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ARTICLE INFO ABSTRACT
Keywords: Deep operator networks (DeepONets), as a powerful tool to approximate nonlinear mappings
DeepONet between different function spaces, have gained significant attention recently for applications in

Parameterized time-dependent PDEs
Tensor train decomposition
Dynamic mode decomposition

modeling parameterized partial differential equations. However, limited by the poor extrapolation
ability of purely data-driven neural operators, these models tend to fail in predicting solutions with
high accuracy outside the training time interval. To address this issue, a novel operator learning
framework, TDMD-DeepONet, is proposed in this work, based on tensor train decomposition (TTD)
and dynamic mode decomposition (DMD). We first demonstrate the mathematical agreement
of the representation of TTD and DeepONet. Then the TTD is performed on a higher-order
tensor consisting of given spatial-temporal snapshots collected under a set of parameter values
to generate the parameter-, space- and time-dependent cores. DMD is then utilized to model
the evolution of the time-dependent core, which is combined with the space-dependent cores
to represent the trunk net. Similar to DeepONet, the branch net employs a neural network, with
the parameters as inputs and outputs merged with the trunk net for prediction. Furthermore, the
feature-enhanced TDMD-DeepONet (ETDMD-DeepONet) is proposed to improve the accuracy, in
which an additional linear layer is incorporated into the branch network compared with TDMD-
DeepONet. The input to the linear layer is obtained by projecting the initial conditions onto
the trunk network. The proposed methods’ good performance is demonstrated through several
classical examples, in which the results demonstrate that the new methods are more accurate in
forecasting solutions than the standard DeepONet.

1. Introduction

Many real-world problems in science and engineering can be modeled as parameterized partial differential equations (PDEs).
With the development of machine learning (ML), ML-based methods are becoming increasingly well-known as an alternative to
traditional high-fidelity numerical solvers [1,2], which are computationally expensive and impose a significant computational burden
in scenarios that require repeated solving for different parameter values. In particular, the emergence of neural operators aimed at
learning nonlinear mapping between different function spaces, such as deep operator networks (DeepONets) [3] and Fourier operator
networks (FNOs) [4], have provided a new direction in the solution of the PDEs.
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DeepONet consists of a branch net and trunk net, and can be applied to problems with different initial conditions, boundary con-
ditions, parameter domains, and forcing terms, which are fed into the network as input functions. Compared with the feedforward
neural networks (FNNs), DeepONet exhibits higher accuracy and generalization ability. Once trained, DeepONet can solve new prob-
lems with different parameters in real-time, making it a valuable tool in contexts such as uncertainty quantification and optimization.
Currently, it is employed in a variety of applications, including the prediction of the linear evolution of unstable waves in high-speed
boundary layer [5], the approximation of highly non-smooth dynamics [6], the prediction of the response of offshore structures to
waves [7], the simulation of bubble growth dynamics [8], the implementation of fast multi-scale modeling [9], and the inference of
the multi-physical field of electric convection [10]. Furthermore, various enhanced DeepONets have been proposed, including the
multi-input DeepONet [11,12] capable of receiving multiple input functions, the physics-informed DeepONet [13,14] that considers
data and physical information as constraints, the multi-fidelity DeepONet [15-17] that combines different fidelity data, the POD-
DeepONet [18] that is combined with the proper orthogonal decomposition (POD), and the SVD-DeepONet [19] that is enhanced
from the singular value decomposition (SVD) perspective. Neural Implicit Flow [20] has recently emerged as a promising method,
a mesh-agnostic nonlinear dimensionality reduction approach similar to DeepONets that enables modal analysis of spatio-temporal
dynamics on adaptive meshes.

Despite achieving satisfactory results in numerous cases, DeepONet is constrained by the inherent limitations of purely data-
driven neural networks, which are more suited to interpolation, and accurate extrapolation is challenging [21]. In particular, the
DeepONet model does not consider time dependencies, which may fail to predict solutions in the time domain that are not visible
in the training set. However, in practical applications, constructing a prediction model to achieve long-term prediction is often
necessary. One potential solution to this problem is to employ physics-informed knowledge [13,14]. However, these approaches
necessitate an understanding of the underlying physics. An alternative approach is to incorporate time-dependent variables into the
neural network to learn the temporal evolution of the system. Lin et al. [22] input the current state into the branch net to learn a
local approximation of the transition from the current state to the next state, thereby recursively modeling the system’s solution.
Similarly, Liu et al. developed Causality-DeepONet [23], which inputs time-dependent states into the branch net and employs zero-
padding and shifted convolutional windows to capture causality in the input data. However, the introduction of zero-padding data
may introduce extra errors. In [24], the predicted sequences of DeepONet are fed into the long short-term memory (LSTM), providing
a recursive structure that captures temporal dependencies. In [25,26], the LSTM is incorporated into the branch net to facilitate the
learning of the relationship between time-dependent inputs and outputs. Furthermore, the proposed B-LSTM-MIONet in [26] can
handle variable-length real-time data. However, the limitation of these methods is that they can only predict the state after a fixed
time interval following the prediction of the current state. Besides, a significant number of samples are inevitably required to train
the network sufficiently to avoid error accumulation.

To construct a predictive system that describes the evolution of the system state from a dataset, with the goal of predicting
the future state, numerous ML-based algorithms have been proposed [27,28]. Among these, DMD [29] identifies the optimal linear
system and models the temporal evolution of the system. This approach was originally proposed in the field of fluid dynamics, which
is easy to implement and can establish a close connection to nonlinear systems via Koopman theory [30,31]. Many variants have been
developed and widely used for different problems [32-38]. However, DMD can not be directly applicable to parameterized PDEs, to
extend DMD to parameterized PDEs, several works have been proposed [39-43]. These works consider single or multiple parameters
taking values within a certain range and do not consider a wider range of parameters such as initial conditions, boundary conditions,
and other parameters belonging to a certain function space. In this paper, we aim to fully take advantage of the powerful operator
learning performance of DeepONet, and at the same time, exploit the predictive power of DMD-based method to predict solutions at
any time under varying parameters. As in [43], we establish the reduced order modeling by employing DMD and TTD [44], which
aims to represent a higher-order tensor through lower-order tensors. Unlike methods that enforce vectorization, TTD permits a more
structured arrangement of data, facilitating a more rational representation. We show that the tensor cores are combined in a way
consistent with the standard DeepONet output.

In this paper, a TTD and DMD based operator learning model, TDMD-DeepONet, is proposed for high-dimensional parameterized
PDEs, which allows rapid prediction of solutions for different parameters (input functions) at any given time. To achieve this, a set
of solutions under different parameter values in the training time domain is collected and combined into a tensor, and then the
resulting tensor is decomposed by TTD into three components, namely parameter-, space- and time-dependent cores. As in standard
DeepONet, we utilize branch net to learn the mapping between parameters and parameter-dependent cores (viewed as branch net
outputs). The combinations of space-dependent, as well as time-dependent cores, are used to represent the trunk net, where the DMD
is utilized to model the evolution of time-dependent core for prediction. The prediction of the TDMD-DeepONet can be derived by
combining the outputs of the branch net and trunk net. Furthermore, the feature-enhanced TDMD-DeepONet, referred to as ETDMD-
DeepONet, is proposed to improve the accuracy. In contrast with TDMD-DeepONet, ETDMD-DeepONet incorporates a linear layer
within the branch net for residual training. The input to the linear layer is computed by projecting the initial conditions onto the
respective space-time basis (trunk net). The output of the linear layer is combined with the original branch net to compute the branch
net’s final output. The interpolation and extrapolation performance of the proposed methods are evaluated by comparing them with
standard DeepONet through several classical examples. The results indicate that the proposed methods achieve accurate predictions,
whereas the standard DeepONet is prone to failure in extrapolation. Additionally, the ETDMD-DeepONet method exhibits superior
interpolation performance.

This paper is organized as follows, Section 2 provides a brief overview of the methods involved. Section 3 describes the proposed
methods in detail, in which the computational complexities and error analysis are also provided. Several examples are provided in
Section 4. Finally, Section 5 presents a summary and outlook.
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Fig. 1. Architecture of the standard DeepONet.

2. Problem statement and related methods review
2.1. Problem statement

Consider a state variable s(y, t;u) whose dynamics are governed by the following parametrized time-dependent problems

w =Ny, tu), y.1)EDXT,
B(s(y.t;u) = b(y. t;u),  (y,1) €0DXT, @
s(y.tgsu) = so(y;u), YED,

where N is a nonlinear differential operator, y denotes the spatial coordinates, and D C R¢ is the simulation domain bounded by
0D. t €T =[t),T] denotes the time, u is the parameter (input function), where the parameter can be initial conditions, boundary
conditions, forced terms, etc., and 3 is the boundary differential operator, sy(x;u) represents the initial state.

To solve the parameterized PDEs above, there are many traditional numerical methods, such as finite difference, finite element,
etc. These methods require repeated solving of PDEs for different parameters, which is computationally expensive when the spatial
dimensions are very high. Recently, the rapid development of neural networks provided new ways to solve PDEs, in which DeepONets
can learn mappings between different spaces, making them highly effective for solving parameterized PDEs. Compared with traditional
numerical methods, DeepONets can significantly reduce computational costs, as the primary computational expense occurs during
the offline model training phase.

2.2. DeepONet

Inspired by the universal approximation theorem of operators, Lu et al. proposed DeepONet [3] to learn the operators between
different spaces, whose architecture consists of two subnetworks with different inputs, one called branch net, which is related to the
input function u, and the other called trunk net, which takes the position of the output function as input. DeepONets have been widely
used in many fields, they can learn parameterized PDE operators efficiently and flexibly and have higher precision and generalization
than fully connected neural networks.

Fig. 1 presents a typical DeepONet structure. To encode the input function u(x) into the branch net, function values are computed
at a set of discrete positions {x,x,,...,x,} to form the input vector u = [u(x;),u(x,), ..., u(x,)]. The forward calculation of the
branch net yields the outputs b=[b,,b,, ...,b,]. By inputting the position coordinate y into the trunk net, the corresponding output
is computed and represented as ¢ = [¢;, P». ..., ¢,]. Finally, the output of the DeepONet is obtained by the inner product of the
output of the subnetworks

»
Gou)(y) = Z by (u(x),u(x;),....u(x,)) &, .
=1~ ——

branch trunk

The structure of DeepONet is highly flexible, with numerous options available for the branch net and trunk net, such as FNN and
convolutional neural network (CNN), among others. These greatly enhance DeepONet’s applicability in a wide range of scenarios.
DeepONet can be utilized not only for learning PDE solution operators but also for modeling and displaying mathematical operators.
In this paper, we focus on simulating dynamical systems with different parameters (initial conditions/boundary conditions/source
terms) using DeepONet and improving its extrapolation performance with the incorporation of DMD.
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2.3. The standard DMD

In this section, a brief introduction to the standard DMD algorithm [45] is given. By discretizing the simulation domain D, the
Eq. (1) is transformed into a high-dimensional dynamic system:

ds _ .
E _f(y’t’u)a (2)

s(to;u) = sp(u),

where s € R"1>"%"X"4 represents the state variable, with n; X n, X --- X n; = N being the total number of spatially discrete nodes.
Here, n;, denotes the number of discrete nodes along the k-th spatial variable and the function f is derived from nonlinear differential
operator N'.

However, in many cases, the function f(y,t;u) describing the dynamic system is unknown, making it challenging to predict the
future state of the system. Consequently, identifying the unknown dynamics from the increasingly rich data is a crucial area of focus.
In this context, DMD, which aims to linearly approximate the evolution of a system from a set of uniformly time-sampled snapshots
to predict states at any given time, has received increasing attention. The algorithm is data-driven, and the initial step is to collect
the system’s snapshot pairs {s(t;), s(t;()}l]c"i | ata set of sequential times, where t;( =t + At. The collected snapshot pairs are then
arranged into two snapshot matrices:

X =[s(1)),5(ty). -+, s(tp)] .Y = [s()), s(£)), -+, s(t,)] - 3)

DMD assumes that the state evolution can be described by a linear operator A € R¥*¥ /i.e. Y = AX. The operator A can be computed
by solving the least squares (LS) problem

2
, @

! o
A = argmin i 2 ”sk+1 - Ask‘
AeRNxN Moy

where s* = s(#;). In fact, to predict the system’s state at any time, DMD provides a mode decomposition along with a model for
temporal evolution:

sk = ®Ap, (5)

where ® is a matrix of the main eigenvectors of A, and b = ®'s! is the amplitude. Considering that the system state s is high
dimensional, the explicit calculation of A will result in significant computational costs. DMD employs the projection of A to compute
the main eigenvalues and eigenvectors of A, the steps are as follows:

Step 1 Perform SVD on X: X ~ ULVT, where U € RN*" and ¥V € RM*" are the left and right singular matrices, £ € R™ is a
diagonal matrix contains the singular values, which are ordered from largest to smallest as 6 > 0, > --- > 0,, and r is the
approximate rank.

Step 2 Project the high-dimensional operator A ~ YVE~'UT onto subspace of the column vectors of U to derive a low-dimensional
matrix A=UT AU =UTYV X!, whose eigenvalues are the same as the eigenvalues of A.

Step 3 Calculate the eigendecomposition of A: AW = WA, where the columns of matrix W are the eigenvectors of A, and the
diagonal elements of matrix A are the eigenvalues of A.

Step 4 Reconstruct the DMD modes: ® =YV I~ 'W.

By introducing continuous eigenvalues Q =In(A)/At, the continuous time evolution of the system can be expressed as

s(t) = D exp(Q1)b. (6)

Let @y, : RN — RY denote the flow map relating the state u(t) to u(t + At), that is

s+ A =D, (s(1)),

we have

sn+] — q)m (sn) .

And there is the following lemma:
Lemma 1. [3] Define the global truncation error
@)

Then, for n > m,
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le"lly < 1l @], [Hle” 11y + (n = mye,, ]

where the constant ¢,, depends only on the number of snapshots m.

DMD is parameter-dependent, which means that for different parameters u, it is required to construct different DMD models for
the time-based dynamic modeling under the corresponding parameters. In this paper, to apply DMD to parameterized PDEs, the TTD
is utilized to separate the parameter-spatial-temporal snapshots into different cores to build the DMD model, which is introduced in
the next section.

2.4. TTD

The representation and computation of higher-order tensors is a challenging problem, and numerous tensor decomposition algo-
rithms have been developed to address this issue [46-48,44]. The TTD is a notable approach that decomposes a d-dimensional tensor
K e RMm>mX X4 into d reduced and concatenated forms of second-order and third-order matrices (called cores of TTD):

o rd
K= Z Z Gi(ag, 1, a) @ Gr(ay, 1, ay) ® - @ Gylay_y, 1, ay), (8)
=1 ay=1
where G € R" 1"k with {r; };’=0 represent the ranks of TTD and r, = r,; = 1. Accordingly, each element of K can be represented
as

ro r'd
K@y, -ig) = Z Z G (ag, iy, a)Go(ay, iy, a0) - Gylay_y,ig, ag). 9
=1 ay=I

The TT-SVD algorithm [44] can be used to realize TTD with d — 1 SVD. To achieve the optimal low-rank approximation of &, the
truncated rank r; is determined through a pre-defined accuracy € = [¢, €5, ...,£4_; | during the SVD. And the approximation error of
TT-SVD is bounded in the Frobenius norm:

d—1
IC—KI7 < Y e (10)
k=1

3. Proposed methods

The limited extrapolation capability of neural networks constrains the ability of the trained DeepONet to provide reliable perfor-
mance outside the training time domain, thereby limiting its application in real-time prediction of dynamic systems. To address this
limitation, we first propose an operator learning algorithm that combines TTD and DMD, called TDMD-DeepONet, which is based on
TTD and exploits the excellent predictive capability of DMD. It can extend DMD to the prediction of parameterized PDEs, and at the
same time enables DeepONet to predict the dynamical behaviors in the unseen time domain.

3.1. TDMD-DeepONet

Sample N, input functions from the parameter space, and for each input function, collect the state vector s over the n, uniformly

sampled time instants. All resulting snapshots are merged into a data tensor X , € RNuXnXmX-XngXn; To implement the separation of

d+2

P in a reduced

variables and the low-rank approximation of X ,, the TTD is applied to X ,, representing X , as the d +2 cores {G }
and concatenated form, where each element of X , is approximated as

0] Td+2

X, (g, sige) ® Z Z G (g, i1, 21)Go (a1, ig. @) =+ Gy @y 15 1g415 Xy ya)

o=l agp=1

Il ra+1
= Z Z G (i1, )G (ay, i, @) Gypp(@yi1iger) an
a=1  ay=1
Il n Td+1
= Z G (i, ap) 2 2 Gy, iy, @) = G (@1 ig4)-
a=1 wm=1  agy =1

The core G € RN«X"1 is parameter-dependent, G; € R"i-1X"*"i(j =2,3,...d + 1) are space-dependent, and G, € R"+*" is time-
dependent. Let

2 Td+1

8a (0 vigi2) = o D Go(@yin. @)+ Gypp (@), (12)

=l agy=1

which can be seen as the output of trunk net, then Eq. (11) can be written as
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Fig. 2. Architectures of (A) TDMD-DeepONet and (B) ETDMD-DeepONet.

'l
X,liy,sigen) ® Z G (i, a1)gq, (igs s g 42), 13)
ap=1

which is consistent with the output of the DeepONet. Similar to the idea of POD-DeepONet, by using a branch net to learn the
decomposition coefficients when training the DeepONet and using the pre-computed cores as the output of the trunk net, one can
estimate the solutions under different parameters. However, it should be noted that this strategy is not suitable for predicting solutions
outside the training time domain. Consequently, DMD is employed to estimate the time-dependent core, which is then used to predict
the system’s state at any given time. Specifically, a continuous DMD model gp,,p(#) can be built based on the core G, that has
been computed. In this case, instead of performing DMD directly on the original state vector s, the data matrix X and Y are defined
as:

— ol 2 =1 ) 3 n
X= [gd+2’gd+2’ ’gdr+2] Y= [gd+2’gd+2’ ’gd1+2] ’ 14

where g'; n ER a+1X1 {5 the k-th column of G,,. In this case, according to the assumptions of the DMD algorithm, there is the
following relation:

8ty = AL (as)
A is the linear operator to be computed, and since 441 is quite small indeed, the eigenvalues {/Tk };‘:’1‘ and eigenvectors of A can be
computed without truncation, and finally the following DMD model is obtained:

gpmp (1) = Dexp(Qnb, (16)

where b= @*g}i 2 and Q is a diagonal matrix with diagonal elements @&, = In(4,)/Az.
To predict the system’s state at any time for any parameter value, a FNN b(u) is trained to map the parameter to the parameter-

dependent core using the training data {u,, g’]‘}livz“l, where g’l‘ is the k-th row of G|. And before training the neural network, the

inputs are normalized to facilitate the training process, during which the variance var(g;) and mean mean(g;) of the cores {gll‘ kN=“1
are computed. Subsequently, the final output of the network is rescaled as

b(u) = b(u) X var(g,) + mean(g;).

For a new parameter u* and time t*, one only needs to input u* into the trained branch net to get the output b(u*) and use the
established DMD model to compute g, p(¢*), and the corresponding solution s(u*,*) can be approximated in the following form:

S ) =bw)®G, ® - ®G . ®&pryp™). 17)
The left side of Fig. 2 shows the structure of TDMD-DeepONet, with the details of the specific procedure provided in Algorithm 1.

Remark 1. In contrast with the standard DeepONet, the proposed TDMD-DeepONet does not train the trunk net, instead, it performs
the TTD on the training data and constructs the DMD model, which requires a computational complexity of O(lendnt + P2nd+lp,)

and O(ntrf{ +1), respectively, where 7 = max{rg, -:-,r; 1}, n=max{ny, - ,n, }. Predicting the solution for a new spatial-temporal point
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Algorithm 1 TDMD-DeepONet.

Offline Stage

Input: Training parameter set {u, }:;“] , d +2 dimensional tensor X, € RNXmxnxexngxm | prescribed accuracy € = {€, €44y }-
Output: Trained branch net b(u), DMD model g, p(1).

1: Perform a TTD on X, as

'y Tas2

X,m Q- Z G (a1, a) @ Gy(a, 1, a) @+ @ Gy (@yyys T, ¥gyn)-

2: Construct and train a FNN b(u) for representing the parameter-dependent core as a function of the parameter u based on the training data {u,, g’l‘ ]:g 1

-1 "

3: Built a DMD model g, (¢) based on matrices X = g'“z,gfm, 84 ] and Y = [g‘ZHZ,gf[”, *g,1+2] for predicting time-dependent core at different times.

Online Stage

Input: Parameter u* and time t* corresponding to the solution to be predicted.

Output: Predicted solution §(u*,t*).

1: Evaluate the well-trained branch net at the new input parameter u* to predict the core b(u*).
2: Evaluate the built DMD at the new time #* to predict the core g, (t*).

3: Combine the predicted cores b(u*) and g, (t*) to compute the approximate state at (u*,¢*):

3t =bU)® G, ® - ® Gy ®gprp(t™)-

involves computing the output Eq. (12) of the trunk net, different from the forward computation of the neural network, the proposed
method requires the computation of the product of r{ X r, --- X ry, times.

3.2. Feature enhanced TDMD-DeepONet: ETDMD-DeepONet

In TDMD-DeepONet, the spatial cores obtained by performing TTD on the training tensor and the time core predicted by DMD are
used as the trunk net, and the neural network is taken as the branch net to learn the parameter core (coefficient), thereby enabling
to predict the system response at any time under different parameters. Different from the standard DeepONet, which employs neural
networks for the trunk net trained simultaneously with the branch net, the proposed method uses a pre-determined trunk net. In
many applications, the parameters are related to the distribution of the system state, including initial and boundary conditions. In
this situation, the parameters are also informative with regard to the output of the branch net, thereby enhancing the predictive
capabilities. We discuss here the case where the initial condition s is known, i.e. u = s and other cases are similar. Specifically, the
construction of TDMD-DeepONet shows that s, can be approximated as follows:

s~ bW)R® G, Q@ - @Gy, ®&pnpty)
LetG=G,® - ® G,y ®&pup(ty), then G is known, and by solving the following minimization problem:

¢ =argmin||s) - ¢ ® G|°, (18)
¢eR"

an approximation ¢ for b can be computed.

However, since ¢ is only computed using the initial conditions, it may not accurately represent the solution over the entire time
domain. Nonetheless, it can still be considered a low-fidelity coefficient or an enhanced feature. Consequently, a linear layer / is
incorporated into the branch net, with ¢ is input and /(¢) is output. The final output of the branch net is denoted b(u, ¢) = b(u) + I(c).
The branch net structure is illustrated in the right figure of Fig. 2. By training both networks simultaneously and learning the
relationship between the different inputs, ¢ is made an additional feature and the corresponding output is used to help in prediction.

Remark 2. ETDMD-DeepONet differs from TDMD-DeepONet by adding a linear layer to the branch net, where ¢ is seen as an
augmented feature, an idea that has appeared in much of the literature, and the complexity required for ¢ is O(n¢ r12). Considering
that c¢ is not guaranteed to be applicable globally and to save training costs, we take only a simple linear layer here, which can be
chosen differently depending on the problem.

3.3. Error analysis

In this subsection, an error analysis of the proposed method is presented. For a new parameter u*, let s” € RY be the reference
solution at time #", while §" represents the corresponding solution approximated by the proposed model. The approximation error
can be computed as
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¢ =lIs"—8"113
=|Is"—bU)® G, ® - ® Gyyy ® gy pll2
<" -G ®G,® QG ,I3+6;86G, 8 G, - bu)®G,® G, (19)
+bUH®G, ® @G, —bU ) @G, ® - ®Gyyy @&yl
Lerr+en, tepyp

where G} ® G, ® - ® G 4+ is the TT-format of s”. Therefore, the approximation error, denoted by €”, is decomposed into three
components: G;T, which is the error resulting from the TTD and bounded by Eq. (10), €/, which is the error associated with the
branch net, and €7, , which is the error caused by the DMD.

Denote g" = GZ 42 and from Lemma 1, the error of DMD can then estimated as follows:

e;l)MD = ”gn _gnDj\,IDH2
=D, (g" ) — Ag" + Ag"! — DA"D|?

0 A p 5 (20)
<@y (g - Ag" 1P + (| Agh! — dAD?

n—=1]-

<lldy, = All s + 191, @71 |

-1
e H2 +(m—n,+ e

Remark 3. It is clear that the more snapshots collected and the more accurate the approximation of flow map ®,, by the linear
operator A, the more accurate the approximation of the DMD will be. In this work, we have focused on the application of standard
DMD, there are also many variants of DMD. In [49], the authors update the DMD model online over time, enabling real-time updating
of the system dynamics approximation as new data becomes available. A number of studies have mapped state variables to observation
variable by introducing a nonlinear observation function and modeling the evolution of observation variable by DMD in order to
predict state variables. In [30], the observation function is derived from a linear combination of functions in a given dictionary.
The observation function is defined implicitly by the feature map associated with a user-defined kernel function in [50]. In [51],
autoencoder is used to learn the optimal dictionary function. In [52], extended DMD with invertible dictionary learning is proposed,
which utilize invertible neural networks to learn dictionary functions. Another category of methods adds constraints based on the laws
of physics when certain priori information is known [53,54]. The application of the various variants of DMD within the presented
framework may enhance the predictive accuracy of the proposed methodologies.

4. Numerical examples

In this section, the performance of the proposed models, TDMD-DeepONet and ETDMD-DeepONet, are validated using several
numerical examples. A consistent prescribed accuracy of &; = 1078(i = 1,2,...,d + 1) for the TT-SVD algorithm, is maintained in all
examples. The training set is sampled from the time interval 7;,,,, £ [t;, T*], where T* < T. Prediction errors for t € T,,,, reflect
interpolation performance, while errors for t € T, 2 [T*, T] reflect extrapolation performance. The accuracy of both interpolation
and extrapolation is evaluated to assess the models’ performance. This is quantified using the relative error, which is calculated as
follows:
3Gt u) = Sper (1 Wl

lI8e trs Wl

The training dataset is divided into two distinct portions: 95% is utilized for training TDMD-DeepONet and ETDMD-DeepONet, while
the remaining 5% is used for validation. TDMD-DeepONet and ETDMD-DeepONet are iterated for 1,000 epochs, after which training
is terminated when the best accuracy is not achieved for 100 consecutive epochs. And the structure of TDMD-DeepONet and ETDMD-
DeepONet is the same as that of DeepONet’s branch net, except that the final output layer dimension is r;. The input functions for
llx1—x2 13
202
with a radial basis function kernel and a Riesz kernel, respectively. Here, A denotes the Laplacian operator, and [ is the identity
matrix.

erp(U, 1) = , L,€eT. 21

each problem are summarized in Table 1, where G(0,exp | — ) and R(0, 6>(—A + 251)~2%) represent Gaussian random fields

4.1. Relaxation kinetics equation

The following equation that describes the one-dimensional relaxation phenomenon is first used to test the performance of the
proposed methods:

22
u(x==+1)=0, (22)

{6,s(x, 1) =—ks(x,1), (x,0)€[-1,11%]0,2],

where k =1, and the analytical solution for this problem is s = —ekt 5o(x), which is contingent upon the initial condition sy(x) =
s(x,t = 0). In this problem, our goal is to learn the mapping from initial condition to solution: sy(x) — s(x, ). For relaxation kinetics,
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Table 1
A description of the input function for each problem.
Case Input Function Space Length Scales
4.1 Initial condition s,(x) So(x) ~ G(0, exp (— % )) 1=0.2
112
4.2 Source term a(x) a(x) ~ G(0,exp (— % )) 1=02
4.3 Initial condition s,(x) s0(x) ~ R (0,625(—A +251)72)
44 Initial field hy(x) hy(x) ~ G(0,0.15 exp (— ”“2’:%/ b b fyf’"E )) 1,=03
1,=04

4.5 Vorticity field at time [0,0.45]
determined by initial condition  wy(x) ~ R (0,7°/2(-A +491)72%)
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Fig. 3. The relative errors of different models in time region [0, 2] for Example 4.1.

the DMD has the ability to accurately capture the dynamic evolution, thus the errors in TDMD-DeepONet and ETDMD-DeepONet
mainly come from the estimation error of the brunch net. Therefore, this example is used to illustrate how the proposed method
performs when the spatiotemporal evolution can be modeled accurately. To train the three different models, N, = 1000 different
initial conditions obeying a Gaussian distribution are generated and evaluated at N, = 100 equally spaced points as input to the
branch net. The reference solutions s(x) are derived from the analytical solution s = —e*’ 5o(x), with the temporal domain uniformly
discretized into N, =201 points. The snapshots over the time interval [0, 0.4] are used for training, while [0, 2] is reserved for testing.
This configuration generates 1000 snapshots, defined on a grid of 100 spatial points and 41 uniformly distributed spatiotemporal
points, which are utilized as inputs for both TTD and model training. For the standard DeepONet, N, X n, = 100 x 41 uniformly
distributed data pairs in the space-time domain are chosen as inputs to the trunk network, resulting in 4100000 (1000 x 100 x 41)
training points, where the network structure is set up in [55].

The mean L? relative errors estimated by the different methods in N,,,, = 200 different initial conditions are displayed in Fig. 3.
It can be seen that TDMD-DeepONet and ETDMD-DeepONet have smaller errors compared to DeepONet. In particular, the errors of
TDMD-DeepONet and ETDMD-DeepONet do not increase over time when DMD can accurately capture the dynamical evolution. In
contrast, due to the limited extrapolation capability of the neural network, the error of DeepONet increases rapidly outside the training
time range. Moreover, ETDMD-DeepONet exhibits the highest accuracy, with an error of ~ le — 4, which illustrates the feasibility
of incorporating the auxiliary coefficient ¢ into the brunch net. Furthermore, two different initial conditions are randomly selected
from the test set and the solutions estimated by the various methods are plotted at three time points in Fig. 4. It can be observed that
both TDMD-DeepONet and ETDMD-DeepONet accurately capture the structure of the solution, demonstrating consistency with the
reference solution. However, outside of the training time range, DeepONet’s performance is less satisfactory, with a larger discrepancy
with the reference solution. This example demonstrates that the proposed method outperforms DeepONet at all times, which illustrates
the superiority of introducing the TTD.

4.2. Diffusion-reaction system with a source term

In the second problem, we consider a reaction-diffusion system with a source term a(x) of the following form:

ds _ . 0%s 2
E—Dﬁ+ks +a(x), xe€[0,1,z€[0,1],
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Fig. 4. Comparison between the reference solutions and the predicted solutions of (Left) ETDMD-DeepONet, (Middle) TDMD-DeepONet, and (Right) DeepONet for
two initial conditions at the test time instants r = 0.6,1.2,1.8.
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Fig. 5. The relative errors of different models in time region for Example 4.2.

with zero initial/boundary conditions, where D = 0.2 is the diffusion coefficient, and k = 0.01 is the reaction rate. In this problem,
the mapping to be learned is from the source term a(x) to the solution s(x,?). To obtain training and test data, 1100 different source
terms are sampled from a Gaussian random field with correlation length / = 0.2. The corresponding solutions are computed using
a second-order implicit finite difference method on a spatial-temporal grid with a resolution of 100 x 201. In total, N, = 1000 data
points are used for training, and 100 data points are reserved for testing. The training time range is [0, 0.5], while the test time range
extends to [0, 1]. In order to perform the DMD and compute the auxiliary variable ¢, we computed the solution at the first time point
t =0.005 as the initial condition, considering that the initial condition is 0. And the selected N, X n, = 100 X 101 spatial-temporal
data pairs used to implement trunk net training for DeepONet, hence, the train dataset size is equal to N, X N, X n,, with the network
structure is same as [56].

The mean L? relative errors of the three models on N,,,, = 100 different test initial conditions are reported in Fig. 5. It is observed
that the proposed TDMD-based framework allows for the achievement of smaller errors compared to DeepONet. Moreover, ETDMD-
DeepONet consistently exhibits the smallest error. Furthermore, within the training time range, the errors of both DeepONet and
TMDM-DeepONet demonstrate a tendency to decrease and then level off. However, the incorporation of the auxiliary variable ¢

10
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Fig. 6. Comparison between the reference solutions and the predicted solutions of (Left) ETDMD-DeepONet, (Middle) TDMD-DeepONet, and (Right) DeepONet for
two initial conditions at the test time instants = 0.3,0.6,0.91.

results in a stable performance for ETDMD-DeepONet, with the model achieving an exceptionally high level of accuracy, with an
error in the range of ~ le — 4. As anticipated, outside of the training time range, DeepONet’s error increases immediately. However,
ETDMD-DeepONet and TDMD-DeepONet continue to maintain reliable accuracy. Furthermore, in this example, DMD exhibits accurate
extrapolation capability, and the error of TDMD-DeepONet is primarily attributable to the prediction of parameter core. Consequently,
the accuracy of TDMD-DeepONet remains stable outside the training time range. With the evolution of time, the error of DMD became
the dominant factor in the error of ETDMD-DeepONet. Hence, there is a trend of increasing error, but it remains the most accurate.
In Fig. 6, we plot the reference solutions at three different times at the two random parameters and the solutions estimated by
the different methods. The curves estimated by ETDMD-DeepONet and TDMD-DeepONet coincide with the reference solution at
all test time. The DeepONet estimate is acceptable within the training time range. However, the difference between the DeepONet
estimated solution and the reference solution becomes apparent at ¢ = 0.91, which is due to the poor extrapolation performance of
the data-driven neural network.

4.3. Burgers’ equation

Let us now consider the one-dimensional Burgers’ equation:

ot 0x 0x2 ’
with the viscosity coefficient v set to 0.01. The aim of this problem is to learn the mapping of the initial condition s(x,0) = sy(x) to
the solution operator s(x, 1), i.e.,

x€(0,1),7r€(0,1],

G s5p(x) = s(x,1).

As in [18], the initial conditions are sampled from a Gaussian random field. The reference solutions are computed using a split-step
method, with the heat equation solved exactly in Fourier space and the nonlinear term advanced using a fine forward Euler method.
Simulations are performed on a spatial resolution of 23 = 8192 and a temporal resolution of 201 points. From this, N, = 101 uniformly
distributed time instants are collected at N, = 101 equally spaced spatial grid points for each simulation. The training time range is
[0,0.6], thus n, = 61 time points are used for training. A total of N, = 1000 initial values are selected for training the different models.
A set of 250,000 data points are used to train the DeepONet, and the architectures of DeepONet follows [18].

The mean L? relative errors on N, = 200 test initial values of the various methods are presented in Fig. 7. As in the previous
examples, ETDMD-DeepONet has the smallest error at all times, with a magnitude ranging from le — 3 to le — 2. A comparison of
the errors of ETDMD-DeepONet with those of TDMD-DeepONet reveals that the auxiliary variable ¢ contributes to improvements,
particularly in the time range [0,0.2], which reflects the importance of feature enhancement. A less significant improvement is
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Fig. 7. The relative errors of different models in time region for Example 4.3.

Refr=0.32
— Refr=0.32 P Refr=0.32 02 N _
0.2 /N ETDMD-DeepONet 1 = 0.32 0.2 / \\ — = TDMD-DeepONet 1=0.32 \ DosONste=1:32
y G G = / - 7 / Refr=0.64
/ /’ -~ Ref1=0.64 / ” Ref1=0.64 DeepONet 1= 0.64
//’, = = ETDMD-DecpONet 1 = 0.64 1/ TDMD-DeepONet 1 = 0.64 4 S
0.1 Y/ 4 Ref1=0.96 01 V//4 Ref1=0.96 0.1 // o
///,’ ETDMD-DeepONet - 0.96 / // TDMD-DeepONet £ - 0.96 / s i iimbe
/4 /4
—
g 0o /7 ol / 0| / 7
& f’ 4 74
Y/ V4
&} 4 /4 ol 7/
-0.1 7/ 0.1 /7/ 77/
é / 4
S 7/ / /
/ /s
7/ P -
\—"""/ \—// . \
-0.2 - / -0.2 \ : \
\_ N .
00 02 04 06 08 10 00 02 04 06 08 10 i . Uit 06 g8 .
7N\ s .
0.15 =\ 0.15 / \ 0.15 \\
PN / /o~ \
0.10 /s \ 0.10 // 7 \\ 0.10 A/ 4 \
/77 /// \ 4/
/4 /4 /7 \\
0.05 4 0.05 y/ 4 0.05 Y/ 4
N
Q 000 0.00 / 0.00
<
O V4 4 \
0.05 V4 Refr=032 0.05 A/ Refr=0.32 0.05 4/ Refr=032
/;// ETDMD-DeepONet £ = 0.32 /== mompbegonai-on |\ // DeepONet =032 |
2550 /,/// Refr=0.64 ) \ 0.10 y, // Refr=0.64 . W 010 / Refr=064 \\
~7Y = = ETDMD-DeepONet 1 = 0.64 - —~// TOMD-DecpONet 1=064 |\ / DeepONet 1 = 0.64
-/ Ref = 0.96 N / Ref1-0.96 \ . Ref1-0.96 \
0151 == = ETDMD-DeepONet 1 = 0.96 \. 0.15{ TDMD-DeepONet 1 = 0.96 . 0.15 » g DeepONet 1= 0.96 o
0.0 0.2 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
X X x

Fig. 8. Comparison between the reference solutions and the predicted solutions of (Left) ETDMD-DeepONet, (Middle) TDMD-DeepONet, and (Right) DeepONet for
two initial conditions at the test time instants # = 0.32,0.64,0.96.

observed in the time range [0.2, 1], which can be attributed to the fact that ¢ is computed from the initial condition, and the solution
approximation performance is better for the initial time. In contrast, the DeepONet estimation errors exhibit an increasing trend
over time, with unsatisfactory results, particularly outside the training time range. Fig. 8 illustrates the solutions for two randomly
selected samples in the test set at three different times, providing a more intuitive visual assessment. In comparison to the imprecise
approximation of the standard DeepONet, the prediction of ETDMD-DeepONet and TDMD-DeepONet are in satisfactory alignment
with the reference solution. Furthermore, the proposed methods are capable of accurately predicting the long-term operator evolution,
both within and beyond the training time range. This further substantiates the reliability of the proposed framework.

4.4. Brusselator diffusion-reaction system

Next, let’s consider a two-dimensional Brusselator diffusion-reaction system read:

das 0%s  9%s >
E: 0<ﬁ+a—y2>+a—(l+b)s+vs .
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ov _ v | v 2 2
E—Dl<ﬁ+ﬁ>+bs—vs, xG[O,l] ,IG[O,I],

subject to the following initial conditions:
s(x,t=0)=h;(x) >0,

v(x,t=0)=hy(x)>0,

where Dy =1, D; =0.5 are diffusion coefficients, a = 1,b = 1.7 represent constant concentrations. For this problem, the models are
trained to learn the mapping between the initial field /,(x) and the solution v(x,?), i.e. Gy : h,(x) = v(x,t). The initial field A, (x, y)
is modeled as a Gaussian random field with the squared exponential kernel.

To construct the training dataset, 878 input functions are sampled as initial conditions, with 744 allocated for the training set
and the remainder for testing. In accordance with the methodology outlined in [57], the py-pde Python package is employed to
generate reference solutions with time step 0.005, which can be fund in https://github.com/zwicker-group/py-pde. Each realization
of the input stochastic field is recorded at 100 uniformly distributed time points over a 28 x 28 grid. The training set consisted of 744
realizations assessed on a 28 X 28 x 60 spatial-temporal grid. The test set comprised 134 realizations, evaluated on a 28 x 28 x 100
spatial-temporal grid, i.e. the number of time instances used for training, n,, is equal to 60, and the entire time domain utilized for
testing. In the context of DeepONet, the spatial-temporal coordinates corresponding to the 47040 points in the 28 x 28 X 60 grid are
utilized as inputs for the trunk network. The depth of the hidden layer corresponds to the trunk and branch nets, which are 3 and
2, respectively. Furthermore, the branch net and trunk net utilize the same network width, 196. In calculating c, it is necessary to
consider that the number of spatial-temporal grid points is greater than the truncation r;. In order to avoid a significant discrepancy
in accuracy between the calculated c¢ in the training set and those outside the training set, resulting in a reduction in the model’s
generalizability, 101 spatial grid points are selected at random and the ¢ calculated using the initial values of these points.

The mean L? relative errors on the test set are presented in Fig. 9. In the test dataset, the TDMD-DeepONet and the DeepONet
test error are ~ le — 2, and it is observed that within the training time range, the accuracy of TDMD-DeepONet is slightly inferior
to that of DeepONet. This error mainly comes from the training part of the network. However, incorporating enhanced features
can effectively help branch net training since ETDMD-DeepONet demonstrates superior performance in the range of training time.
Furthermore, the auxiliary variable ¢ enables the error to be reduced to le — 3 ~ le — 2, particularly in the initial period. This results
in an order of magnitude higher accuracy than the other models. To further illustrate the performance of different training models,
we present the absolute errors between the predicted solutions and the reference solutions in Fig. 10. The results of the ETDMD-
DeepONet demonstrate that the error between the predicted and true values is minimized, and that the evolution of each time step
can be accurately simulated. Therefore, it can be concluded that the accuracy of ETDMD-DeepONet outperforms that of the TDMD-
DeepONet and DeepONet. As previously observed, the reliability of DeepONet is affected by the lack of distributions beyond the
training time domain within the training set. However, ETDMD-DeepONet and TDMD-DeepONet demonstrate better extrapolation
performance than DeepONet, which further validates the ability of the proposed models to be implemented quickly for long-term
prediction once they have been trained.

4.5. Navier-Stokes equation in the vorticity-velocity form

Finally, we apply the proposed methods to a more challenging example, which is the two-dimensional incompressible Navier-
Stokes equation in the vorticity-velocity form:
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Fig. 10. The absolute errors between reference solutions and the corresponding predicted solutions at the test time instants # = 0.3 (left), 0.6 (middle), 0.91 (right).
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where w(x, y,t) and u(x, y,t) are the vorticity and velocity, respectively, and the viscosity v is set to 0.006. The forcing term is defined
as:

f(x,y)=0.1sinz(x + y)) + 0.1 cos2xa(x + y)).

In [3] and [4], the authors use DeepONet and Fourier operator network to learn the operator mapping the vorticity field at the time
t € [0, 10] to the vorticity at a target time T = 20, respectively. In this case, what we learn is the vorticity in time ¢ € [0,0.45] to the
vorticity in the target time range [0.45,20]. We sample 1100 initial conditions, given by the Gaussian random field. The equation is
solved following the approach in [4], using a time step of 10~*. Snapshots with a spatial resolution of 32 x 32 are recorded at 501
uniformly spaced time steps for each initial condition, serving as the dataset for training and testing. In this example, the input to
branch net is a tensor of shape 32 X 32 x 12. Consequently, a CNN comprising three convolutional layers is employed, which is then
connected to the FNN. The trunk net is an FNN with two hidden layers, each with 256 neurons.

Fig. 11 illustrates the mean L? relative errors of different methods. The accuracy of ETMD-DeepONet and TDMD-DeepONet
surpasses that of the standard DeepONet. As expected, TDMD-DeepONet yields nearly optimal estimations, with the smallest errors
observed between ETMD-DeepONet and the reference solutions in most cases. Notably, ETMD-DeepONet demonstrates the highest
prediction accuracy within the training time range, suggesting that incorporating prior information ¢ into the model helps network
training. Here, we randomly select 156 space-time points within the time range [0, 0.45] to calculate c, it is evident that incorporating
more snapshots with additional time steps into the calculation of ¢ will improve the model’s accuracy. Furthermore, using space cores
and DMD-predicted time core in place of FNN avoids the necessity for network training, resulting in higher accuracy, particularly in
regions outside the training time range.

Fig. 12 shows the absolute errors corresponding to ETMDM-DeepONet, TDMD-DeepONet, and DeepONet for the representative
cases. With the availability of ¢, the lowest error at =2 can be attained, outperforming the trained TDMD-DeepONet. The larger
errors observed in TDMD-DeepONet are concentrated in the initial region of the domain. In this example, DeepONet exhibits relatively
significant errors across the entire domain. Furthermore, the stability and long-term prediction capabilities of DeepONet are inferior
to those of the proposed models.

The impact of the training time range on the accuracy of the proposed model is further investigated by selecting T* =5, T* = 10,
and T* = 15, training different models accordingly, and presenting the corresponding errors in Fig. 13. Within the training time
range, the performance of the three models shows no significant differences because the DMD have sufficient accuracy within the
training set, and the errors primarily originate from the neural network component. Beyond the training time range, the accuracy of
the models improves with increasing 7. As analyzed in Section 3.3, a larger number of collected snapshots enhances the accuracy
of DMD. Additionally, more training data contributes to the stability of the branch net.
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Fig. 12. The absolute errors between reference solutions and the corresponding predicted solutions at the test time instants t =2 (left), 10 (middle), 18 (right).

5. Conclusion

This paper investigates the prediction of system states at different times using neural operator with various input functions, and
proposes TDMD-DeepONet by fusing reduced-order model (ROM), which integrates TTD and DMD into operator learning network.
We investigate the connection between DeepONet and TTD, revealing their structural consistency and showing that trunk net can
be computed by the time-spatial cores obtained by TTD. To address the failure to predict solutions outside the training time domain
of DeepONet, the DMD is introduced to model the dynamic evolution of the time core, a ROM that identifies the evolution of
time-dependent systems and provides predictions for future states. DMD does not require iteration and generally outperforms other
ROM-based methods (e.g., POD) in terms of extrapolation. Consequently, the trunk net is computed by combining the space cores
and time core predicted by DMD. Branch net is a neural network with a widely varying form whose inputs are the parameters. The
solution at any given time with varying parameters is computed by combining the outputs of trunk net and branch net. Furthermore,
ETDMD-DeepONet is developed by incorporating the projection of the initial conditions as enhanced features into the branch net,
which is accomplished by integrating a linear layer to the branch net for residual learning.
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The proposed methods are applied to several examples and evaluated against the standard DeepONet. In each instance, the
framework accurately predicts the evolution of complex systems with different parameters. Within the training time range, ETDMD-
DeepONet has the highest accuracy, and outside the training time range, both proposed methods have comparable accuracy in most
cases and are much better than the standard DeepONet, which demonstrates the excellent extrapolation ability of the proposed
methods over longer time ranges. In the case where DMD can accurately model the evolution of the time core, the proposed methods
demonstrate a relatively stable performance, with prediction errors remaining consistent over time. Notably, the framework proposed
in this study is not limited to the standard DMD. Extensions of DMD can be applied to the proposed framework, particularly when
combined with appropriate observation functions, which may enhance the accuracy of the DMD algorithm, thereby improving the
accuracy of the proposed methods.
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