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This study evaluates the applicability of the physics-informed operator network (PIO-Net) for reconstructing sub-
surface density anomalies (SDAs) based on sea surface density. PIO-Net approximates the density field by repre-
senting SDAs as a linear combination of reduced-basis, integrating physical constraints by the quasi-geostrophy
theory while reducing computational costs. Nevertheless, the original PIO-Net can only tackle the gridded data,
contradicting to the fact that the in-situ observations in the vertical column is sparse. To address this limitation,
the network’s loss function is modified to the mean squared error between the interpolation-based reconstruc-
tion and observations. Furthermore, we propose a transfer learning strategy that involves pre-training the model
on reanalysis data and subsequently fine-tuning it with sparse Argo observations using the adapted loss func-
tion. Validation with independent Argo observations shows that the reconstructed SDAs align well with in situ
measurements, with improved accuracy in data-sparse regions. Comparative analyses between the PIO-Net and
publicly available grided Argo products exhibit that PIO-Net achieves the accuracy at same order, but with res-
olution as high as request. In addition, the case study illustrates the PIO-Net outperforms purely data-driven
models such as Long Short-Term Memory network and feedforward neural networks. Finally, potential error

sources and future extensions are discussed.

1. Introduction

Marine science research is closely related to ocean observations,
which enhance the understanding of the structure and dynamic patterns
of the ocean, especially given that the ocean covers about 71 % of the
Earth’s surface and is constantly in motion at various scales under the
influence of many factors, including wind, gravity, and human activi-
ties, and has a significant impact on global climate change (Trenberth
and Fasullo, 2013; Trenberth, 2015; Xie and Yu, 2017). Consequently,
there has been a sustained effort to collect continuous, uninterrupted,
and well-sampled ocean observations currently characterized by two
distinct features. On the one hand, the launch of the Array for Real-time
Geostrophic Oceanography (Argo) program has significantly improved
the observing capability of key dynamical parameters in the ocean (Dean
et al., 2009; Johnson et al., 2022; Roemmich et al., 2009a). However,
the costly and time-consuming nature of direct observation of the deep
ocean poses significant challenges, and the deployment of Argo floats
remains sparse and uneven relative to the vastness of the ocean (Zhou
et al., 2023; Roemmich et al., 2009b; Meng and Yan, 2022). On the
other hand, advances in remote sensing technology have enabled the
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acquisition of high-resolution, spatiotemporally continuous ocean ob-
servations on a global scale (Torres et al., 2012; Roarty et al., 2019; Xue
et al., 2021), leading to significant breakthroughs in marine science (As-
sassi et al., 2016; Klein et al., 2019), but the satellite observations are
limited to ocean surface (Talley et al., 2011).

The existing high-resolution three-dimensional ocean datasets are
mostly derived from numerical models (Jean-Michel et al., 2021; Blum-
berg and Mellor, 1987; Mellor et al., 2002), which have significantly
advanced the field of ocean dynamics research. However, these mod-
els are susceptible to errors (Fox-Kemper et al., 2019; Stammer, 2005;
Tian et al., 2022) due to truncation, parameter uncertainties, and lim-
ited observations, as well as being computationally expensive. To maxi-
mize the utility of the abundant sea surface observations and to address
the pressing research requirements for three-dimensional ocean dynam-
ical processes and climate, many researchers have explored models to
predict the ocean interior structure using surface information (Khedo-
uri et al., 1983; Klemas and Yan, 2014), based on the fact that the
changes in distribution of multiple sea surface parameters contain a sig-
nificant amount of information about internal structure and dynamic
processes.
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One sort of approach involves establishing a physical relationship be-
tween surface parameters and internal properties, from which internal
oceanic information can be derived under certain assumptions (Isern-
Fontanet et al., 2006; Lapeyre and Klein, 2006; Klein et al., 2009; Wang
et al,, 2013). In particular, the theoretical method based on quasi-
geostrophy (QG) (Held et al., 1995) has been widely used as a sim-
plified framework for depicting fundamental flow in ocean. Effective
surface QG (eSQG) (Lapeyre and Klein, 2006) and interior plus surface
QG (isQG) (Wang et al., 2013) are two typical methods, where the for-
mer assumed surface density and interior potential vorticity (PV) are
well-correlated to overcome the challenge of missing internal PV, veri-
fied with model simulation data (Isern-Fontanet et al., 2008; Qiu et al.,
2016). To overcome the limitation of eSQG, which becomes less appli-
cable when the correlation between sea surface height (SSH) and sea
surface density (SSD) is weak, isQG decomposes the subsurface state
field into two distinct components, which are solved independently us-
ing SSH and SSD. isQG was examined by evaluation with high-resolution
ocean model data (Liu et al., 2019) and reanalysis datasets (Chen et al.,
2020; Liu et al., 2014, 2017), showed superior performance and yielded
promising results. Nevertheless, models based on simplified dynamics
are constrained to specific conditions and inevitably require repeated
model solving.

Compared with the aforementioned methods, data-driven ap-
proaches offer a more straightforward construction process,
requiring only training, testing, and utilizing the trained model
for evaluation (Doshi-Velez and Kim, 2017; Guo et al., 2016). Given
appropriate training, estimation of underwater information can be
performed quickly by feeding available sea surface data into the model.
Data-driven models, which can be based on either traditional statistical
methods or machine learning methods, establish relationships between
sea surface parameters and target parameters. In contrast to traditional
statistical methods (Fiedler, 1988; Fischer et al., 1997; Carnes et al.,
1994; Guinehut et al., 2012; Gallaudet and Simpson, 1994; Maes et al.,
2000; Buongiorno Nardelli and Santoleri, 2005; Buongiorno Nardelli
et al., 2012), machine learning techniques derive relationships directly
from the data and demonstrate superior performance. Examples
include artificial neural network (Ali et al., 2004; Bao et al., 2019;
Su et al., 2020), self-organizing maps (Wu et al., 2012; Chen et al.,
2018), support vector machine (Su et al.,, 2015, 2018), clustering
neural network (Lu et al., 2019), and random forest (Su et al., 2018).
Recently, deep learning’s success in capturing complex information
through intricate network architectures and algorithms presents a
new opportunity for marine scientific research. In particular, long
short-term memory network (Buongiorno Nardelli, 2020b; Su et al.,
2021b; Contractor and Roughan, 2021) and convolutional neural
networks (Meng et al., 2021; Su et al., 2021a; Meng et al., 2022) have
proven to be powerful in three-dimensional ocean reconstruction,
surpassing the performance of conventional machine learning methods.
However, this type of approach has limitations as there is no explicit
physical explanation and the underlying physical relationships of the
model remain ambiguous (Dong et al., 2022; Wang et al., 2021).

To combine the advantages of the two class methods, Chen et al.
(2024) proposed a physics-informed deep operator learning network
model, PIO-Net, for estimating subsurface density anomaly (SDA) pro-
files. The PIO-Net model is established on the framework of the QG
equation and incorporates unknown functions learned from the data to
construct a dynamic equation that describes both the surface and in-
terior. To leverage the knowledge in the dynamic equation and in the
data, PIO-Net represents the SDA profile as a linear combination of a set
of reduced-basis, trained with the constructed equation as constraints
and combined with collected data. The inputs to this model are SSD
anomaly coefficients and depth, and output is SDA coefficients. Sim-
ulations from the numerical model are used to validate the PIO-Net,
showcasing excellent agreement between the density field estimated
by PIO-Net and the simulations while demonstrating the strong gen-
eralization capability of PIO-Net. However, PIO-Net is an exploratory
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attempt to integrate physical dynamics with deep learning, several chal-
lenges remain to be addressed. First, the current evaluation of PIO-Net is
based solely on the grided data of ocean model simulations. Compared
to observational data, numerical simulations eliminate many sources
of uncertainty, which may lead to overestimated model performance.
Therefore, it is necessary to validate the proposed framework using more
realistic data to ensure its flexibility. Second, PIO-Net is more suitable
for gridded data, whereas observations are often sparse and irregularly
distributed. With the rapid advancements in observation and computer
technology, the potential of PIO-Net should be explored further. This
study is primarily aimed at addressing these two challenges.

In this work, the applicability of PIO-Net in the North Atlantic Sea
is first explored using Hybrid Coordinate Ocean Model (HYCOM)/Navy
Coupled Ocean Data Assimilation (NCODA) reanalysis data (Chassignet
et al., 2007), which are considered to be more realistic compared to
pure numerical models. However, applying PIO-Net directly to obser-
vational data presents several challenges due to the sparse and irregu-
lar distribution of Argo floats. To address these issues, we modify the
loss function to incorporate observational constraints. Furthermore, to
enhance the model performance, we develop a new strategy for con-
structing high-resolution SDAs in the real ocean. This framework begins
by constructing mappings from observed locations to basis functions us-
ing bicubic spline interpolation, enabling the reconstruction of SDAs at
arbitrary positions. The training of PIO-Net is divided into two stages
to integrate physical relationships derived from reanalysis data and en-
hance consistency with observational data. In the first stage, PIO-Net is
pre-trained using reanalysis data. In the second stage, the pre-trained
model is fine-tuned with sparse observations, where the loss function
is modified to the mean squared error between the observed and re-
constructed SDAs. To evaluate the reliability of the reconstructed SDAs,
we conduct comparisons with independent Argo observations and grid-
ded Argo products. These SDAs are estimated as a linear combination of
interpolated reduced bases, using coefficients predicted from satellite-
derived SSD inputs. To further assess the performance of the proposed
method, comparisons are also made with baseline data-driven models
in terms of both accuracy and inference efficiency. In addition, the ef-
fects of training data size and the role of pre-training on reconstruction
accuracy are systematically examined.

The paper is organized as follows. Section 2 introduces the meth-
ods which are used to derive the SDA structure from reanalysis data
and observations. Section 3 provides the information about the data
and experimental setup. Results of the reconstruction and evaluation
are fully discussed in Section 4. Finally, a brief concluding is given in
Section 5.

2. Methods

2.1. The physics-informed operator learning network of reduced-order
model

The method applies PIO-Net to reconstruct three-dimensional ocean
density assuming that the flow function ¥ ,(z,X) on a fixed horizontal
grids X = [x| x, ... x, ] can be represented as a linear combination of
reduced-basis, in the following form

T, (2, X) & Y a(29,(X) = Va(2), b}

i=1
where  ¢;(X)(i =1,2...,n) denote the reduced-basis, V=
T .
[P X) X)) ... ¥,X)], az)=[a)(2) ay(2) ... a,(2)] s the coef-
ficient vector, and the superscript T represents vector transpose. The
density anomaly can be estimated as
o _Pofod¥h _ pofo Vda

dv
= ~ =—fV—,
P g dz g dz ! dh

where f is the mean Coriolis parameter, p, denotes the volume mean
density, f = fu x 10°, v = pyx(500g)~! x 1073, and & = z/500.
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In order to quickly estimate ~ by leveraging the power of deep learn-
ing, a combined network PIO-Net with output Gy is proposed to approx-
imate ~y, and its inputs are u = f ’1VTpg related to SSD anomaly pj and
y = h related to depth. The loss function £(0) of the PIO-Net is made up
two parts

L£O) = clﬁoperator(e) + CZEphysics(e)’ ®)]

where L£perq0r(0) is the data constraint, consisting of the mean square
error between the estimation of PIO-Net and target coefficient, £ ygics ()
is the physical constraint, consisting of the residuals of a set of sampling
points on the governing equation Eq. (A.2), ¢; and ¢, are the weight co-
efficients. A detailed description of this method is given in Appendix A.

The efficacy of PIO-Net has been verified in several subdomains with
the simulations, which represent an idealized oceanic data far from an
real observing system scenario. And it is necessary to evaluate the pro-
posed PIO-Net in different regions using more realistic ocean data. The
reanalysis data utilizes ocean observations to correct the numerical so-
lutions, rendering a more accurate ocean state estimation compared to
pure numerical models. And the spatiotemporal coverage of the reanal-
ysis data is extensive, providing a more comprehensive and long-term
record of ocean conditions compared to observational data. As a result,
this study first evaluates the reliability of the PIO-Net trained with re-
analysis data in the parts of the North Atlantic.

2.2. PIO-Net for observations

PIO-Net is suitable for gridded data, such data inevitably carries er-
rors compared to in-situ measurements. Furthermore, due to the sparse
and non-gridded distribution of Argo floats, the direct application of
PIO-Net to Argo observation data presents challenges. Therefore, in or-
der for PIO-Net to be applicable to Argo observations and provide more
reliable estimates in the real ocean, the loss function of PIO-Net is re-
organized in this section to incorporate observation constraints in the
training process and improve the consistency of PIO-Net’s output with
observations. It can be seen from Section 2.1, the density anomaly at
depth z can be approximated as follows

P92, X) = v!p (X) +V2P2(X) + ... + V"9, (X) = V, 3)

where v = —f ‘;—Z = [V v”]T. Furthermore, the density anomaly
p“(z,x*) at any given position (z,x*) can be represented by the state
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vector p%(z,X)
p*(z.x*) = H(p(z. X)), )]

where H is the observation operator, typically obtained through interpo-
lation. In this paper, bicubic spline interpolation is adopted, to substitute
Eq. (4) into Eq. (3), we have

p%(z.x*) = H(p"(z. X))

& H(vVip (X) + V9 (X) + ...+ V', (X))

=V HY,(X) + VP HY,X) + ... + V' Hp,(X)

= vlyll(x*) + vzu/z(x*) + o+ VI, (XT).
Therefore, to reconstruct density anomaly at any given location x*
requires establishing the mappings between x and y;(x) (i = 1,2, ...,n).

Suppose there is a set of observations at K locations

{Xobsy > Xobsy» -+ Xobsy }» and let pj, represent the density anomaly
at (z;, x5, )- TO reduce observation error ||p? — H(p?)|| in the density

anomaly reconstructed by PIO-Net, the loss function £(6) is adju-
sted to

L£(0) = ¢, L4310 (0) + €L ppysics (0, 5)
where

| K mn 2
Laua® = 2= 3 D | X Vor¥iong,) = 2y | -

J

i=

k=

vf,l is an estimate of v/ by PIO-Net and m is the number of vertical levels.
Therefore, before training the PIO-Net, a two-dimensional interpolation
is only required to compute the value of the basis function at the obser-
vation points, and there is no need to repeatedly apply the observation
operator H to the reconstruct density anomaly vector in the PIO-Net
training process, as the basis function is independent of time and depth,
which will greatly reduce the training time of the network.

The distribution of Argo floats in time and space is sparse and un-
even, and it is challenging to train PIO-Net in areas where observations
are scarce. To alleviate this problem, we divided the training of PIO-Net
into two stages, the first stage involves pre-training the PIO-Net with
reanalysis data to learn the rules generally applicable in the ocean. And
in the second stage, the pre-trained PIO-Net is fine-tuned with the obser-
vational dataset. The specific flowchart for SDAs estimation via PIO-Net
with observations is shown in Fig. 1, firstly, the HYCOM data is uti-
lized to compute the reduced-basis and to pre-train the PIO-Net, with

Pre-Training Fine-Tuning Predicting
PIO-Net PIO-Net
training training

A
\
\
\
\
C]

L(8) = c1Loprater(8) + c2Lphysics(6) ‘

1
’ £(8) = c1Lgata(6) + C2Lphysics(©)

Fig. 1. Flowchart for SDAs estimation via PIO-Net using observations.
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the hyperparameter in the trained PIO-Net denoted as 6,. Then, bicubic
spline interpolation is performed to establish the mappings between the
coordinates x and the basis functions y;(x)(i = 1,2...,n), which allows
calculating the value of the basis function at any observed position.
Subsequently, PIO-Net is re-trained to fine-tune the parameter 6, and
obtain the parameter 0, using observations. After two stages of train-
ing, knowledge can be transferred from the reanalysis data, enhancing
model performance despite limited observational data. Finally, the den-
sity anomaly profile is reconstructed by Eq. (3) with v ~ —f % apply-
ing the well-trained PIO-Net.

3. Data and experimental setup
3.1. Reanalysis data sets

The HYCOM/NCODA Global reanalysis data set is first applied to
evaluate the PIO-Net model, which was provided by the ocean fore-
cast model HYCOM using the NCODA system by absorbing global ob-
servations such as multi-source satellite observations, buoy observa-
tions (Cummings, 2005; Cummings and Smedstad, 2013), and in-situ
measurements. HYCOM is a global ocean circulation model, which char-
acterized by a vertical mixed coordinate model of isopycnal coordinate,
Z coordinate and ¢ coordinate. The published reanalysis product has a
spatial resolution of 1/12° and a non-uniform vertical levels (from 0 m
to 5500 m). In the context of this study, we focus on a central sub-region
within the North Atlantic Ocean that is far away from continental bound-
aries, shown in Fig. 2 marked by red boxes. And the temperature and
salinity variables from the HYCOM for the year 2012 are selected and
interpolated onto a horizontal grid with a spatial resolution of 4 km by
bicubic spline in this study.

3.2. Observational data sets

To further investigate the applicability of PIO-Net in different re-
gions model using observational data, we chose several regions (marked
by blue and red boxes in Fig. 2) in the central North Atlantic with lit-
tle latitudinal difference, given the similarity of dynamical processes in
these regions and the distribution of Argo floats sufficient to test the pro-
posed model. The satellite observations and Argo floats in 2012 for this
regions are collected. The input requisites for the PIO-Net included SSD
and depth data. The former used in this work is a level 4 (L4) product
developed as part of the European Space Agency World Ocean Circula-
tion project (ESA-WOC) (Buongiorno Nardelli, 2020a), which combines
high-resolution satellite SST measurements with in-situ measurements
of salinity and density, and the RMSE ranges of 0.09 — 0.32 kg/m? for
SSD.
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Fig. 2. Fields of SST from WOA18 in June.
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The Argo dataset used in this study is from the global ocean Argo
temperature and salinity profile scatter dataset (Liu et al., 2021), pro-
vided by the Argo Real-time Data Center in China. To improve data
quality, the post-quality control procedure developed by CARDC was
applied to rigorously screen all profile data. Specifically, we retained
only the profiles with a quality control flag of 1—which corresponds to
“Good data” according to the Argo real-time and delayed-mode quality
control manuals—and with thermohaline measurements extending to at
least 1200 m. Each vertical profile is then interpolated to standard depth
levels using cubic spline interpolation.

3.3. Gridded argo products

Monthly global gridded datasets, namely EN4 from the Met-
Office (Good et al., 2013) and GDCSM_Argo (Zhang et al., 2022) from
Shanghai Ocean University, are used to compare the reconstructed den-
sity fields. The EN4 dataset spans from 1900 to the present and is
based on subsurface ocean temperature and salinity profiles from the
WODO09, GTSPP, Argo, and ASBO collections. It is characterized by a
regular 1° horizontal grid and contains 42 vertical levels. GDCSM_Argo
is constructed using gradient-dependent optimal interpolation and a
pycnocline-based model, covering the period January 2004 to Decem-
ber 2020, with a spatial resolution of 1° x 1° and a total of 58 vertical
levels segmented at depths below 2000 m.

3.4. Data processing

The temperature and salinity are utilized to calculate density by
the state equation provided by Fofonoff and Millard (1983). The
density anomaly field is filtered from the monthly climatological den-
sity field, which is also calculated by the temperature and salinity data
from monthly World Ocean Atlas 2018 (WOA18) through the state equa-
tion (Fofonoff and Millard, 1983). And to ensure that the vertical reso-
lution of the computed density climatology consistent with the vertical
resolution of HYCOM reanalysis data, linear interpolation is carried out.
Then the interpolated climatology remapped onto a grid that aligns with
the obtained density field using the bicubic spline interpolation. And the
global gridded Argo products are interpolated to the spatio-temporal po-
sition of the in-situ observations for comparison.

3.5. Experimental setup

The performance of PIO-Net is first evaluated in Section 4.1 with
HYCOM reanalysis data, where the number of neurons in the hidden
layer of PIO-Net is 100 and weight coefficients ¢; = 5 and ¢, = 1, while
the remaining settings are configured according to Section 4.1 of Chen
et al. (2024). A detailed description of the training process and den-
sity reconstruction utilizing reanalysis data can be provided by Chen
et al. (2024). The process of training PIO-Net with observations in
Section 4.2 is mainly discussed in this section. In the pre-training stage,
the settings of PIO-Net and the training data are the same as those in
Section 4.1. In the subsequent fine-tuning stage, the loss function Eq. (5)
is applied with weight coefficients ¢; = 30 and ¢, = 1 to emphasize the
significance of observational constraints. And the vertical residuals is
half uniformly selected from the residuals in the pre-training stage. In
addition, it should be noted that to test the trained PIO-Net with observe-
tions, the established mappings w;(x)(i = 1,2...,n) are used to generate
the function value at the test position. The coefficient v, approximated
by the PIO-Net, is then used to compute the density anomaly at the test
position, allowing for comparison with the observitions.

4. Results
4.1. Evaluation of reconstruction based on HYCOM data

To evaluate the influence of the number of reduced-basis on accuracy
of reconstruction, the PIO-Net models with varying reduced-basis are
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Fig. 3. Prediction errors for the PIO-Net with different number of reduced-basis.

constructed. The accuracy of the reconstruction is reflected by the root
mean square error (RMSE) and the averaged RMSE, where the RMSE is
defined as

— 1 a ’\az
RMSE_‘/Nh)pI. o,

with N, is the number of horizontal grid points in the reconstructed
region, which is depth and time dependent and represents the difference
between the predicted density anomaly p“ and the observed density
anomaly p? at different times and depths. The time-averaged RMSE is
depth dependent and is computed as the mean of the RMSEs across all
test instances and represents the vertical distribution of the difference
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between predicted and real density anomalies. The time-depth averaged
RMSE is calculated as the mean of the RMSEs across all test instances
and depths.

Fig. 3 shows the time-depth averaged RMSEs estimated by PIO-Net
with different number of reduced-basis. As can be seen from the Fig. 3,
increasing the reduced-basis at the start results in a decrease in the pre-
diction error, suggesting that increasing the number of reduced-basis
functions improves the prediction accuracy within a certain range. How-
ever, the improvement in accuracy is limited, increasing the number of
reduced-basis does not always better. An overly extensive reduced-basis
may produces negative impacts on the model’s performance, as an ex-
cessive number of reduced-basis capture subtle variations in the training
data instead of focusing on the primary features, making it difficult to
generalize to new data. Another possible reason is that the number of
training data currently collected is insufficient to produce accurate high-
frequency signatures, and the reduced-basis generated from this data is
not sufficient to represent all state vectors. The PIO-Net model with 65
reduced-basis achieved the best reconstruction, and corresponding time-
averaged RMSE for the estimated profiles and HYCOM is exhibited on
the left side of Fig. 4, with values less than 0.08. Notably, there are three
prominent peaks observed at depths of 50 m, 150 m and 500 m, respec-
tively, which potentially correlate with the influence of the halocline,
mixed layer, and thermocline changes.

Furthermore, the right panel of Fig. 4 shows the time-averaged root
mean square (RMS) of the density anomaly for HYCOM and the PIO-Net
model, displaying significant agreement and consistent changes, partic-
ularly in the upper layers where the density variations are strong. The
PIO-Net model gives consistently reliable reconstructions, highlighting
its effectiveness in estimating the distribution of SDAs based on surface
information. To further evaluate the reconstruction performance, the
density anomaly distributions at 150 m depth from both the PIO-Net
model and HYCOM for three different times are presented in Fig. 5. The
density anomaly distributions derived from the PIO-Net are extremely
promising, closely matching those derived from HYCOM. The slight dif-
ferences between the two are mainly located in the northeast of the test
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Fig. 4. Left: Time-averaged RMSE of density anomalies between the original reanalysis data and reconstructed profiles, and Right: time-averaged RMS of the density

anomaly derived from PIO-Net (blue solid line) and HYCOM (orange solid line).
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Fig. 5. Density anomalies from HYCOM (top) and from the PIO-Net (bottom) at March 15th (a, d), June 18th (b, e) and September 15th (c, f).

region on June 16th. The reason could be that the numerous eddies
present along the Gulf Stream pathway, resulting in intricate oceanic
dynamical processes, and due to the simplification of reduced-order
modeling, the reduced-basis is lacking in describing small structures.
In general, the PIO-Net model accurately captures the characteristics of
density anomaly distributions, including both positive and negative pat-
terns and finer-scale structures, particularly the density structures south
of 30° N on September 15th, which indicates that the performance of
the reconstruction with PIO-Net is time-dependent and may not be as
effective in summer as in other seasons, possibly because the summer
mixed layer is shallower and the thermocline is stronger due to surface
warming.

4.1.1. Sensitivity analysis and methods comparison

In this section, we investigate the impact of network structure by
varying the number of neurons in the hidden layers, and the models
are computed using a laptop with 4 Intel(R) Core(TM) Ultra 5-125H
@1.20 GHz and 8G Memory. Table 1 presents the training time, test-
ing time, and prediction accuracy for different neuron configurations.
As the number of neurons increases, both the training and testing times
rise significantly. Specifically, the training time increases from approxi-
mately 1440.79s to 8282.66 s as the number of neurons grows from 50
to 250, while the testing time rises from 1.29s to 3.99s. This indicates
that models with more complex architectures require greater computa-
tional resources. Notably, while increasing the number of neurons leads
to a substantial rise in training time, the testing time remains relatively
low in comparison, indicating that once trained, the model can make
fast predictions even with a complex architecture. At the same time, the
prediction error gradually decreases from 0.0578 to 0.0433, suggesting
that increasing the number of neurons can improve model accuracy.
However, the marginal improvement in accuracy diminishes as the net-
work size increases, therefore, in practical applications, an appropriate
network size can be selected to balance the prediction accuracy and
computational efficiency.

Table 1
The mean RMSE and the CPU time for the different number of neurons in hidden
layers.

The number of neurons 50 100 150 200 250
Training time (s) 1440.79  2307.21 3372.18 5919.93  8282.66
Testing time (s) 1.29 1.75 2.54 3.02 3.99
Prediction errors 0.0578 0.0491 0.0465 0.0444 0.0433

To further evaluate the performance of PIO-Net, we compare the
results obtained by the PIO-Net with 250 neurons (using 55 basis func-
tions) against two commonly used data-driven models: U-Net (Yu et al.,
2025; Ronneberger et al., 2015) and Convolutional Long Short-Term
Memory (ConvLSTM) (Xu et al., 2025; Shi et al., 2015). Both models
take the sea surface density anomaly as input and aim to predict subsur-
face ocean density anomalies. The U-Net adopts an encoder—decoder
structure with skip connections. The encoder consists of four stages of
convolutional layers with batch normalization and ReLU activations,
each followed by max pooling to reduce spatial resolution. The number
of channels increases from 32 to 512 across the encoder, with kernel
size 3 x 3. The decoder upsamples the feature maps using transposed
convolutions and merges them with corresponding encoder outputs via
skip connections. A two-layer ConvLSTM is employed with hidden di-
mensions [64,34], and 3 x 3 kernels. The batch size is set to 8, with 1000
epochs for U-Net and ConvLSTM model.

It is worth noting that we do not perform an exhaustive search for
the optimal architectures or hyperparameters for each model, instead,
we adopt standard implementations commonly used in practice. There-
fore, the reported results do not necessarily represent the best achievable
performance for all the models. As shown in Table 2, PIO-Net demon-
strates significantly lower training and testing times compared to both
baselines. Specifically, PIO-Net achieves a 3.65-fold reduction in train-
ing time and a 32.27-fold speed-up in inference compared to U-
Net, while maintaining comparable accuracy, as illustrated in Fig. 6.
Although ConvLSTM is relatively faster than U-Net, its prediction
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Table 2
Training and inference times of different models, and the speed-up of
PIO-Net relative to each baseline.

Method Training Speed-up of Testing Speed-up of
time (s) PIO-Net time (s) PIO-Net
U-Net 30209.81 3.65 128.75 32.27
ConvLSTM  12734.18 1.54 10.95 2.74
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Fig. 6. Prediction errors for different methods.

accuracy is considerably lower. These results confirm the effectiveness
of the proposed approach in reconstructing subsurface ocean density
anomalies.

4.2. Evaluation of reconstruction based on observations

In this section, the performance of the improved PIO-Net model
with observations is verified through various experiments using data
collected from different regions. For all experiments, the data gathered
is divided into two distinct parts, with eighty percent used to train the
PIO-Net model and the remaining twenty percent reserved as a test set
to examine the reconstruction performance.

To evaluate the regional dependency of PIO-Net, as well as the im-
pact of training data size on the model, three experiments with different
training data are carry out. The first experiment, expl, is based on data
from region 1, while the second experiment, exp2, utilizes data from re-
gions 1 to 4, and the third experiment, exp3, employs data from regions
1 to 8. The number of observations in both the train and test sets is pro-
vided in Table 3. In addition, subdomains at similar latitudes share a

Table 3
The number of observations in both the
training and test sets.

Training Testing
data size data size
expl 63 16
exp2 174 44
exp3 705 176
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common set of reduced-basis, specifically, the reduced-basis for regions
1-4 is derived from HYCOM data in region 1, whereas the reduced-
basis for regions 5-8 is calculated using HYCOM data from region 8.
The ability of the reduced-basis to represent the density anomaly field
can be seen in Fig. 7, which shows the distribution of SSD anomalies
represented by the reduced-basis in exp3 and provided by ESA-WOC for
two randomly selected regions and times in the test dataset. A striking
similarity between the two is evident, implying that the reduced-basis
can effectively represent the satellite-derived SDA field by applying ap-
propriate coefficients.

Fig. 8 displays the time-depth averaged RMSEs estimated by PIO-Net
for three distinct data configurations against the number of reduced-
basis. It is important to note that when the number of reduced-basis is
greater than 5, there is no significant difference between prediction ac-
curacy and the number of reduced-basis. The reason could be that the
use of HYCOM data to construct the reduced-basis is limited to repre-
senting only the low-frequency features of the observed data. Even with
an increase in the number of reduced-basis, an accurate representation
of the high-frequency features remains elusive due to the differences be-
tween HYCOM and the observed data. Therefore, augmenting the num-
ber of reduced-basis within a specified range enhances the model’s rep-
resentation ability for HYCOM, but it may not be more appropriate for
observations.

In addition, the effect of the pre-training strategy on the accuracy
of PIO-Net is also under investigation. Specifically, we train the PIO-
Net models solely on observations without adjusting according to the
pre-trained model (i.e. there is no pre-training phase). Similar estima-
tion errors are also depicted in Fig. 8, comparison of prediction errors
from these three experiments shows that the performance of the PIO-
Net model improves with the enrichment of the training data in the
absence of a pre-training phase. However, utilizing knowledge derived
from HYCOM data has the potential to enhance the predictive accuracy
of the PIO-Net model when the data is insufficient. This enhancement
is especially evident in expl, on the one hand, because there is little
training data in expl, and insufficient data leads to limited knowledge
and overfitting of the model. Learning certain general features from HY-
COM data can mitigate these challenges to some extent, allowing the
PIO-Net model to offer more reliable predictions when observational
data is limited. Another reason for the improved model performance
in expl is that the HYCOM data used for pre-training is also from re-
gion 1, making the dynamic processes contained in the pre-training
and fine-tuning data more similar. However, exp3 shows that when the
amount of data is large enough, the implementation of pre-training does
not significantly improve the model’s accuracy. In summary, the pre-
training strategy is most effective when the training data is inadequate,
and the information used in the pre-training and fine-tuning stages is
similar.

Based on the prediction errors displayed in Fig. 8, the three experi-
ments with the smallest error are selected: expl with 75 reduced-basis,
exp2 with 75 reduced-basis, and exp3 with 85 reduced-basis without
pre-training. And Fig. 9 presents the vertical distribution of the mean
of densities from the selected different models. In all three experiments,
the PIO-Net models have shown excellent reconstruction results, closely
matching the observed density. In particular, expl shows a distribu-
tion in line with the observed density trends despite limited training
data (with only 65 observations used to train the model), although the
capture of densities above 100 m is slightly overestimated. In exp2 and
exp3, the PIO-Net models accurately capture the density change and
are in general agreement with the observed data. These findings demon-
strate the potential of the PIO-Net model to provide accurate reconstruc-
tions even when observations are limited.

Furthermore, Fig. 10 shows the horizontal distributions of observed
and PIO-Net estimated density anomalies in exp3 at 50 m depth, where
the error is noticeable, 200 m depth, where temperature fluctuation is
significant, and 700m depth to assess the reliability of the PIO-Net
method. At all depths, the two models show a general similarity in
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distribution. Small errors are also shown at depths of 50 m and 200 m in
regions with fewer Argo observation points. And obviously, the error of
PIO-Net is smaller at 700 m depth, possibly due to the deeper ocean un-
dergoes fewer changes, and physical limitations aid in deep estimation.
This demonstrates the practicality of utilizing the PIO-Net approach to
estimate subsurface from the sea surface, reflecting the success of intro-
ducing physical constraints.

4.2.1. Comparison with gridded Argo products
To further verify the reliability of the reconstructed density field,
we compare the 2012 GDCSM_Argo, EN4, and the reconstructed den-
sity field by interpolating them to the spatio-temporal positions consis-
tent with the Argo floats, and calculate the RMSE between the different
products and Argo, which is shown in Fig. 11. The solid orange line in
Fig. 11 with legend WOA represents the original Argo observation sub-
tract the monthly WOA18 error. It is obvious that PIO-Net significantly
reduces the difference of WOA18 compared to the observation, particu-
larly above 200 m. The RMSE of PIO-Net, GDCSM_Argo, and EN4 prod-
ucts shows a similar trend, with the maximum RMSE at 60 m being 0.10,
0.15 and 0.17 for the training set and 0.16, 0.15 and 0.16 for the testing
set. In the training set, PIO-Net has the smallest error, indicating that the
chosen reduced-basis is reliable in representing density anomalies. The
Argo-derived gridded observations behave similarly in the testing and
training sets, as they incorporate all observations. In the testing set the
error of PIO-Net has increased, PIO-Net exhibits greater accuracy at shal-
low layers but lower accuracy at depths of 100-200 m compared to other
methods. However, PIO-Net demonstrates comparable accuracy to Argo-

derived gridded data and has a higher resolution, which indicates its
reliability.

4.2.2. Methods comparison

In this section, we evaluate the performance of the proposed PIO-Net
against two benchmark methods trained on Argo observational data:
a Long Short-Term Memory network (LSTM) (Hochreiter and Schmid-
huber, 1997) and a Feedforward Neural Network (FFNN). Both the
LSTM and FFNN take sea surface density anomalies and the corre-
sponding latitude—longitude coordinates as inputs, and predict subsur-
face density anomalies at the same locations. The LSTM architecture
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Fig. 10. Horizontal distribution of Argo-derived (left) and PIO-Net (middle) density anomalies and absolute differences between them at three test depths.

follows Chen et al. (2023), while the FFNN consists of two hidden lay-
ers with 100 neurons each.

In contrast to the point-wise predictions generated by the LSTM
and FFNN, PIO-Net produces full horizontal subsurface density anomaly
fields. To make a comparison of predictive accuracy, the outputs of PIO-
Net are spatially interpolated to the Argo observation locations to com-
pute the RMSE, whereas the RMSE values for the LSTM and FFNN are
derived from the point-wise predictions.

Table 4 reports the RMSE values of PIO-Net (with 50 and 250 neu-
rons, using 55 basis functions), LSTM, and FFNN. The underlined values

indicate the highest precision achieved in each experiment. The PIO-Net
with 250 neurons shows consistently higher accuracy than its 50-neuron
counterpart in all experiments except expl, where both configurations
exhibit comparable performance. This may be attributed to the limited
training data in expl, where the benefits of increased model capacity
are constrained by insufficient data diversity. Overall, PIO-Net achieves
superior accuracy across all experiments, validating the reliability in
subsurface density reconstruction. Additionally, PIO-Net’s capability to
directly output high-resolution density fields provides a practical ad-
vantage. Furthermore, in expl where training data are severely limited,
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Table 4
The mean RMSEs of different methods.
Method  PIO-Net PIO-Net LSTM FFNN
(50) (250)
expl 0.0846 0.0869 0.1086 0.1003
exp2 0.1003 0.0850 0.1081 0.1055
exp3 0.0884 0.0773 0.0902  0.0915

PIO-Net exhibits particularly enhanced performance, highlighting the
benefits of incorporating physical constraints and the pretraining strat-
egy in data-sparse scenarios.

To integrate physical knowledge into the learning process, the pro-
posed PIO-Net incorporates a reduced-order form of the QG equation
into the loss function. As a foundational model in large-scale ocean dy-
namics, the QG equation approximates key fluid motion laws, provides
an effective framework for representing stratified flow structures and
the impact of density variations.

By minimizing both the residuals of the reduced-order equation and
the discrepancies between network predictions and observational tar-
gets, the training process simultaneously leverages sparse data and en-
forces physical constraints. These constraints act as physics-based priors,
embedding the governing equations’ structural form and the underlying
dynamical terms into the model. As a result, the network’s inputs and
outputs are guided to approximately satisfy the physical laws.
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Moreover, the incorporation of data-driven constraints allows the
model to infer unknown terms in the reduced-order equation. This not
only enhances the model’s adaptability to real-world ocean variability
but also reduce the errors introduced by simplifications. Overall, this
physics-informed learning framework improves the interpretability and
prediction accuracy, particularly in data-limited regimes where tradi-
tional models or purely data-driven methods may underperform.

4.2.3. Possible origins of reconstruction fields’ errors

The estimation of density profiles is subject to several error sources.
First, uncertainty in the observed data is one of the causes of the model’s
error, the L4 sea surface data used in this study still have various types of
errors from the instrument observation errors, interpolation algorithm
errors, and errors caused by weather. These inaccuracies lead to regional
biases and discrepancies between the satellite-derived sea surface data
and observations taken in the same location. Since the PIO-Net model is
highly dependent on input data, systematic errors or noise in the train-
ing dataset can propagate into the learned patterns. For instance, if the
satellite SSD data used for training exhibit a systematic underestima-
tion, the network will assimilate these biases, potentially resulting in
a generalized underestimation of salinity profiles. Fig. 12 displays the
density anomalies difference curve between ESA-WOC and Argo at 4m,
as well as between PIO-Net and Argo at 4 m and 400 m with the number
of test points. It can be seen that they exhibit similar variation curves,
which once again indicates that the difference between satellite-derived
sea surface data and Argo is a factor affecting the estimation accuracy
of the model. The difference between the satellite and Argo observa-
tions affects not only the surface reconstruction, but also the internal
estimation. Although PIO-Net integrates physical constraints, observa-
tional errors may introduce anomalous samples, misleading the learning
of dynamic relationships and impairing the model’s generalization ca-
pability.

Additionally, the improved PIO-Net incorporates a pre-training stage
that utilizes extensive reanalysis data to establish a knowledge-guided
initialization, which enables the network to capture fundamental spatial
patterns and dynamic features inherent in the training data, facilitat-
ing more efficient convergence and enhanced performance during the
fine-tuning with in situ observations. However, substantial disparities
between the pre-training and fine-tuning datasets may introduce biases,
potentially compromising reconstruction accuracy. This effect is particu-
larly pronounced in data-sparse regions or areas exhibiting strong spatial
variability, where the model relies on limited observations to determine
fitting coefficients and reconstruct the complete density anomaly field.
Undoubtedly, increasing observational coverage would significantly im-
prove the reconstruction quality.
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Fig. 12. Absolute differences in density anomalies between ESA-WOC and Argo at 4m, as well as between PIO-Net and Argo at (a) 4m and (b) 400 m, with respect

to the number of test points.
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Moreover, reconstruction errors may also stem from the use of
reduced basis functions derived from HYCOM simulations, which
might not fully represent the true variability observed in observational
datasets.

5. Conclusions and discussions

In this paper, the accuracy and reliability of the PIO-Net model to
estimate SDAs from sea surface information together with the effect of
varying the number of reduced-basis on three-dimensional density re-
construction are first evaluated using HYCOM data, primarily through
quantitative evaluation using RMSE. The results demonstrate that, the
PIO-Net model can accurately reconstruct ocean internal density pro-
file, and within a specific range of numbers, enriching the reduced-basis
enhances the accuracy of the density estimation. In the case of the op-
timal reduced-basis configuration, the maximum time-averaged RMSE
remains below 0.08. Compared to the reanalysis data, the density field
reconstructed by the PIO-Net effectively preserves the signals of meso-
and micro-scale phenomena, which is helpful for the further study of
meso-and micro-scale processes. A new strategy is then developed in
this work that uses unevenly distributed measurement data and satellite-
derived observations to train the PIO-Net to project a more credible
three-dimensional density field from the satellite data, which based
on the physical relationships learned in the reanalysis data, combined
with information from observations, to provide a more precise surface-
subsurface relationship. Independent Argo observations are used to eval-
uate the PIO-Net reconstructed density field, demonstrating that the re-
constructed fields accurately capture vertical density changes with pre-
cision and are well-aligned with the spatial distribution of Argo data.
Experiments to study the effect of pre-training on reconstruction show
that that leveraging the knowledge gained through pre-training can im-
prove the accuracy of underwater density estimation, especially when
the observations is limited and the training data for the pre-training and
re-training phases contain similar relationships. This improvement has
the potential to address the current uneven distribution of Argo floats,
providing more reliable estimates in data-poor regions. The accuracy of
the proposed method is further validated through comparisons between
the PIO-Net-reconstructed density fields and gridded Argo products. In
addition, relative to purely data-driven neural networks, the proposed
method achieves both higher reconstruction accuracy and greater infer-
ence efficiency.

However, the proposed method also has limitations, firstly, there is
no definitive method for selecting a set of reduced-basis that perfectly
aligns with observational data, yet the selection of reduced-basis being
a critical factor as inappropriate choices can introduce errors into the
reconstruction process. Secondly, choosing regions with similar dynami-
cal processes to train a PIO-Net model is beneficial for estimation. Since
PIO-Net is built upon simplified dynamics, it heavily relies on train-
ing data to infer the unknown terms in the governing equations. This
helps compensate for the limitations of the simplified physical models
and allows the PIO-Net to adapt to the available data. As a result, the
accuracy of the predictions is inherently constrained by the dynamical
patterns captured in the training set. However, the relationship between
surface signals and subsurface density can vary significantly across dif-
ferent regions. When applied to regions with substantially different dy-
namical characteristics, PIO-Net’s performance may be various because
the different physical knowledge contained in the data will ultimately af-
fect the physical model constructed. Therefore, different PIO-Net models
need to be trained for prediction. Thirdly, although we compensate for
the limited number of observations by utilizing the knowledge gained
from the reanalysis data, the inherent differences between the two re-
quire a certain amount of observations to correct the model, especially
in regions where the two are significantly different. Therefore, applying
the proposed methodology to regions with very limited observations re-
mains a challenge. In addition, the error between satellite-derived obser-
vation and Argo measurement also affect the estimation accuracy, fur-
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ther investigation is necessary to clarify the connection between satellite
SSD and Argo SSD.

In summary, PIO-Net is a reliable approach to project sea surface
data into the deep ocean, producing high-resolution ocean data that can
aid in studying intricate density changes. Besides, PIO-Net provides the
ability to reconstruct underwater density fields when direct deep-sea ob-
servations are insufficient, improving our ability to detect ocean struc-
tural and dynamic changes, especially in the context of global warming.
We will focus not only on enhancing the accuracy of the reduced-basis
representations but also on investigating the role of various input pa-
rameters in improving reconstruction performance in the future work.
Previous studies have demonstrated that incorporating additional sea
surface variables, such as sea surface height and velocity, can signifi-
cantly contribute to reconstructing three-dimensional ocean structures,
as these variables are physically linked to subsurface dynamics. Thus,
one can extend PIO-Net to a multi-input operator network architecture
that integrates these parameters to provide a more comprehensive rep-
resentation of surface conditions. In addition, more explicit positional
information can be included in the inputs to improve the generalization
ability of the model across different oceanic regions.
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Appendix A. Brief Introduction of PIO-Net
QG theory shows that the geostrophic stream function is derived

from the potential vorticity and the top/bottom densities under the as-
sumption of QG-balanced motions as follows:

o [ 12 ow
LY+ 2 N_02$>:q, -H<z<0, (x,y€Q,
o) b (A1)
3‘; o= (x,y) €Q,
r _ =0, (x,y)€Q,

where £ = (% + % ), ¥ = p(pg fo)_1 is the stream function with p im-
plying the pressure, N2 is the Brunt — Visili frequency, g represents
the potential vorticity anomaly, and b, = —gp‘;pgl denotes the surface
buoyancy anomaly. The state of the corresponding density anomaly p“
is given by p? = —% %. After discretizing the Eq. (A.1) on a staggered
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Fig. A.1. Structure of PIO-Net.

grid X and using a suitable partial differential equation solver, such as
the finite difference method, the following ordinary differential equa-
tion can be obtained

2
Eh\Ilh+di</—°d‘I”‘> =q, -H<z<0,

z\ N2 dz
a¥, — -1
dz |z=0 fO bS’
d¥v, —0
dz |z=—H ’

where q and b are the discretized forms of the potential vorticity
anomaly ¢, and the surface buoyancy anomaly b, respectively. £, de-
notes the linear operator derived from L. For ease of calculation and
reduction of calculation costs, ¥, is approximated as a linear combina-
tion of a set of bases
n
¥, (z,b,) » Z ;(z,b,); = Va(z,b,),
i=1
and suppose « satisfies the governing equation of the following form
FEAY: FEAY A
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where ¢ = 500> X 10%, n, = N>x 105, § = cq~! and H; = H /500, the bar
of the vector denotes the mean of the vector, the unknown functions g;,
g, depend on the variable 4 and the mean of the derivative of vector ~
with respect to #, and unknown function g; depend on variable A.

Eq. (A.2) is regarded as a differential equation parameterized by
S7'VTp? that to compute SSDA in the presence of given values for g,
£, and g3. To to predict the variable v and estimate g, g,, and g3, PIO-
Net method is proposed with the architecture is shown in Fig. A.1. The
input of PIO-Netisu = f~! vy, and y = h and the output is to estimate ~,
Net 4 and Net 5 are two feedforward neural networks, which are used
to predict the unknown functions g, g, and g;. The loss function of the
PIO-Net is defined as

[/(0) = Cl‘coperamr(e) + c2£physics(9)’
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where L,e.,0r(6) is the mean squared error between the network out-
put and the projection coefficient of the density anomaly profile at N,
different times, given by

Ny m
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=1 j=

i
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_ v

L
dh Zj

operator(e) = N.m

L pysics(0) Tepresents the mean squared residual error on the reduced-
order equation Eq. (A.2), evaluated over a designated set of residual
points to integration of physical laws into the neural network
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where {h;” }I,N=’1 are N, collocations points uniformly selected in [-H 701,
and
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A detailed introduction can be found in Chen et al. (2024).
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