L}(\mathbf {U}_{\mathrm {NN}}\left ( x _f^{(i)},{t_f^{(i)}} \right ),\theta )-g} \right |}^2}},\\ &\mathrm {MSE} _{\{\mathbf {U}_{\mathrm {NN}},\mathrm {BC,IC}\}} = \eta _{ic} \frac {1}{{{N_{ic}}}}\sum \limits _{i = 1}^{{N_{ic}}} {{{\left | {\mathrm {ICs}(\mathbf {U}_{\mathrm {NN}}(x_{ic}^{(i)},0),x_{ic}^{(i)},0)} \right |}^2}}\\ &\quad \quad \quad \quad \quad \quad \quad + \eta _{bc} \frac {1}{{{N_{bc}}}}\sum \limits _{i = 1}^{{N_{bc}}} {{{\left | {\mathrm {BCs}(\mathbf {U}_{\mathrm {NN}}(x_{bc}^{(i)},t_{bc}^{(i)}),x_{bc}^{(i)},t_{bc}^{(i)})} \right |}^2}}, \end {aligned}\end {equation*}


$\mathbf {U}_{\mathrm {NN}}$


$\mathbf {U}$


$\eta _r$


$\eta _{ic}$


$\eta _{bc}$


\begin {equation}\label {pde1} u_t + f(u)_x = 0, \quad (x,t) \in [0,L]\times [0,T].\end {equation}


$f(u) = au$


$f(u) = u^2/2$


$\pi (t)$


\begin {equation}\label {ode} \pi ^\prime (t) = f^\prime (u) \triangleq \lambda (u), \quad \pi (0) = x_0 \in (0,L),\end {equation}


$\lambda (u)$


$u$


$x_0$


$x_0$


$\pi (t)$


\begin {equation}\label {ct} \tilde {x}(t)= \begin {cases}\dfrac {\pi (0)}{\pi (t)} x, & \text { if } 0 \leq x<\pi (t), \\ L-\dfrac {L-\pi (0)}{L-\pi (t)}(L-x), & \text { if } \pi (t)<x \leq L .\end {cases}\end {equation}


$[0,\pi (t)]$


$[0,\pi (0)]$


$[\pi (t),L]$


$[\pi (0),L]$


$[0,\pi (0)]$


$[\pi (0),L]$


$\pi (t)$


$\tilde {u}(\tilde {x}, t) = u(x,t)$


$u$


$\tilde {u}$


\begin {equation}\frac {\partial {u}}{\partial t}= \begin {cases}\dfrac {\partial \tilde {u}}{\partial t} - \lambda (\tilde {u}(\pi (0),t))\dfrac {\tilde {x}}{\pi (t)}\dfrac {\partial \tilde {u}}{\partial \tilde {x}},& \text { if } 0<\tilde {x}<\pi (0), \\[6pt] \dfrac {\partial \tilde {u}}{\partial t} - \lambda (\tilde {u}(\pi (0),t))\dfrac {L-\tilde {x}}{L-\pi (t)}\dfrac {\partial \tilde {u}}{\partial \tilde {x}},& \text { if } \pi (0)<\tilde {x}< L, \end {cases}\end {equation}


\begin {equation}\frac {\partial {u}}{\partial x}= \begin {cases}\dfrac {\pi (0)}{\pi (t)}\dfrac {\partial \tilde {u}}{\partial \tilde {x}},& \text { if } 0<\tilde {x}<\pi (0), \\[6pt] \dfrac {L - \pi (0)}{L - \pi (t)}\frac {\partial \tilde {u}}{\partial \tilde {x}},& \text { if } \pi (0)<\tilde {x}< L. \end {cases}\end {equation}


\begin {equation}\begin {cases}\dfrac {\partial \tilde {u}}{\partial t} + \left (\lambda (u)\dfrac {\pi (0)}{\pi (t)}- \lambda (\tilde {u}(\pi (0),t))\dfrac {\tilde {x}}{\pi (t)}\right ) \dfrac {\partial \tilde {u}}{\partial \tilde {x}} =0 ,& \text { if } 0<\tilde {x}<\pi (0), \\[6pt] \dfrac {\partial \tilde {u}}{\partial t} + \left (\lambda (u)\dfrac {L - \pi (0)}{L - \pi (t)}- \lambda (\tilde {u}(\pi (0),t))\dfrac {L-\tilde {x}}{L-\pi (t)}\right ) \dfrac {\partial \tilde {u}}{\partial \tilde {x}} =0,& \text { if } \pi (0)<\tilde {x}< L. \end {cases}\end {equation}


\begin {equation}\label {ini} u(x,0)= \begin {cases} 3, & \text { if } 0 \leq x<\pi _1(0), \\ 3 - 2\dfrac {x-\pi _1(0)}{\pi _2(0)-\pi _1(0)}, & \text { if } \pi _1(0) \leq x < \pi _2(0), \\ 1, & \text { if } \pi _2(0) \leq x \leq L ,\end {cases}\end {equation}


$\pi _1(0)= 0.25$


$\pi _2(0)= 0.55$


$\lambda (u) = u$


$u(x,0)$


$u(x,0)$


$u(x,0)$


$[0 , \pi _1(0)]$


$[\pi _1(0) , \pi _2(0)]$


$[\pi _1(0) , \pi _2(0)]$


$[\pi _2(0) , L]$


$[\pi _1(0) , \pi _2(0)]$


$t_c$


$\pi _1(0)$


$\pi _2(0)$


$\pi _1(0)$


$\pi _2(0)$


$t<t_c$


\begin {equation}\tilde {x}(t)= \begin {cases}\dfrac {\pi _1(0)}{\pi _1(t)} x, & \text { if } 0 \leq x<\pi _1(t), \\ \pi _1(0)+\dfrac {\pi _2(0)-\pi _1(0)}{\pi _2(t)-\pi _1(t)}\left (x-\pi _1(t)\right ), & \text { if } \pi _1(t) \leq x < \pi _2(t), \\ L-\dfrac {L-\pi _2(0)}{L-\pi _2(t)}(L-x), & \text { if } \pi _2(t) \leq x \leq L .\end {cases} \label {Xeqn8-8}\end {equation}


\begin {equation*}\small \begin {aligned} &D_1 := \{(x,t)\mid 0\leq x<\pi _1(t),0\leq t<t_c\}\longrightarrow T_1 := \{(\tilde {x},t)\mid 0\leq \tilde {x}<\pi _1(0),0\leq t<t_c\},\\ &D_2 := \{(x,t)\mid \pi _1(t)\leq x< \pi _2(t),0\leq t<t_c\}\longrightarrow T_2 := \{(\tilde {x},t)\mid \pi _1(0)\leq \tilde {x} < \pi _2(0),0\leq t<t_c\},\\ &D_3 := \{(x,t)\mid \pi _2(t) \leq x\leq L,0\leq t<t_c\}\longrightarrow T_3 := \{(\tilde {x},t)\mid \pi _2(0)\leq \tilde {x} \leq L,0 \leq t<t_c\}, \end {aligned}\end {equation*}


\begin {equation}\label {trburgers} \begin {cases}\dfrac {\partial \tilde {u}}{\partial t}+\left (\tilde {u}(\tilde {x}, t) \dfrac {\pi _1(0)}{\pi _1(t)}-\tilde {u}\left (\pi _1(0), t\right ) \dfrac {\tilde {x}}{\pi _1(t)}\right ) \dfrac {\partial \tilde {u}}{\partial \tilde {x}}=0, & \text { if } 0<\tilde {x}<\pi _1(0), \\[6pt] \dfrac {\partial \tilde {u}}{\partial t}=0, & \text { if } \pi _1(0) \leq \tilde {x} < \pi _2(0), \\[6pt] \dfrac {\partial \tilde {u}}{\partial t}+\left (\tilde {u}(\tilde {x}, t) \dfrac {L-\pi _2(0)}{L-\pi _2(t)}-\tilde {u}\left (\pi _2(0), t\right ) \dfrac {L-\tilde {x}}{L-\pi _2(t)}\right ) \dfrac {\partial \tilde {u}}{\partial \tilde {x}}=0, & \text { if } \pi _2(0),0\leq \tilde {x}<L.\end {cases}\end {equation}


$t\geq t_c$


$\tilde {u}$


$T_1$


$T_3$


$\frac {\partial \tilde {u}}{\partial \tilde {x}} =0$


$\frac {\partial \tilde {u}}{\partial \tilde {t}}=0$


$t = 0, 0.21, 0.43,0.65$


$\pi _{\mathrm {NN}}$


$x$


$\tilde {x}$


$\mathbf {\tilde {U}}_{\mathrm {NN}}$


$\tilde {x}$


$t$


$\mathbf {U}_{\mathrm {NN}}$


$\pi _{\mathrm {NN}}$


\begin {align*}\pi _{\mathrm {NN}} = \phi (x,t)*t + x,\end {align*}


$\phi (x,t)$


$\mathrm {R}_x:= \pi ^\prime (t)- \lambda (u)$


\begin {equation}\label {lossctpinn} \mathrm {LOSS}_{\mathrm {CT-PINN}} =\mathrm {MSE} _{\{\mathbf {\tilde {U}}_{\mathrm {NN}},\mathrm {BC,IC}\}} +\mathrm {MSE} _{\mathrm {R}_\mathbf {\tilde {U}}} + \mathrm {MSE} _{\mathrm {R}_x},\end {equation}


$\mathrm {MSE} _{\mathrm {R}_x} = {\eta _{rx}}\frac {1}{{{N_x}}}\sum \limits _{i = 1}^{{N_x}} {{{\left | {\mathrm {R}_x\left ( x^{(i)},{t^{(i)}} \right )} \right |}^2}}$


$\frac {\partial {\mathbf {F}(\mathbf {U})}}{\partial {\mathbf {U}}}$


\begin {equation}\label {characteristic} \frac {\partial \mathbf {W}}{\partial t} + \mathbf {\Lambda }(\mathbf {U}) \frac {\partial \mathbf {W}}{\partial x} = \mathbf {0},\end {equation}


$\mathbf {W} = [w_1, w_2, \ldots , w_n]$


$\mathbf {U}$


$\mathbf {\Lambda }(\mathbf {U})$


$(\ref {characteristic})$


\begin {equation}\label {euler1} \frac {\partial }{\partial t} \begin {bmatrix} \rho \\ \rho u \\ E \end {bmatrix} + \frac {\partial }{\partial x} \begin {bmatrix} \rho u \\ \rho u^2 + p \\ u(E + p) \end {bmatrix} = 0,\end {equation}


\begin {equation*}(\rho (x,0), u(x,0), p(x,0)) = \begin {cases} (\rho _L, u_L, p_L), & \text {if } 0 \leq x < x^d, \\ (\rho _R, u_R, p_R), & \text {if } x^d < x \leq L, \end {cases}\end {equation*}


$\rho $


$u$


$p$


$E = \frac {p}{\gamma - 1} + \frac {1}{2} \rho u^2$


$\gamma $


\begin {equation*}\lambda _1 = u - c, \quad \lambda _2 = u, \quad \lambda _3 = u + c,\end {equation*}


$c = \sqrt {\gamma p / \rho }$


$\mathrm {V} = (\rho , u, p)$


$x^d$


$x-t$


$\mathrm {V}_{\mathrm {L}}$


$\mathrm {V}^*_{\mathrm {L}}$


$\mathrm {V}^*_{\mathrm {R}}$


$\mathrm {V}_{\mathrm {R}}$


$\mathrm {V}^*_{\mathrm {L}}$


$\mathrm {V}^*_{\mathrm {R}}$


\begin {equation}\label {iceuler} (\rho (x, 0), u(x, 0), p(x, 0)) = \begin {cases} (1, 0, 1), & \text {if } 0 \leq x < x^d, \\ (0.125, 0, 0.1), & \text {if } x^d < x \leq L. \end {cases}\end {equation}


$\pi _i(t) = \pi _i(0) + s_i t$


$s_i$


\begin {equation*}\small \begin {aligned} &D_1 := \{(x, t) \mid 0 \leq x < \pi _1(t), 0 \leq t < T\} \longrightarrow T_1 := \{(\tilde {x}, t) \mid 0 \leq \tilde {x} < \pi _1(0), 0 \leq t < T\}, \\ &D_2 := \{(x, t) \mid \pi _1(t) \leq x < \pi _2(t), 0 \leq t < T\} \longrightarrow T_2 := \{(\tilde {x}, t) \mid \pi _1(0) \leq \tilde {x} < \pi _2(0), 0 \leq t < T\}, \\ &D_3 := \{(x, t) \mid \pi _2(t) \leq x < \pi _3(t), 0 \leq t < T\} \longrightarrow T_3 := \{(\tilde {x}, t) \mid \pi _2(0) \leq \tilde {x} < \pi _3(0), 0 \leq t < T\}, \\ &D_4 := \{(x, t) \mid \pi _3(t) \leq x < \pi _4(t), 0 \leq t < T\} \longrightarrow T_4 := \{(\tilde {x}, t) \mid \pi _3(0) \leq \tilde {x} < \pi _4(0), 0 \leq t < T\}, \\ &D_5 := \{(x, t) \mid \pi _4(t) \leq x \leq L, 0 \leq t < T\} \longrightarrow T_5 := \{(\tilde {x}, t) \mid \pi _4(0) \leq \tilde {x} \leq L, 0 \leq t < T\}. \end {aligned}\end {equation*}


$\pi _1(0) = \pi _2(0) = \pi _3(0) = \pi _4(0)$


$x = x^d$


$T_2$


$T_3$


$T_4$


$dx_1$


$dx_2$


$dx_3$


$dx_4$


$\pi _1(0) = dx_1$


$\pi _2(0) = \pi _1(0) + dx_2$


$\pi _3(0) = \pi _2(0) + dx_3$


$\pi _4(0) = \pi _3(0) + dx_4$


$u_L$


$u_R$


$\pi _1(0)$


$\pi _2(0)$


$[\pi _2(0), \pi _3(0)]$


$[\pi _3(0), \pi _4(0)]$


\begin {equation*}(\rho (x, 0), u(x, 0), p(x, 0)) = \begin {cases} (\rho _L, u_L, p_L), & \text {if } 0 \leq x < \pi _1(0), \\ \bigg (\rho _L + \dfrac {\rho _{*L} - \rho _L}{\pi _2(0) - \pi _1(0)}(x - \pi _1(0)), \\ \quad u_L + \dfrac {u_* - u_L}{\pi _2(0) - \pi _1(0)}(x - \pi _1(0)), \\ \quad p_L + \dfrac {p_* - p_L}{\pi _2(0) - \pi _1(0)}(x - \pi _1(0))\bigg ), & \text {if } \pi _1(0) \leq x < \pi _2(0), \\ (\rho _{*L}, u_*, p_*), & \text {if } \pi _2(0) \leq x < \pi _3(0), \\ (\rho _{*R}, u_*, p_*), & \text {if } \pi _3(0) \leq x < \pi _4(0), \\ (\rho _R, u_R, p_R), & \text {if } \pi _4(0) \leq x \leq L. \end {cases}\end {equation*}


$p_*$


$F(p^*)=0$


$p_*$


$u_* = g_u(p_*)$


$\rho _{*L} = g_{\rho _{L}}(p_*)$


$\rho _{*R} = g_{\rho _{R}}(p_*)$


\begin {equation*}\mathrm {LOSS}_{\mathrm {CT-PINN}} =\mathrm {MSE} _{\{\mathbf {\tilde {U}}_{\mathrm {NN}},\mathrm {BC,IC}\}} +\mathrm {MSE} _{\mathrm {R}_\mathbf {\tilde {U}}} + \mathrm {MSE} _{\mathrm {R}_x} + {\eta _{star}}\mathrm {MSE} _{\{\mathrm {star}\}},\end {equation*}


$\eta _{star}$


\begin {equation*}\begin {aligned} \mathrm {MSE} _{\{\mathrm {star}\}} &={\left | {F\left (\tilde {p}_{NN}(\pi _2(0),0\right ) } \right |}^2 \\ &+{\left | {\tilde {u}_{NN}(\pi _2(0),0)- g_u\left (\tilde {p}_{NN}(\pi _2(0),0)\right ) } \right |}^2 \\ &+{\left | {\tilde {\rho }_{NN}(\pi _2(0),0)- g_{\rho _{L}}(\tilde {p}_{NN}\left (\pi _2(0),0)\right ) } \right |}^2 \\ &+{\left | {\tilde {\rho }_{NN}(\pi _3(0),0)- g_{\rho _{L}}(\tilde {p}_{NN}\left (\pi _2(0),0)\right ) } \right |}^2. \end {aligned}\end {equation*}


$\tilde {u}_t = 0$


$a = 0$


$a$


$[\eta _r, \eta _{ic}, \eta _{bc}, \eta _{rx}] = [1, 100, 20, 20]$


$10,000$


$L_2$


\begin {equation*}{\varepsilon _{\mathrm {RE}}}(t_k) = \frac {\| {\mathbf {U}_{\mathrm {NN}}}(t_k) - {\mathbf {U}}_{\mathrm {ref}}(t_k) \|_{{2}}}{\|\mathbf {U}_{\mathrm {ref}}(t_k)\|_{{2}}}, \quad t_k \in [0,T].\end {equation*}


$L=2\pi $


$c=4$


$T = 1$


$u(x,t) = u_0(x-ct,t)$


$u_0(x) = 0.5 + \exp ((-(x-1.232)^2)/(0.03^2))$


$\pi (0) = 1.232$


$\mathbf {Left}$


$\mathbf {Middle}$


$\mathbf {Right}$


$t = 0, 0.33, 0.67, 1$


$L_2$


$[0, 1]$


$x < \pi (t)$


$\tilde {x} < \pi (0)$


$\tilde {x} > \pi (0)$


$T=0.65$


$\pi _1(0)= 0.25$


$\pi _2(0)= 0.55$


$t_c$


$5e-5$


$\mathbf {Left}$


$\mathbf {Right}$


$t = 0, 0.21, 0.43, 0.65$


$L \approx 20.5647$


$T = 2/5L$


\begin {equation*}u(x, 0)=\left \{\begin {array}{@{}ll} 1, & \text {if } 0.4L \leqslant x\leqslant 0.8L, \\ \dfrac {1}{2}, & \text {else }, \end {array} \right .\end {equation*}


$T_1 = \{(\tilde {x},t)\mid 0\leq \tilde {x}<\pi _1(0),0\leq t\leq T\}$


$T_2 = \{(\tilde {x},t)\mid \pi _1(0)\leq \tilde {x}<\pi _2(0),0\leq t\leq T\}$


$T_3 = \{(\tilde {x},t)\mid \pi _2(0)\leq \tilde {x}\leq \pi _3(0),0\leq t\leq T\}$


$T_4 = \{(\tilde {x},t)< \pi _3(0)\leq \tilde {x}\leq L,0\leq t\leq T\}$


\begin {equation*}u_0(x) = \left \{\begin {array}{@{}ll} u_L, & \text {if } 0.4L \leq x < \pi _2(0), \\ u_L + \dfrac {u_R - u_L}{\pi _3(0) - \pi _2(0)}(x - \pi _2(0)), & \text {if } \pi _2(0) \leq x < \pi _3(0), \\ u_R, & \text {otherwise.} \end {array} \right .\end {equation*}


$u_L = 1$


$u_R=\frac {1}{2}$


$\pi _2(0) = 0.8L + dx_1$


$\pi _2(0) = 0.8L + dx_1$


$\pi _3(0) = 0.8L + dx_2$


$dx_1$


$dx_2$


$t_{\text {in}} = 5 \Delta t$


$\Delta t = T / 101$


$\pi _1(0) = 8.0614$


$\pi _3(0) = 16.4517$


\begin {equation*}\tilde {x}(t) = \begin {cases} \dfrac {\pi _1(0)}{\pi _1(t)} x, & \text {if } 0 \leq x < \pi _1(t), \\ \pi _1(0) + \dfrac {\pi _2(0) - \pi _1(0)}{\pi _2(t) - \pi _1(t)}\left (x - \pi _1(t)\right ), & \text {if } \pi _1(t) \leq x < \pi _2(t), \\ \pi _2(0) + \dfrac {\pi _3(0) - \pi _2(0)}{\pi _3(t) - \pi _2(t)}\left (x - \pi _2(t)\right ), & \text {if } \pi _2(t) \leq x < \pi _3(t), \\ L - \dfrac {L - \pi _3(0)}{L - \pi _3(t)}(L - x), & \text {if } \pi _3(t) < x \leq L - t_{\text {in}}. \end {cases}\end {equation*}


$T_3$


$\mathbf {Left}$


$\mathbf {Right}$


$t = 0, 2.63, 5.26, 7.90$


$L_2$


$\mathbf {Left}$


$[0, 2/5L]$


$\mathbf {Right}$


$1 \mathrm {e}{-04}$


$1 \mathrm {e}{-03}$


$1 \mathrm {e}{-02}$


$x_i(t)$


\begin {equation}\label {eqswe} \frac {\partial \mathbf {U}}{\partial t}+\frac {\partial \mathbf {F}(\mathbf {U})}{\partial x}=\mathbf {S} \text {,}\end {equation}


\begin {equation*}\mathbf {U}=\binom {h}{hu}, \quad \mathbf {F}(\mathbf {U})=\binom {hu}{{hu^2}+\frac {1}{2} g h^2}, \quad \mathbf {S}(\mathbf {U})=\binom {0}{0}.\end {equation*}


$\mathbf {U}$


$h(x, t)$


$u(x, t)$


$\mathbf {F}(\mathbf {U})$


$\mathbf {S}(\mathbf {U})$


\begin {equation*}h(x, 0)=\left \{\begin {array}{@{}ll} 1, & \text { if } 0 \leq x \leq 0.5, \\ 0.2, & \text { if } 0.5<x \leq 1, \end {array} \quad u(x, 0)=0, \quad 0 \leq x \leq 1.\right .\end {equation*}


$h_1 =1$


$h_2 = 0.2$


$T = 0.1$


$(\ref {eqswe})$


\begin {equation*}\frac {\partial \mathbf {U}}{\partial t}+\mathbf {J}( \mathbf {U}) \frac {\partial \mathbf {U}}{\partial x}=\mathbf {S},\end {equation*}


$\mathbf {J}(\mathbf {U})$


\begin {equation*}\mathbf {J}(\mathbf {U}) = \frac {\partial \mathbf {F(U)}}{\partial \mathbf {U}},\end {equation*}


$\lambda _1=u-\sqrt {gh}$


$\lambda _2 = u-\sqrt {gh}$


$\bm {w} = \{w_1,w_2 \}= \{u-2\sqrt {gh},u+2\sqrt {gh}\}$


$\bm {w}$


\begin {equation*}\frac {\partial \bm {w}}{\partial t}+\mathbf {\Lambda } \frac {\partial \bm {w}}{\partial x}=\mathbf {0},\end {equation*}


$\mathbf {\Lambda } = \left [\begin {array}{@{}cc@{}} \lambda _1 & 0 \\ 0 & \lambda _2 \end {array}\right ].$


$w_1$


\begin {equation}\label {ct1} \tilde {x}_1(t)= \begin {cases}\dfrac {\pi _1(0)}{\pi _1(t)} x, & \text { if } 0 \leq x<\pi _1(t), \\ \pi _1(0)+\dfrac {\pi _2(0)-\pi _1(0)}{\pi _2(t)-\pi _1(t)}\left (x-\pi _1(t)\right ), & \text { if } \pi _1(t) \leq x < \pi _2(t), \\ \pi _2(0)+\dfrac {\pi _3(0)-\pi _2(0)}{\pi _3(t)-\pi _2(t)}\left (x-\pi _2(t)\right ), &\text { if } \pi _2(t) \leq x < \pi _3(t), \\ L-\dfrac {L-\pi _3(0)}{L-\pi _3(t)}(L-x), & \text { if } \pi _3(t)<x \leq L,\end {cases}\end {equation}
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including the total variation diminishing schemes [7], the Godunov schemes [8], the essential non-oscillatory scheme [9], the
weighted essential non-oscillatory scheme [10,11] and its variants [12-14], the discontinuous Galerkin method [15,16], the en-
tropy conserving schemes [17] among others. All of these methods rely heavily on the mesh discretisation of the solution region, and
are constrained by the curse of dimensionality.

The rapid development of neural network (NN) algorithms and computer hardware has led to the widespread application of
NN-based methods across various fields [18-20], including computer vision, natural language processing, data mining, and rein-
forcement learning, achieving remarkable results. These methods have also emerged as a promising alternative to classical numerical
methodologies for PDEs [21-23]. The Deep Ritz method [24] employs a variational formulation to derive solutions by minimizing the
general energy function. The PINN [23] is trained to derive solutions to PDEs by minimizing the sum of the residuals of the PDEs and
the initial/boundary conditions. The deep operator network (DeepONet) [25] is proposed for PDEs with varying parameters, which
establish a continuous mapping between the inputs and outputs of a given PDE. The randomized NN with Petrov-Galerkin methods,
proposed in Shang et al. [26], uses randomized NNs to approximate unknown functions and allows flexibility in the choice of test
functions. Furthermore, numerous other NN-based methodologies have been proposed for PDEs, including the deep Galerkin method
[271, weak adversarial networks [28], etc. The NN-based methods are straightforward to implement and provide real-time predictive
capabilities.

Despite the increasing number of methods for solving PDEs, the PINN has garnered significant interest due to its capacity to
solve PDEs with minimal or no training data, relying instead on the governing equations and initial/boundary conditions [29-33].
The PINNs are straightforward to implement, as they incorporate physical laws directly into the loss function, with derivatives
computed through automatic differentiation [34], eliminating the need for mesh discretization. Despite its advantages, PINNs face
certain limitations and practical challenges [35-39], particularly when solving PDEs with low regularity, where the approximated
solutions may fail to converge to the exact ones [40]. These challenges arise because PINN necessitates derivatives of a particular
order, and significant changes in these derivatives can destabilize the neural network. Nevertheless, PINN has been shown to be an
effective approach for inverse problems, especially those involving the development of flow structures [41]. However, the traditional
PINN methodologies can face difficulties in forward problems, particularly those involving shockwaves in hyperbolic conservation
equations. In the vicinity of the shockwave, increasing or decreasing the gradient can result in an increase in the loss function, which
may lead to an unsuitable training behaviour [42].

To develop the PINN to learn the states of interest for the hyperbolic conservation laws, in Mao et al. [41], the training data
is clustered around the high gradient regions, with the objective of capturing discontinuities for contact discontinuities and two-
dimensional oblique shockwave problems. Nevertheless, an understanding of the locations of discontinuities is of paramount im-
portance. The conservative PINN is proposed in Jagtap et al. [43], where the different PINNs for subdomains that do not overlap
are employed to solve the conservation laws. It is observed that the implementation of an appropriate domain decomposition en-
hances the accuracy of the results, which also necessitates the priori knowledge. Patel et al. [44] establish a connection between
classical finite volume methods and PINN by integrating entropy inequalities into NNs. A PINN with equation weights [42] im-
poses different constraints on the shockwave and smooth regions yields remarkable results in capturing the shockwave. However,
accurately capturing the shockwave location is challenging. The Lagrangian PINN [45] represents a promising avenue to address
the challenges posed by convection-dominated equations, the PDEs are reformulated within the Lagrangian frame, which can re-
duce the complexity and assist with training of convection-dominated PINNs. Subsequently, a two-branch network is employed
to simultaneously solve for the state variables on the characteristic and the low-dimensional characteristic curves. However, this
approach requires interpolation between Eulerian and Lagrangian coordinates, and it inevitably encounters mesh management
challenges.

The focus of this work is on addressing the challenging problem of solving hyperbolic conservation laws using PINN. By em-
ploying the characteristic curve, a significant physical quantity, we develop a PINN model based on a coordinate transformation
[46,47] that effectively addresses the challenge of discontinuities, which are inherently difficult to capture and track. The CT-PINN
comprises two branch networks, one of which is employed to learn the evolution of the specified characteristic curves, thereby guid-
ing the coordinate transformation. The inputs to this network are the initial point of the curve and the time. The second branch
network is utilized to learn the transformed solution, with inputs are the transformed coordinates along the characteristic curve.
Instead of requiring prior knowledge of characteristic speed, the proposed method simultaneously trains two branch networks to
identify the characteristic curves and transformed solutions. The CT-PINN’s loss function is defined by the residuals of both the
characteristic equation and the transformed PDEs. To address discontinuities at the initial interface, we introduce new strategies
by modifying initial conditions and incorporating the Rankine-Hugoniot conditions, Generalized Riemann Invariants, and isentropic
law into the loss function to learn the physical quantities in unknown regions. During the prediction phase, for arbitrary spatio-
temporal coordinates, the transformed coordinates along the predicted characteristic curves are fed into the second branch to derive
solutions without the need for interpolation. Furthermore, the regions separated by characteristic curves can be mapped as regular
regions and subjected to different equations, which affords the option of having a separate network on each subdomain, thereby
greatly enhancing the flexibility of network architecture and approximate accuracy. As demonstrated by a number of hyperbolic
conservation laws, including PDEs such as the Burgers equation, the shallow water wave equation, the traffic flow equation and
the Euler equation, the proposed method can allow for the avoidance of the generation and propagation of discontinuities in the
transformed solution. The CT-PINN is capable of efficiently handling hyperbolic conservation equations that accurately capture
discontinuities.

The paper is structured as follows, Section 2 introduces the problem and reviews the traditional PINN method. In Section 3, the
difficulty of PINN in capturing shock waves is demonstrated using the Burgers equation and the implementation of the complete
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Fig. 1. Achitecture of the PINN.

algorithm for CT-PINN is discussed. One- and two-dimensional test cases are solved to verify the proposed method in Section 4. The
conclusions and future directions are discussed in Section 5.

2. Problem setup and PINN review

The hyperbolic conservation laws can usually be expressed in the following form
U, +v-FU)=0,(x,t) e Dx[0,T], 1)

where U is the conservative variables with respect to time ¢ and space x, F(U) is the flux function, D c R? denotes the simulation
domain. For different problems, the corresponding initial and boundary conditions are indicated to solve Eq. (1)

BCs(U, x,1) =0,(x,1) € 0D x [0,T7],

2
ICs(U, x,0) = 0, (x,1) € D.

In addition to the traditional numerical algorithms that have been developed for solving hyperbolic conservation laws that have
attracted considerable attention, PINN, a popular and straightforward machine learning method for solving PDEs, has also been
employed to address such problems. The schematic diagram of the PINN for time-dependent PDEs £(U(x, 1), ) = g is shown in Fig. 1.
The most significant distinction between the PINN and the traditional data-driven NN is the formulation of the loss function, which
is dependent on the control equation and the initial/boundary conditions. The calculation of the loss function requires the sampling
of the spatio-temporal domain to generate the N, residual points {x(i) t(i)}Nf }’Z";, and the

s
2’3 IZ'C) }fi”f. Then, the loss function is determined by the initial/boundary conditions and the control
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where Uyy represents the output of the PINN, which is used to approximate the state variable U, trained by selecting an appropriate
optimizer to minimize the loss function. 7,, ;. and 7, are the residual, initial and boundary weights, respectively. Consequently, the
output of the PINN is constrained by the physical principles that permit it to approximate the PDE solutions without the necessity of
training data, in contrast to the data-driven deep learning algorithms.

Traditional numerical solvers require discretizing the spatio-temporal domain and approximating the derivative using solutions
at the discrete points. In contrast to the numerical solvers, PINN employs automatic differentiation to compute the derivative values,
thereby enabling the mapping of spatio-temporal coordinates to PDE solutions without spatio-temporal domain discretization. Once
the PINN has been trained, one can rapidly evaluate solution values at any given spatio-temporal point.

Although the PINNs are highly effective in numerous applications, they are often infeasible due to the fact that they identify
solutions that differ significantly from the true solutions, particularly when addressing discontinuous or large gradient problems. The
issue cannot typically be resolved by selecting an appropriate network structure, modifying the optimization algorithm, or tuning the
hyperparameters of the NN, as the specific order of derivative required for NN training is necessary. As a result, solving hyperbolic
conservation equations using PINNs inevitably poses a significant challenge, given that the regularity of solutions to such problems is
often poor. The solutions of hyperbolic conservation laws may be discontinuous, regardless of the smoothness of the initial conditions.
Furthermore, the impact of the discontinuous interfaces makes it difficult not only to capture the solution near the discontinuities but
also adversely affects convergence within the smooth region. However, characteristic curves can be employed to capture the position
of discontinuous interfaces. In this paper, the CT-PINN is proposed by using the coordinate transformation based on characteristic
curves, which can be effectively applied to the hyperbolic conservation laws.

3. Proposed methods

The scalar nonlinear conservation law in Eq. (1) can be written as
u,+ fw, =0, (x,1)e€[0,L]x[0,T]. 4

For example, in the linear advection equation, f(u) = au, and in the inviscid Burgers equation, f(u) = u*/2. The hyperbolic conser-
vation law exhibits several important properties that offer invaluable insights into the study of the behaviour of the solution. Of
particular note is the existence of characteristic curves, denoted as z(), along which the PDE can be transformed into an ordinary
differential equation (ODE). Furthermore, the characteristic curve satisfies the ODE

7' = f'w 2 Aw), #(0)=xy €0, L), ()

where A(u) represents the characteristic speed, which is a function of the solution u, and x is the initial point.
By selecting an appropriate initial point x,, a characteristic curve, z(¢), can be derived from Eq. (5), This subsequently facilitates
the establishment of a coordinate transformation as follows:

n(O) X if 0 < x < x(1),
=170, 2(0) - ’
- L——zz(t)(L -x), ifz()<x<L

This transformation maps subdomain [0, z(¢)] to [0, z(0)] and subdomain [z(¢), L] to [z(0), L], and it can be observed that [0, z(0)]
and [x(0), L] are both regular regions that are independent of (). Let ii(%,t) = u(x, 1), the derivatives of u can be calculated by the
derivative of i:

dii X oi

u i A(z(0), t))m TR if 0 < X < 7(0), ”
ot |oa _ —X 0il . -
o A(i(z(0), t)) 20 0% ifr(0) <X <L,
and
@0—? if 0 < x < 7(0),
ou z(t) 0X
N A T ®
L-x@yox =" :
Then Eq. (4) can be converted in the new coordinate system to
9, (« )20 — datn(0) )2 ) —o, i£0 < % < 7(0),
ot (1) (1) o

%, (z() ”(0)—,1(( ), z)) —X )"ﬁ=o, if 7(0) < % < L.
— (1) 7(t)

The aforementioned presents a mapping related to a characteristic curve. In fact, depending on the initial conditions and characteristic
speed, one can select different characteristic curves to avoid the generation and shift of discontinuities or to simplify the structure of
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Fig. 2. Time evolution of the physical (left) and the transformed (right) domains.

the solution. For example, consider the Burgers equation with the following initial condition:

3, if 0 < x < 7y(0),
_J. , x—m©O -
u(x,0) =<3 2”2(0) m—x if 7,(0) < x < m,(0), (10)
1, if ;,(0) <x <L,

where 7, (0) = 0.25 and 7, (0) = 0.55. In this case, the characteristic velocity is A(u) = u, and thus, higher values of u(x, 0) will propagate
at a faster speed than lower values of u(x, 0). The propagation of u(x, 0) in interval [0, 7, (0)] is faster than that in interval [z, (0), 7,(0)],
and interval [, (0), 7,(0)] is in turn faster than interval [z,(0), L]. Therefore, interval [z, (0), 7,(0)] is a compressed region that becomes
steeper and narrower over time, and there exists a time 7, when the characteristic curves emanating from 7, (0) intersect the charac-
teristic curves emanating from z,(0), leading to the generate of discontinuous interface. Therefore, the characteristic curves with the
initial values r,(0) and 7,(0) are selected and the following coordinate transformation is performed for time ¢ < 7,:

71(0)

"o X, if0<x<m(@),

75(0) — 7, (0)

(1) =3 7,(0) + m (x=m(®), ifz ()< x<m(©), 11)
-7, .
L_L——jrz(t)(L_X)’ lfiz'z(t)SxS L.

The transformation maps

D, :={x,)|0<x<7,®),0<5t<t,} —T ={x1)|0<x<7(0),0<t<1.},
D, :={(x,t) | ;y(t) Ex <7, (1),0<t <t,} — T, :={(%,1) | 7,(0) LX< m,(0),0<t <1},
Dy :={x,0)|n,t) <x<L,0<t<t,}—T, :={&1)|n0)<xX<L0<1t<1,},

which are shown in Fig. 2, transforms the Burgers equation into

dii om0 % \oi _ . -

E-{-(M(x,l)m—u(ﬂ'](o),t)m)ﬁ—0, 1f0<x<7l'|(0),

Z—LI‘ -0, if 7,(0) < % < 7,(0), 12)
oi  f.. L-mO) L-% \oi _ . g

E-F (M(X,I)L_—”Z(I)—M(ﬂ'z(o),l)l‘_—”z(t)>g =0, 1f71’2(0),0SX<L.

When ¢ > 7., the characteristic curve emanating from the discontinuity is selected and the transformation of the form Eq. (6) is
used. The structures of the solutions in the physical domain and the transform domain at varying times are presented in Fig. 3. It can
be observed that the transformed solution is maintained at the initial solution. This is because & remains constant in the regions T;

and T3, so 9% _ (. Combined with Eq. (12), in the transformed domain, % = 0, meaning the solution in the transformed domain is

time—indepg;ldent.

There are many numerical methods that consider the important physical quantity of characteristic curves, however, such methods,
often require interpolation between Eulerian and Lagrangian grids, and inevitably face difficulties in grid management, especially
when the gradient changes drastically or shockwave occurs, the spatial step size needs particularly small otherwise the numerical

schemes unstable or grid entanglement. To avoid this issue, we apply PINN to identify the solution in the new coordinates. The
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Fig. 3. The solutions in the physical domain (left) and the transformed domain (right) at different times.

Fig. 4. The reference solutions and the corresponding predicted solutions by PINN at the test time instants t = 0,0.21,0.43, 0.65.

PINN samples the residuals in the spatio-temporal domain to learn the mapping from the coordinate points to the function values,
effectively avoiding the interpolation between Eulerian and Lagrangian grids. Furthermore, PINN replaces numerical differentiation
with auto-differentiation, so that the computation of derivatives is unaffected by the mesh discretization.

The generation and movement of discontinuities present a significant challenge to the training of the network in PINN, which are
primary reason for its unavailability. We demonstrate this by solving the aforementioned Burgers equation using PINN. After setting
and training the network with the loss function based on Eq. (3), an approximation of the PDE solution is obtained, as depicted in
Fig. 4. It is evident that there is a significant discrepancy between the exact solution and the predicted solution by PINN. However, for
hyperbolic problems, this issue can be addressed through the implementation of appropriate transformations along the characteristic
curves. Therefore, in order to develop PINN effectively in hyperbolic problems, this paper proposes the CT-PINN, in which PINNs
are used to learn the evolution of the characteristic curves in addition to the solution of the equations. The structure of CT-PINN is
illustrated in Fig. 5 and comprises two principal components. One is the branch network Uyy, which is employed to learn solutions
following coordinate transformation. The other is the branch network myy, which enables the model of the variation of characteristic
curves, has the following form

NN = O, 1) x t+ X,

where ¢(x, 1) is the output of the last hidden layer.
Define R, := z(r) — A(u), the loss function of the CT-PINN is

LOSScr_piny = MSE(g ncc) + MSEg,, +MSEg (13)

4

X

R, (x, D) is the residual associated with the characteristic equation.

2
where MSEg = 7,,, ‘

L
N,

i
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Fig. 5. Achitectures of CT-PINN, myy is the approximated characteristic curve, which is employed to map x to %. Uyy is a function of % and 7 and is
applied to approximate the transformed solution.

For the hyperbolic system described by Eq. (1), the Jacobian matrix £ js characterized by real eigenvalues and corresponding
right eigenvectors, which allows the system to be reformulated in the characteristic form:
oW oW
— +AU)—— =0, 14
ETE U) e 14

where W = [w,, w,, ..., w,] denotes the characteristic variables obtained through a transformation of U, and A(U) represents a diagonal
matrix containing the eigenvalues. Consequently, the system (14) is fully decoupled, allowing each variable to be treated as a scalar
problem that can be solved using the aforementioned method. For nonlinear systems, however, the coordinate transformation can
be applied directly to the variables of the governing equation Eq. (1), with the eigenvalues computed to guide the coordinate
transformation.

In practical applications, the discontinuities contained in the initial conditions of hyperbolic conservation laws can lead to com-
plex wave structures, including shock waves, contact discontinuities, and rarefaction waves. These wave structures pose significant
challenges in capturing their evolutions. To address these challenges, the following discussion focuses on the scenario where the initial
conditions include discontinuities. Without loss of generality, we consider the case of a single discontinuity in the initial conditions.
As an illustrative example, consider the one-dimensional Euler system:

NI pu
—|pul+=| p2+p|=0, (15)
ot ox

E u(E + p)

with the initial conditions:

3 d
(9L, 00, 0). px, 0) = {(”L’”L”’L)’ o X<

(pr-ug,pPr)s fx? <x<L,

where p is the density, u is the velocity, p is the pressure, and E = ﬁ + % pu’ represents the total energy per unit volume. The
parameter y denotes the ratio of specific heats. The eigenvalues of the flux Jacobian matrix for the Euler system (15) are given by:

A =u—c, A=u, A3z=u+c,

where ¢ = \/yp/p is the speed of sound.

The solution structure of the original variables V = (p, u, p) consists of three waves originating from the point x¢, as illustrated in
Fig. 6. Each wave corresponds to a characteristic value and divides the domain into four states. From left to right, these states are V|
(left-side data), VE (left star region), V]’; (right star region), and Vy (right-side data), with the star region divided into VE and V; by
the middle wave. The middle wave is a contact discontinuity, while the left and right waves can manifest as either shock waves or

rarefaction waves.
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Fig. 6. Structure of the solution of the Riemann problem on the x — ¢ plane for the one-dimensional Euler equations.

Consider the following initial conditions:

(1,0, 1), if0<x<x?,

. (16)
(0.125,0,0.1), if x4 <x<L.

(p(x,0),u(x,0), p(x,0)) = {
In this case, the left wave is a rarefaction wave, and the right wave is a shock wave. To perform CT-PINN, four characteristic lines
7;(t) = m;(0) + 5,1 are selected for the coordinate transformation, where s; represents the wave speed. It is important to note that these
speeds are not necessarily equal to the characteristic speeds defined by the eigenvalues. The transformation maps:

D, ={x)|0<x<7(1),05t<T} —T, :={(X,)]|0<X<7(0),0<t<T},

D, :={(,t) | (1) Sx<m(),05t<T} — T, :={(X,1) | 7;(0) <X < 7,(0),0<t < T},

Dy :={(x,t) | my(t) S x < m3(1),0<t < T} — T :={(%1) | 7,(0) £ X < 7m3(0),0<t < T},

Dy :={(x,1) | m;(t) £ x<7my(1),0<t <T} —T, :={(X,1) | 13(0) £ X < 7,(0),0<t < T},

Ds :={(x,t) | ny(t) < x<L,0Lt<T} —T5 :={&1) | 7,00 << L,0Lt<T}.
In fact, 7;(0) = 7,(0) = 75(0) = 7,4(0), causing the middle section of the domain to collapse into the discontinuity point x = x4, which
is represented as a single value. This single point is insufficient for training a PINN model to accurately predict the solutions in 75,
Ts, and 7.

To address this issue, one can select small values for dx,, dx,, dx;, and dx,, such that 7,(0) = dx,, 7,(0) = 7,(0) + dx,, 73(0) =

75(0) + dx3, and 74(0) = 73(0) + dx,. Subsequently, the initial condition can be modified by replacing the discontinuity between u;

and uy with a linear variation between the two fixed points z,(0) and z,(0) [48]. Furthermore, constant values can be defined for the
intervals [,(0), 73(0)] and [z3(0), 7,(0)] as follows:

(pp-ur.pr)» if 0 < x < 7;(0),

P« —PL
L W(x - m(0)),

« UL 0
up + m(x —1(0)),

p

(PO DUt 0 pu 00 =9 ) —”2("(’)*) :f:(o) (- (0))>, if 7,(0) < x < 75(0),
(P> s ), if 7,(0) < x < m3(0),
(PuR>Us> Pi)s if 73(0) < x < 74(0),
(PR-URs PR): if 74(0) < x < L.

In the case that the solution for the star point values is available, we need only to use the CT-PINN to predict the evolution
of the solution over time. However, in many instances, the star point values may be uncertain. In such cases, we incorporate the
isentropic law, the Generalised Riemann Invariants, and the Rankine-Hugoniot conditions into the loss function to derive the star
point values. Specifically, based on these principles, we can derive that p, satisfies F(p*) = 0. Once p,, is computed, we can determine
U, = 8,(P.)s Pur = 8p, (D), and p,g = 8, (P:)> aS detailed in Section 4.5. Therefore, to estimate the star point values, the loss function
of the CT-PINN is designed as follows:

LOSScr_pinn = MSE(g ncic) + MSEg,, +MSEg_ + 1,0, MSE 1),

8
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with 7, denotes weight and
3 2
MSE a1y = ‘F(PNN(”2(O)70)|
2
+ [ (52000, 0) = g, (B (2:00). 0) |

+ | 20,00 = g, (B (7200,0)) |
+ )ﬁNN(”3(O)7 0) — g,, By n (72(0), 0))‘2~

The aforementioned strategy for addressing initial discontinuities can be readily generalized to broader classes of hyperbolic con-
servation laws. In particular, it can be observed that under the original coordinate system, the regions divided by the characteristic
curve can be transformed into regular regions in the new coordinates. This allows for greater flexibility in selecting the structure of
the CT-PINN, for example, different sub-networks that can be selected to approximate the solution in different regions. Furthermore,
the hyperparameters of the corresponding sub-networks can be appropriately adjusted and simplified in the case of a straightforward
structure of the solutions in the subdomains, which is more conducive to the training of the CT-PINN. In some cases, the trans-
formed equation may become time-independent, with the time derivative &, = 0, either globally or within specific subdomains. In
these regions, the initial solution and the characteristic curves can be directly fitted during training, eliminating the need to solve the
transformed equations. And in certain test cases, it is crucial to ensure that the output values remain non-negative. To achieve this,
we can reasonably adjust the structure of the output layer based on the initial conditions and the properties of the physical quantities.
For instance, in addressing Euler equations with initial conditions (16), the activation function of the output layer can be configured
to be a ReLU function and a non-negative constant a incorporated (for example, setting a = 0 for velocity, while for pressure and
density, a can be set to 0.05).

4. Numerical examples

In this section, the performance of the proposed model is validated using several numerical examples. For all cases, a feedforward
NN with 2 hidden layers and a tanh activation function is utilized to predict the characteristic curves, and all hidden layers in every
branch contain 50 neurons. The hyperparameters in Eq. (13) of the CT-PINN framework are set to [#,. %, flp.. ] = [1, 100, 20, 20].
Training is initially performed using the Adam optimizer with 10, 000 iterations and the learning rate is 0.01, followed by the L-BFGS
algorithm, a quasi-Newton method, with 50 iterations. This combination of optimization settings is applied consistently across all
numerical experiments presented in this study. The accuracy of the trained CT-PINN is quantified using the L, relative error, which
is calculated as follows:

TUNN(K) = Urer ()2
”Uref(lk)lIZ

ere(fy) = , 1 €I0,TI.

4.1. 1D convection equation

First, consider the simple 1D linear convection equation
u+cu, =0, xel0,L], r€[0,T],
ux=0,t)=u(x=L,t), te€[0,T],

where L = 2z, the constant convection velocity is ¢ = 4, and the final time is set to 7' = 1. The analytical solution for this problem
is u(x, 1) = uy(x — ct, 1), which is contingent upon the initial condition u(x) = 0.5 + exp((—(x — 1.232)?)/(0.03%)). This PDE describes the
evolution of a steep wave translating over time, where the solution remains smooth. In such cases, PINNs generally achieve acceptable
accuracy, however, the steepness of the wave can still pose challenges during training. We chose z(0) = 1.232, corresponding to the
peak position of the wave, to perform a coordinate transformation as in Eq. (6). For training the CT-PINN, we uniformly selected 256
spatial points in the original coordinate system and 100 time points, resulting in a total of 25,600 residual points. The architecture
of the branch used to predict the transformed solution contains 4 hidden layers.

To verify the proposed method’s ability to accurately capture the peak, we tested the trained model on 1024 spatial points and
compared the CT-PINN predictions in the original coordinates with the true solutions, as shown in left sub-figure of Fig. 7. The results
demonstrate excellent agreement. Furthermore, the structure of the transformed solutions is also presented in Fig. 7, where the peak
is concentrated at a single point, indicating that the CT-PINN accurately predicts the characteristics. To explore the performance
of both PINN and the proposed CT-PINN on such smooth solutions, we trained a traditional PINN model using the same network
configuration and calculated the L, relative errors at the test points for both methods.

The relative errors of different models on 256 spatial points and on 1024 spatial points are shown in Fig. 8, the CT-PINN out-
performs the PINN in two cases, which is understandable since the transformed solution exhibits less variation, making its structure
easier to capture. It can be seen that when the test space point is 256, the errors of both models are relatively stable. However, when
the test space point is 1024, there is a drop in PINN at the beginning and then it gradually stabilizes. This is related to the structure
of the solution, since the solution changes in a very small region and the problem of overfitting may occur if the selected residues
are not fine enough. However, the introduction of feature lines in CT-PINN will avoid this problem. Unlike the PINN, the error of the
CT-PINN shows a trend of increasing over time. This occurs because the distribution of residual points in the CT-PINN is not uniform,

9
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Fig. 7. Left: Reference and predicted solutions. Middle: Transformed reference solutions. Right: Transformed predicted solutions. Solutions are
displayed for ¢ = 0,0.33,0.67, 1.

Fig. 8. The relative errors of different models in time region [0, 1] for Example 4.1.

the coordinate transformation maps points with x < z(r) to ¥ < z(0), resulting in fewer points with ¥ > z(0) in the transformed space
over time, which may affect the accuracy in this region.

4.2. Inviscid Burgers equation

Let us now consider the one-dimensional Burgers equation:

w+u-u, =0, xe€l0,L], te[0,T],
ux=2,1)=3, te€][0,T],

with the initial condition Eq. (10), the final time is 7' = 0.65, and the starting points of characteristic curves are z;(0) = 0.25 and
7,(0) = 0.55. In this scenario, although the initial conditions are smooth, a shock wave will form at time .. We use this example to
demonstrate the proposed method’s ability to capture shock waves. The finite volume method with a spatial step size of 201 and a
time step size of 5e — 5 is employed to compute the reference solutions.

To train the proposed model, we uniformly selected 201 points in space and 66 time points to compute the residuals of the
transformed PDE. The architecture of CT-PINN is the same as that in Example 4.1. In Fig. 9, the solutions at different times in various
coordinate systems are shown. It is observed that in the original coordinates, the finite volume method requires several transition
points near the shock wave to prevent numerical oscillations. However, the CT-PINN accurately captures the shock wave without
the need for transition points, which is superior to the traditional finite volume method. The reason for this performance is that, in
the transformed coordinate system, the structure of the solution is consistent with the initial conditions, as illustrated in the right
panel of Fig. 9. Therefore, in the transformed coordinates, the generation and movement of shock waves are avoided, and accurate
modeling of the evolution of characteristic curves ensures a good representation of the original solution.

10
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Fig. 9. Left: Comparison between the reference solutions and the corresponding predicted solutions and Right: transformed predicted solutions at
the test time instants = 0,0.21,0.43,0.65.

4.3. Traffic flow problem

The proposed method is then applied to the traffic flow model [49,50], which is used to study the main characteristics of traffic
flows and their relationships, as follows

u,+ (1 -2wu, =0, xe€l0,L], te€[0,T],
ux=2,t)=3, tel0,T],

where L ~ 20.5647, T = 2/5L. Consider an initial condition with discontinuities as follows:

1, if 0.4L < x <0.8L,
ux0=91 else

where two significant discontinuities exist ahead of and behind the congestion. As cars in the low-density region decelerate, the
left discontinuity propagates leftward, leading to congestion when entering the high-density area. As cars accelerate and move from
the high-density region to the low-density area, the vehicle density gradually decreases, and the right discontinuity evolves into a
rarefaction wave.

In this scenario, we consider three characteristic curves corresponding to the positions of the left discontinuity and the endpoints
of the rarefaction wave, which divide the transformed coordinate system into four subdomains T} = {(X,7) | 0 < X < 7,(0),0 <t <
THT={E)| 71 0) <% <m0),0<t<T}, Ty = {(%0 | 1(0) <X <73(0,0<t < T} and Ty = {(%,1) < 73(0) < ¥ < L,0 <t < T}. To
prevent the CT-PINN network from approximating discontinuous solutions, we apply separate PINN to each subdomain. Due to the
regularity of the transformed network, this is easily achievable. Additionally, the solution structure in each transformed subdomain
is simple, allowing the PINN network to be simplified to improve training efficiency, each PINN contains 3 hidden layers.

To model the evolution of the rarefaction wave, we modify the initial condition as:

uy, if 0.4L < x < 7,(0),

up) = Jup + —R L (x—my(0), i 7,(0) < x < 73(0),
0 ”3(0) - ”2(0)

Ug, otherwise.

Here, u; = Lug = %, 7,(0) = 0.8L + dx, 7,(0) = 0.8L + dx; and 73(0) = 0.8L + dx,, where dx, and dx, are small values that can be
positive or negative. However, for simplicity, we adopt an alternative approach, we take the solution at #;, = 5At as the new initial con-
dition, where Ar = T'/101. This results in 7, (0) = 8.0614, and 73(0) = 16.4517. Subsequently, the following coordinate transformation

11
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Fig. 10. Left: Comparison of the reference solutions and the corresponding predicted solutions and Right: transformed predicted solutions at the
test time instants ¢ = 0,2.63,5.26,7.90.

is applied:
”1(((:)))(, if0<x <),
7y
m@+ 297 mO o) im0 < x < ;).
)NC(I) - IZ(I)_”](I)
”(0)+M<x—7[([)) if 7, (1) < x < 7m5(0)
U i —m T TR R R
L_L_—”3(O)(L_x) if m3(f) < x < L—t;
L—15(0) ’ } -

To train the CT-PINN model, we selected 251 uniformly distributed spatial points, with 5 residual points located within T3, and 97
time points. And since the initial rarefaction wave region is relatively small, we increased the weight for this region by a factor of
ten to enhance the representation of the rarefaction wave when calculating the initial condition constraints in the loss function.

The results predicted by the CT-PINN and the reference solutions at different times are displayed on the right side of Fig. 10. The
CT-PINN method effectively captures both the leftward discontinuity and the leftward rarefaction wave. The transformed solutions
are shown in the right subfigure of Fig. 10, where the independent NN structures for each region enable accurate approximation
of piecewise smooth functions in both space and time. Consequently, the transformed solutions are more manageable, and the L,
relative errors estimated by CT-PINN are displayed in left subfigure of Fig. 11, which generally fall within the range of 1e—04 to
1e—03. However, at some time points, the error reaches 1e—02, primarily due to errors in the characteristic lines, as shown in the
right side of Fig. 11. Points whose distance from the x;(7) is less than the prediction error of the characteristic curve, may be mapped
to incorrect subdomains. This issue is challenging to avoid, as the precision of NNs is inherently limited, but it is acceptable given
the context.

4.4. 1D shallow water equation

Next, let’s focus on the resolution of the 1D shallow water equation [48]

JoF(U
oU , IF(U) _

ot ox

S, 17)

where

h hu 0
U= (hu)’ FU) = <hu2 + %giﬂ)’ Sy = <0>
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Fig. 11. Left: The relative errors of CT-PINN in time region [0,2/5L] and Right: the absolute errors of predicted characteristic curves of CT-PINN
for Example 4.3.

U is the vector of conserved variables, where h(x, ¢) is the depth and u(x, t) is the depth averaged velocity. F(U) are the physical fluxes
and S(U) are the source terms, and the ICs is

o= {5y 0TI wenen 0sess
This problem describes a scenario where a barrier is placed at 0.5m in a 1 m long rectangular water tank. The upstream water depth
h; =1 m, and the downstream water depth h, = 0.2 m. After the barrier is removed, the changes in velocity and water depth in
T = 0.1 seconds. The safety of dams poses a potential threat to human lives and property, making dam break calculations crucial for
flood disaster research.

System (17) can be written in the quasi-linear form

U U
T HI0E =5,
o IO

and the Jacobian matrix J(U) of the convective fluxes is given by

JF(U)

IO =—5

and can be diagonalizable with real eigenvalues A, =u —y/gh, 4, =u —+/gh. Let w = {w,,w,} = {u —24/gh,u+ 24/gh}. Then the
following system respected to w is derived

ot ox
A 0
where A = |7 )
[0 /12]
In this problem, to accurately capture the different discontinuities, we considered three characteristic curves and applied the
following coordinate transformations for the variables w:

w,(0) .. if0<x<m@),
71'1(’) 0 0
ﬂ1(0)+M(x—7rl(t)), if 71(1) < x < m,y(1),

(1) = 2O mo 8)

7,(0) + 0 =D (x = my(0), if my(1) < x < m3(1),
_L=mO if () <x<L
L mm w7 s Esn

and for the variables w,:

o ((t)) X, if 0 < x < m3(1),
%) = ﬂ3()L—7r3(0) L if 75(1 <L 2
_L_—W( -x), ifnm()<x<L.

Transformation Eq. (18) divides the original region into four subdomains T} = {(%,7) |0 < X < 7,(0),0<¢ < T}, T, = {(%,1) | 7;(0) <
X<m(0,0<t<T}, T3 ={(x1)|m,00) <X <7m30),0<r<T}, and T, = {(X,1) | 73(0) < X < L,0 <t < T}, while transformation Eq.
(19) divides the original region into two subdomains. Similarly, to accurately simulate the distribution of w,; in the rarefaction
wave of subdomain 7, and in subdomain T3, and to simplify the process, we used the solution at t = 0.004 as the initial condition.

13
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Fig. 12. Left: Comparison of the reference solutions and the corresponding predicted solutions and Right: transformed predicted solutions at the
test time instants ¢ = 0,0.03, 0.06,0.1.

When computing the initial condition constraints, the weights for subdomain 7, and in subdomain Tj are increased. The number of
spatial residual points is 251, and the number of temporal residual points is 97. Since the initial condition contains discontinuities,
for each subdomain, we selected an independent PINN network with three hidden layers for training.

Fig. 12 presents a comparison between the CT-PINN predictions and the reference solutions, along with the structure of the
transformed solutions. It is evident that the spatiotemporal evolution of the transformed solutions no longer includes moving of
discontinuities, and the proposed method accurately describes the evolution of w, and w,. To further validate the accuracy of the
proposed method in predicting velocity and depth, we display the CT-PINN predictions for different variables at the final time step,
along with the corresponding relative errors, in Fig. 13. The results show an excellent fit between the CT-PINN predictions and the
analytical solutions, with relative errors generally below the order of 1e—03.

4.5. One-dimensional Euler equations

Considering the one-dimensional Euler equations with initial condition (16), where L = 2 and the final time 7" = 0.2. The unknown
state V,; is connected to the left data state V; using the isentropic relation and the Generalized Riemann Invariants for the left wave.

14
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Fig. 13. Left: CT-PINN predictions for different variables at the final time and Right: the relative errors of CT-PINN in time region [0,0.1] for
Example 4.4.

From the isentropic law, the pressure p* satisfies

Y
PxL
L L

By evaluating the Generalized Riemann Invariants at the left data state, we obtain

2¢c;y 2¢,1,
Uy — =u, — N
L = 1 * v — 1
where ¢; =,/ 7: L and c,; = p 2 denote the sound speeds in the left data state and the left star region, respectively.
L

For the right shock wave, the Rankme -Hugoniot conditions yield the following relations:
PR(UR = 54) = pug(Ug — 54),

PR+ pRrlUg — 34)2 =p"+p g — 34)2,

Pr 1 2 Pl 2
Ep+—+ -(ug—s4)" = E. g+ + = (g — 54)°,
PR 2 2

#R
where s, is the shock speed. Using these principles, it can be shown that the pressure p* satisfies the nonlinear equation
F(p*")= f(p".pr,pp) + f(0", PR pR) —up +ug =0,

where

y-1

2c¢ *\ 27
I prapp) = Ll <”—> -1},
—i(\ 5y

p* — DR
12
S(8)+ 5]
pRCR[Zr )T

And once p* is determined, the corresponding values of u,, p,;, and p, can be computed as follows:

f(0*.pr.pR) =

u, =g, ) =uy — f®*.pr.pp)

1/y
P*

Pir =8, ) =0py (—) ,
pr

ARl
PR v+l
r=lp
v+l pRr

PiR = 8pp(P") = PR
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Fig. 14. Top: Comparison between the reference solutions and the corresponding predicted solutions and Bottom: transformed predicted solutions
at the test time instants t = 0,0.07,0.13,0.2.

1
- 1p. , r=1]2 . -
Furthermore, by defining s; =u; —c;, s, =u, —c,, s3 =u,, and s, =ug +c [% 5—' + 72—Y] , the following characteristic transfor-
R
mations are applied:

7 (O)X’ if 0 <x <m(@),
(1) 0 0
m+ 297mO o) im0 < x <m0,

5
(1) = 4 1,(0) + % (x = my(®). if m,(1) < x < m3(0),
74(0) — 73(0)

”3(0)L+ m4(1) — 73(0) (x=m(), i m3() < x <my(0),
7 .
E=72 740 (L =x), if 74(t) < x < L.

To implement the CT-PINN method, we first select N, = N, = 101 residual points in the spatial and temporal dimensions. The pa-
rameters are set as 75, = 20, dx; = 0.01, dx, = 0.005, and dx; = 0.005. With this configuration, we have dx, + dx, + dx3 = L/(N, — 1),
ensuring that the function values at the spatial residual points remain unaffected. In regions T3 and T,, where the solution is
constant, a smaller step size is adopted. Separate PINN models are trained for each subdomain, and the number of neurons in the
hidden layers of each model is reduced to 10. Additionally, to provide sufficient initial information for the interval [z, (0), 74(0)], we
uniformly select five residual points in each subinterval. And to ensure adequate initial information for the interval [z, (0), z4(0)],
five residual points are uniformly sampled within each subinterval. To enhance the influence of these points, their weights in the
initial condition constraints are increased by a factor of 20.

Table 1 presents the star values estimated by CT-PINN, the corresponding exact solutions, and the absolute errors between them.
The results demonstrate that CT-PINN provides accurate estimates, with max absolute errors on the order of le — 3. To further evaluate
the performance of CT-PINN, Fig. 14 compares the estimated solutions and the exact solutions at different time steps. The high degree
of agreement between the two highlights the method’s capability to handle problems with discontinuities effectively.

4.6. 2D convection equation

In the final example, we consider a two-dimensional convection equation

wy(x, . 1) + cu (x, 3,0 + cuy(x, 3.0 =0, (x,y) €[0, L], 1€[0,T],
u(x=0,y,0=ulx,y=0,0, (x,»)€[0,LP 1€[0,T]
u(x = Ly, ) =u(x,y=L,1), (x,y)€[0,L]*, t€[0,T],
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Table 1
Reference and CT-PINN solutions for pressure, velocity, and density with
absolute errors.

Model P u, PirL Pir

Reference 0.3031 0.9275 0.4263 0.2656
CT-PINN 0.3030 0.9313 0.4292 0.2663
Absolute error 0.0001 0.0038 0.0029 0.0007

with two different initial conditions: an initial condition containing a discontinuity

2, if0<x<3,0<y<3,
u(x, y,0) = { L else. (20)
and a smooth Gaussian initial condition
u(x, y,0) = exp(—((x = 1.5)* + (y = 1.5))), @D

where L =6, T = 2, and the velocity c is set to 1. For each initial condition, we applied the following coordinate transformations

no if0 < x < ,(t),

w0 =40
L-LE=mO o ifnm<x<L
L—x(t) ’ ! =

Fig. 15. Top: The reference solution (left), the corresponding predicted solution (middle), and the corresponding transformed predicted solution
(right) for initial condition Eq. (20). Bottom: the reference solution (left), the corresponding predicted solution (middle), and the corresponding
transformed predicted solution (right) for initial condition Eq. (21).
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Fig. 16. Left: The relative errors of CT-PINN in time region [0, 2] for initial condition Eq. (20) and Right: for initial condition Eq. (21).

Table 2
The mean relative errors of different hyper-parameters for the
Example 4.2.
e 1 10 100 1000
Thx
1 Inf 0.0065 0.0059 0.0064
20 0.0657 0.0043 0.0043 0.0065
40 0.6137 0.0185 0.0055 0.0065
60 0.4633 0.0044 0.0043 0.0043
71(0) .
. ifo<y<m(®,
) (1)
y =
- Lm0y itmo<y<t
- L=y, uUxn <L,
L-7,0) y 1 y

with 7;(0) = 3 and #,(0) = 1.5 for initial conditions Eqs. (20) and (21), respectively. We select 32 x 32 residual points in space and 101
residual points in time for training. In the case of the discontinuous initial condition, we employed two independent PINN networks to
approximate the solutions in subdomain 7| = {(%,7,71) | 0 < % < 7,(0),0 < y < 7;(0),0 < ¢t < T} and subdomain 7, = {(%, 7,1) | 7;(0) <
X< Lorm()<y<L,0<t<T}, respectively. The reference solutions, along with CT-PINN predictions at the final time step in
different coordinate systems, are displayed in Fig. 15. As shown in the figure, the CT-PINN method demonstrates excellent agreement
with the reference solutions, achieving highly accurate and reliable predictions. The discrepancies are minimal, and the method
effectively captures the essential features of the solution in both cases. The small L, relative errors observed in Fig. 16, further
confirm the precision and robustness of the proposed approach.

4.7. Effect of hyperparameter selection on CT-PINN performance

In this section, we investigate the impact of hyperparameter selection on the performance of CT-PINN using the Burgers equa-
tion. Selecting appropriate hyperparameters is crucial during CT-PINN training, but identifying an optimal combination remains a
challenging task. Table 2 presents the mean relative error for the Burgers equation under various hyperparameter configurations. All
training is conducted using the Adam optimizer with 10,000 iterations and a learning rate of 0.01, followed by the L-BFGS algorithm
with 50 iterations.

The results show that inappropriate hyperparameter choices may lead to the network failing to converge. Generally, low weights
on initial condition constraints tend to result in poor accuracy. This is because the proposed method achieves good accuracy only
when the initial conditions are well fitted. Additionally, the number of residual points for the initial conditions is relatively small
compared with those for the governing equations, making it necessary to assign higher weights to the initial condition constraints.
By contrast, the impact of characteristic equation constraints is less significant when other parameters remain fixed.

In the case of establishing different models for distinct subdomains, it is essential to account for variations in the size of the subdo-
mains. Consider the adjusted initial conditions, where interval [z;(0), ;,,(0)] may be very small. In such cases, given the importance
of initial constraints, two potential improvements are proposed: firstly, the refinement of initial residual points in smaller intervals,
and secondly, the increase of the weight of initial condition constraints in those intervals.

18



Author Journal of Computational Physics 538 (2025) 114161

5. Conclusion

In this paper, a coordinate transformation-based framework is proposed for PINNs aimed at solving hyperbolic conservation laws
that may feature discontinuous solutions such as shock waves and contact waves, which could lead to the failure of the traditional
PINN. The coordinate transformations are based on specific characteristic curves, which can be selected according to the initial con-
ditions. Following the coordinate transformations, the subdomains bounded by the characteristic curves are transformed into regular
regions. The PDEs adhered to by each region can also be derived using the chain rule. The CT-PINN learns both the characteristic
curves and the solution of the transformed equations, with a loss function constructed by the characteristic equations, transformed
equations, and the initial/boundary conditions. To deal with discontinuous interfaces of initial conditions, Generalized Riemann In-
variants, isentropic laws and Rankine-Hugoniot conditions are encoded into the loss function to learn the evolution of the solution.
The transformed solution exhibits a simplified structure within each subdomain, effectively avoiding the generation and propagation
of shock waves. Furthermore, the transformed subdomain’s regularity facilitates the selection of an independent PINN for each sub-
domain, enhancing the precision of the prediction. As the NN is an end-to-end function, transforming the original coordinates based
on the predicted characteristic curves and feeding the transformed coordinates into the trained network can directly compute the
state variables at the original coordinates without the need for interpolation. Automatic differentiation also avoids the need for high
resolution in discrete formats in numerical methods that can cause grid management problems.

The proposed method is numerically tested on the one- and two-dimensional convection equations, the Burgers’ equation, the
shallow water wave equation, and the traffic flow problem, demonstrating its effectiveness in solving hyperbolic conservation laws.
In particular, the performance of CT-PINN on the Burgers equation for shock waves shows that it can capture shock waves without
transition points and has the potential to capture discontinuities more accurately than mesh-based numerical methods. The ability of
CT-PINN to accurately learn the characteristics is an important reason for the success of the approach, and the accuracy of the approx-
imated characteristics can be illustrated in an application to the traffic flow equation, with an absolute error of the characteristics of
less than 1e—03.

Although the proposed method is validated, the structure of the CT-PINN is not sufficiently explored. In addition to the hyperpa-
rameters of the CT-PINN, the input can also be selected based on the PDE. For instance, in a subdomain where the time derivative is
zero, one can exclude time as an input and instead utilize the initial conditions to train the corresponding sub-net for this subdomain.
Therefore, future work may be required to investigate this further. Moreover, the training of neural networks is sometimes time-
consuming, and in settings such as multi-queries and real-time simulations where the PDEs need to be solved repeatedly, introducing
the parameters into the proposed framework to build alternative models for the parameters of the whole parameter domain is a
further direction.
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